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Preface 


The present volume contains all the exercises and their solutions for Lang’s 
second edition of Undergraduate Analysis. The wide variety of exercises, 
which range from computational to more conceptual and which are of vary- 
ing difficulty, cover the following subjects and more: real numbers, limits, 
continuous functions, differentiation and elementary integration, normed 
vector spaces, compactness, series, integration in one variable, improper 
integrals, convolutions, Fourier series and the Fourier integral, functions 
in n-space, derivatives in vector spaces, the inverse and implicit mapping 
theorem, ordinary differential equations, multiple integrals, and differential 
forms. My objective is to offer those learning and teaching analysis at the 
undergraduate level a large number of completed exercises and I hope that 
this book, which contains over 600 exercises covering the topics mentioned 
above, will achieve my goal. 

The exercises are an integral part of Lang’s book and I encourage the 
reader to work through all of them. In some cases, the problems in the 
beginning chapters are used in later ones, for example, in Chapter IV when 
one constructs-bump functions, which are used to smooth out singulari- 
ties, and prove that the space of functions is dense in the space of regu- 
lated maps. The numbering of the problems is as follows. Exercise IX.5.7 
indicates Exercise 7, §5, of Chapter IX. 
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Sets and Mappings 


0.2 Mappings 

Exercise 0.2.1 Let S, T, T* be sets . Show that 

sn(TuT') = (Snr)u(5n t'). 

If Ti, . . . , T n are sets , show that 

sn(Ti u---uT n ) = (SnTi)u---u(SnTn). 

Solution. Assume that S', T, and V are all non-empty (if not the equality 
is trivial). Suppose that x G S fl (T U T'). Then x belongs necessarily to S 
and to at least one of the sets T or T'. Thus x belongs to at least one of 
the sets S fl T or S fl T'. Hence 

5n(TuT') c (SnT)u(Snr'). 

To get the reverse inclusion, note that T C (TUT') so (SOT) C 5D(TUT') 
and similarly, ( S fl V) C 5fl (T U T'). Therefore 

(S nT)u (s nr') c sn (tut'). 

For 1 < j < n, let Vj = T\ U • • • U Tj. Then by our previous argument 

s n v n = s n (K-! u r n ) = (s n F n -i ) u (5 n r n ). 

Repeating this process n - 1 times we find 

s , n(Tiu*’*uT n ) = (s , nFi)u(5nT 2 )u--*u(S , nT n ). 

But Vi = Ti so this proves the equality. 
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Exercise 0.2.2 Show that the equalities of Exercise 1 remain true if the 
intersection and union signs fl and U are interchanged . 

Solution. We want to show that S U (T fl T 7 ) = (S U T) fl (S U T 7 ). 
Suppose x G S U (T fl T 7 ), then x belongs to S or T and T 7 . But since 
SC (SUT)n(SU T 7 ) and (T n T 7 ) C (5 U T) fl (5 U T') we must have 
x G (SuT)n(SUT'). Conversely, if x G (S'UT)n(S'UT 7 ), then x belongs 
to (S U T) and (S U T 7 ). If x does not belong to S, then it must lie in T 
and T 7 , thus lies in S U (T fl T 7 ) as was to be shown. The same argument 
as in Exercise 1 with union and intersection signs interchanged shows that 
if Ti , . . . , T n are sets, then 

Su(Ti n*-nr„) = (S\jTi)n---n(SuT n ). 

Exercise 0.2.3 Let A , B be subsets of a set 5. Denote by A c the comple- 
ment of A in S. Show that the complement of the intersection is the union 
of the complements , i.e. 

(AnB) c = A c UB c and {A U B) c = A c fl B c . 

Solution. Suppose x e (An B ) c , so x is not in both A and B , that is 
x £ A or x £ £, thus 

(AHB) C C (A C UB C ). 

Conversely, if x G (A c U B c ), then x £ A or x £ B so certainly, x £ A fl £, 
thus x e (A fl B) c . Hence 

(A c \jB c )c(AnB) c . 

For the second formula, suppose x € (A\JB) C , then x £ AuB, so x £ A 
and x £ £, thus x € A c fl B c . Conversely, if x £ A and x £ B, then 
x £ A\J B so x e (A\J B) c . 

Exercise 0.2.4 If X,Y,Z are sets , show that 

(XUY)xZ=(XxZ)\J(Yx Z ), 

(x n Y) x z = (x x z) n (y x z), 

Solution. Suppose (a, b) € (X U Y) x Z. Then be Z and a € X or a e Y, 
so (a, 6) e(XxZ) or (a, b) G (Y x Z), thus (a, b) G (X x Z) U (Y x Z). 
Conversely, if (a, b) G (X x Z) U (Y x Z), then b G Z and a G X or a G Y. 
Therefore (a, 6) G (X U Y) x Z. This proves the first formula. 

For the proof of the second formula, suppose that (a, b) G (X fl Y) x Z, 
then a e X HY and b G Z. Hence a G X, a G y and b G Z, thus (a, 6) G 
(X x Z) and (a, 6) G (Y x Z). This implies that (a, b) G (X x Z) fl (Y x Z). 
Conversely, if (a, 6) G (X x Z) fl (Y x Z), then (a, 6) G (X x Z) and 
(a, b) G (Y x Z), which implies that a G X, a G Y, and b G Z. Thus 
flG(XflY) and b G Z. This implies that (a, 6) G (X fl Y) x Z as was to 
be shown. 
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Exercise 0.2.5 Let f: S — > T be a mapping, and let Y, Z be subsets ofT. 
Show that 

f-\Ynz) = r 1 (Y)nr 1 (z), 
f-^YUZ) = r 1 (Y)Uf-\Z). 

Solution. If x E / _1 (Y H Z ), then f(x) E Y and f(x) E Z, so x E 
f~ l (Y) fl / _1 (Z). Conversely, if x E / _1 (Y) H / _1 (Z), then f(x) E Y and 
f(x) E Z, so f(x) eYdZ and therefore x E / _1 (Y fl Z). This proves the 
first equality. 

For the second equality suppose that x E / -1 (Y U Z), then f(x) E 
(YUZ), so f(x) E y or /(x) E Z which implies that x G /“ 1 (y)U/” 1 (Z). 
Conversely, if x G / _1 (F') U / _1 (Z), then /(x) G 7 or /(x) G Z which 
implies that x G / _1 (y U Z). 

Exercise 0.2.6 Le£ S', T, U be sets, and let f: S — > T and g:T -+ U be 
mappings . fa,) //p, / are injective, show that go f is injective, (b) If f, g 
are surjective, show that go f is surjective. 

Solution, (a) Suppose that x,y E S and x^y. Since / and g are injective 
we have /(x) ^ f(y) and therefore g(f(x)) ^ g(f(y )), thus gof is injective, 
(b) Since g is surjective, given y E U there exists z E T such that g(z) = y. 
Since / is surjective, there exists x e S such that /(x) = z. Then g(f(x)) = 
2 /, so g o f is surjective. 

Exercise 0.2.7 Lei 5, T be sets and let f : S —> T be a mapping. Show 
that f is bijective if and only if f has an inverse mapping. 

Solution. Suppose that / is bijective. Given any y E T there exists x G S 
such that /(x) = y because / is surjective, and this x is unique because / 
is injective. Define a mapping g : T — ► S by g(y) = x, where x is the unique 
element of S such that /(x) = y. Then by construction we have fog = idr 
and go f = id^. 

Conversely, suppose that / has an inverse mapping g. Then given any 
y G T we have f(g(y)) = y so / is surjective. If x, x' G S' and x ^ x', then 
9(f( x )) 7 ^ 9(f( x ')) which implies that f(x) ^ /(x'). Thus / is injective. 


0.3 Natural Numbers and Induction 

(In the exercises you may use the standard properties of numbers concern- 
ing addition, multiplication, and division.) 

Exercise 0.3.1 Prove the following statements for all positive integers. 

(a) 1 3 5 (2 n — 1) = n ^ . 

(b) l 2 4- 2 2 4- 3 2 4 4- n 2 = n(n 4- l)(2n 4- 1)/6. 

(c) l 3 4- 2 3 4- 3 3 + • • • 4- n 3 = [n(n 4- 1)/2] 2 . 
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Solution, (a) For n = 1 we certainly have 1 = 1. Assume the formula is 
true for an integer n > 1. Then 

1+3+5+* • *+(2n— l)+(2(n+l)— 1) = 7i 2 +2(xi+l)— 1 = ti 2 +2ti+1 = (ti+1) 2 . 

(b) For n = 1 we certainly have l 2 = (1 • 2 • 3)/6. Assume the formula is 
true for some integer n > 1. Then 


l* + 2* + 3* + *** + n 2 + (n + l) 2 = 


n(n+ l)(2n+ 1) 6(n + l) 2 

6 + 6 
(n + l)(2n 2 + In + 6) 


(n + l)((n + 1) + l)(2(n + 1) + 1) 


(c) For n = 1 we have l 3 = (2/2) 3 . Assume the formula is true for an 
integer n > 1. Then 


l 3 + 2 3 + 3 3 H h n 3 + (n + l) 3 = 


n 2 (n + l) 2 4(n + l) 3 

4 + 4 

(n + l) 2 (n 2 + 4n + 4) 


(n + l) 2 (n + 2) 2 


(n+ l)(n + 2) 


t2 


Exercise 0.3.2 Prove that for all numbers x^l, 

^ 2 n +i 

(1 + x)(l + X 2 )(l + X 4 ) • • • (1 + X 2 ") = — — ^ . 

1 — X 

Solution. The formula is true for n = 0 because (1 + x)(l — x) = 1 — x 2 . 
Assume the formula is true for an integer n > 0, then 


(1 + x)(l + x 2 )(l + x 4 ) • • • (1 + a; 2 ” ) ( 1 + x 2 " ) = 


2 n+l v 1 ~ X 2n+1 


1-x 

1 - (x 2 " +1 ) 

1-x 
1 - x2" +3 


(l + x 2n+1 ) 
2 


1 — X 


Exercise 0.3.3 Let f: N — > N be a mapping such that f(xy) = /(r e)+ f(y) 
for all x, y. Show that f(a n ) = n/(a) for all n e N. 
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Solution. The formula is true for n = 1 because /(a 1 ) = 1 • /(a). Suppose 
the formula is true for an integer n > 1. Then 

/(° n+1 ) = f(.a n a) = f(a n ) + f(a) = nf(a) + /(a) = (n+ 1 )/(a), 


as was to be shown. 

denote the binomial coefficient , 

(ri\ n\ 

\k ) fc!(n-A0!’ 

where n, k are integers > 0, 0 < A; < n, and 0! is defined to be 1. Also n\ is 
defined to be the product 1*2*3 • • • n. Prove the following assertions. 

Solution, (a) This result follows from 

( n \ n! n! _ / n \ 

n — kj (n — A;)!(n — (n — A?))! (n — A;)!A;! \k) 

(b) We simply have 


Exercise 0.3.4 Let 


00 



n! ( n! 

(A: — l)!(n — A: + 1)! + (n-fc)!fc! 
n\k -f n!(n — A; + 1) _ n\(n -I- 1) 
k\(n — k + 1)! A;!(n + 1 — k)\ 



Exercise 0.3.5 Prove by induction that 


(X + y) n = £ ( ? ) x k y n ~ k . 

fc=0 ' ' 

Solution. For n = 1 the formula is true. Suppose that the formula is true 
for an integer n > 1. Then 


(x + y) n+1 


(* + ») [g( 4 )“=*»” “] 

t(:)-**v-tg(:)*v«-* 

)^ n+, -‘+E(2)*v +1 

k=l V ' k=0 X 7 
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.n+l— fc 


(:)- 


,n+l _|_ y n +l 


n+l—k 


as was to be shown. The second to last identity follows from the previous 


exercise. 


Exercise 0,3.6 Prove that 


Find and prove a similar formula for the product of the terms (1 + l/k) k+1 
taken for k = 1 , . . . , n — 1 . 

Solution. For n = 2 the formula is true because 2 = 2 2-1 /(2 — 1)!. Suppose 
the formula is true for an integer n > 2, then 

as was to be shown. The product of the terms (1 + l/k) k+1 taken for 
fc = 1, . . . , n — 1 is given by the formula 

The proof is also by induction. 


0.4 Denumerable Sets 

Exercise 0.4.1 Let F be a finite non-empty set . Show that there is a sur- 
jective mapping of Z + onto F. 

Solution. By definition the set F has n elements for some integer n > 1. 
There exists a bijection g between F and J n . Define / : Z + — ► F by 

t/ u\ / 9(k) if k £ J n , 

^ \ y( n ) if k > n. 

The mapping / is surjective. 

Exercise 0.4.2 How many maps are there which are defined on a set of 
numbers {1,2,3} and whose values are in the set of integers n with 1 < 
n < 10? 
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Solution. There are 10 3 maps. See the next exercise. 

Exercise 0.4.3 Let E be a set with m elements and F a set with n ele- 
ments . How many maps are there defined on E and with values in F? [Hint: 
Suppose first that E has one element Next use induction on m, keeping n 
fixed.] 

Solution. We prove by induction that there are n m maps defined on E 
with values in F 

Suppose m = 1. To the single element in E we can assign n values in F. 
Suppose the induction statement is true for an integer m > 1. Suppose that 
E has m + 1 elements. Choose x E E. To x we can associate n elements 
of F. For each such association there is n m maps defined on E — {a;} with 
values in F . So there is a total of n x n m = n m+1 maps defined on E with 
values in F. 

Exercise 0.4.4 If S,T, S', T' are sets , and there is a bisection between S 
and S', T, and T', describe a natural bisection between S xT and S f x T' . 
Such a bisection has been used implicitly in some proofs. 

Solution. Given the bijections / : S' — > 5" and g :T —*T' define a mapping 
h:SxT-> S' xT' by 

h(x,y) = ( f(x),g{y )). 

Given any (x',y') E S' x V there exists x E S and y E T such that 
f(x) = x' and g(y) = y'. Then h(x,y) = (x',y f ), so h is surjective. The 
map h is injective because if h(x\,y\) = h(x 2 , 02 ), then f(x i) = f(x 2 ) and 
0(2/i) = 0 ( 2 / 2 ), so x\ = x 2 and 7/1 = y 2 because both / and g are injective. 


0.5 Equivalence Relations 

Exercise 0.5.1 Let T be a subset ofZ having the property that ifm , n E T, 
then 771 + 77 and —n are in T. For x, y E Z define x = y if x — ye T. Show 
that this is an equivalence relation. 

Solution. Suppose that T is non-empty, otherwise there is nothing to 
prove. The element 0 belongs to T because if n E T, then —n and 0 = n — n 
belongs to T. Therefore x = x for all x. Since y - x = -(x - y) we see 
that x = y implies y = x. Finally, if x = y and y = z ) then x = z because 
x — z = (x — y) + (y — z) so x — z E T. 

Exercise 0.5.2 Let S = Z be the set of integers. Define the relation x = y 
for x, 7/ E Z to mean that x — y is divisible by 3. Show that this is an 
equivalence relation. 
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Solution. Since 0 is divisible by 3 we have x = x for all x £ S. If x — y 
is divisible by 3, so is y — x hence y = x whenever x = y. Finally x = z 
whenever x = y and y = z because x — z = (x — y) + (y — z). 



I 

Real Numbers 


LI Algebraic Axioms 

Exercise 1.1.1 Let x,y be numbers ^ 0. Show that xy ^ 0. 

Solution. Suppose that xy = 0 and both x and y are non-zero. Then y~ l 
exists and xyy~ l = 0 y~ l = 0 so x = 0 which is a contradiction. 

Exercise 1.1.2 Prove by induction that ifx i, . . . , x n ^ 0, then xi---x n ^ 
0. 

Solution. The assertion is obviously true when n = 1. Suppose that the 
assertion is true for some integer n > 1. We have x\ • • • x n ± 0 and x n +\ ^ 0 
so by Exercise 1 we have 


(# 1 » • • Xn)x n +\ 0 

thus x\ • • • x n x n +i 7^ 0, as was to be shown. 

Exercise 1.1.3 If x,y,z £ R and and if xy = xz, prove that y = z. 

Solution. The number x~ l exists because x is non-zero. So x~ 1 (xy) = 
x~ 1 (xz) whence (x~ l x)y = ( x~ l x)z , and therefore y = z. 

Exercise 1.1.4 Using the axioms , verify that 

(x + y) 2 = x 2 + 2 xy + y 2 and ( x + y)(x - y) = x 2 - 2/ 2 . 
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Solution. Distributivity and commutativity imply 
(x + y)(x + y) = 


Similarly, 

(x + y)(x-y) = 


1.2 Ordering Axioms 

Exercise 1.2.1 If 0 < a < b, show that a 2 < b 2 . Prove by induction that 
a n < b n for all positive integers n. 

Solution. The axioms imply aa < ba and ab < bb , so by transitivity (IN 
1.) we have a 2 < ft 2 . 

The general inequality is true when n = 1. Suppose the inequality is true 
for some integer n > 1. Then by assumption a n < b n and since a and b are 
both > 0 with a <b we find that 

a n a < a n b and a n b < b n b. 

Therefore a n+1 < 6 n+1 , as was to be shown. 

Exercise 1.2.2 (a) Prove that x < |x| for all real x . (b) If a, b > 0 and 
a<b , and if y/a , y/b exist , show that y/a < y/b. 

Solution, (a) If x > 0, then |x| = x so x < |x|. If x < 0, then x < 0 < |x| 
and we get x < |x|. 

(b) Suppose that y/b < y/a. Then by Exercise 1 we know that (y/b) 2 < 
(y/a) 2 , whence b < a, which contradicts the assumption that a < b. 

Exercise 1.2.3 Let a > 0. For each positive integer n, define a 1 / 71 to be a 
number x such that x n = a, and x > 0. Show that such a number x, if it 
exists , is uniquely determined. Show that if 0 < a < b, then a l / n < b l / n 
(assuming that the n-th roots exist). 

Solution. If a = 0 we must have a 1 / 71 = 0 for otherwise we get a contra- 
diction with Exercise 2 of §1. Suppose that a > 0 and that x exists. Then 
we must have x / 0. If x n = y n = a and x, y > 0, then x = y. Indeed, if 
x < y, then x n < y n (Exercise 1) which is a contradiction. Similarly we 
cannot have y < x. 


(x + y)x + (x + y)y 
x 2 + yx + xy + y 2 
x 2 + 2 xy + y 2 . 


(x + y)x - (x + y)y 
x 2 H- yx - xy - y 2 
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Now suppose that 0 < a < b and b l / n < a 1 / 71 . Then arguing like in 
Exercise 1 we find that ( &V n ) n < (a 1 / 71 ) 71 so b < a which is a contradiction. 
So a 1 / 71 < 6 1 / 71 and we are done. 

Exercise 1.2.4 Prove the following inequalities for x, y G R. 

I* -2/1 > |*| — |y|» 

I* -2/1 > |2/|-|*|, 

1*1 < |* + j/| + |y|- 

Solution. All three inequalities are simple consequences of the triangle 
inequality. For the first we have 

|*| = |* -y + 2/1 < |*- y\ + 1 2/1- 
The second inequality follows from 

M = \y - * + x\ < \y - x| + |x|. 

Finally, the third inequality follows from 

\ x \ = \ x + y - y\ < \ x + y\ + li/l- 

Exercise 1.2.5 If x t y are numbers > 0 show that 



Solution. The inequality follows from the fact that 

0 < ( Vx - y/y) 2 = x- 2 y/xy -f y . 

Exercise 1.2.6 Let 6, e be numbers and e > 0. Show that a number x 
satisfies the condition \x — 6| < e if and only if 

b — €<£<& + €. 

Solution. Suppose that \x — 6| < e. If b < x, then 0 < |x — 6| = x — b < e, 
so x < b + e. If x < 6, then 0 < |x — b\ = b — x < e, so b — e < x. 
Conversely, if 6 — e<x<6 + e, then —e < x — b < e so |x — 6| < e. 

Exercise 1.2.7 Notation as in Exercise 6, show that there are precisely 
two numbers x satisfying the condition |x — 6| = e. 

Solution. Since e > 0 we must have x ^ b. If x > 6, the equation \x — b\ = e 
is equivalent to x — b = e which has a unique solution namely, x = b + e. 
If we have x < 6, then |x — 6| = e is equivalent to b — x = e which has a 
unique solution, namely x = 6 — e. So |x — 6| = e has exactly two solutions, 
b + e and b — e. 
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Exercise 1.2.8 Determine all intervals of numbers satisfying the following 
equalities and inequalities: 

(a) x -f \x — 2| = 1 + \x\. (b) \x — 3| *f \x — 1| < 4. 

Solution, (a) Suppose x > 2. Then the equation is equivalent to x-\-x—2 = 
1 4- x which has a unique solution x = 3. If 0 < x < 2 we are reduced to 
a; + 2 — x = 1 + x which has only one solution given by x = 1. If x < 0, 
then x + 2 — x = 1 — x has a unique solution x = — 1. So the set of solution 
to x -I- \x - 2| = 1 + |x| is S = {— 1, 1, 3}. 

(b) Separating the cases, 3 < x, 1 < x < 3, and x < 1 we find that the 
interval solution is S = (0, 4). 


Exercise 1.2.9 Prove: If x,y,e are numbers and e > 0, and if\x-y\ < e , 
then 


M < l»l + e > and Iwl < M + e - 


Also, 


M > \y\ - €, and | y| > |z| - e. 
Solution. Using the first inequality of Exercise 4 we get 


x\ < \x - y\ + |y| <e + \y\. 


By the second inequality of Exercise 4 we get 


|l/| <\x-y\ + \x\ <c + |*|, 


so \y\ < e + \x\. 

Exercise 1.2.10 Define the distance d(x,y) between two numbers x, y to 
be \x—y\. Show that the distance satisfies the following properties: d(x , y) = 
d(y, x); d(x , y) = 0 if and only if x = y; and for all x, y , z we have 

d(x , y) < d(x , z) -f d(z, y). 

\ 

Solution. We have 

d(x, 2 /) = |a:- 2 /| = |-( 2 /-a:)| = | 2 /-a:| = d(y,x). 

Cleary, x = y implies d(x, y) = 0 conversely, if d(x, y) = 0, then \x — y\ = 0 
so by the standard property of the absolute value (i.e. |a| = 0 if and only 
if a = 0) we conclude that x — y = 0, thus x = y. The last property follows 
from the triangle inequality for the absolute value: 

d(x,y) = \x - y\ = \x- z + z-y\ <\x - z\ + \z -y\ = d(x,z) +d(z,y). 

Exercise 1.2.11 Prove by induction that if x i, . . . ,x n are numbers, then 

|xi + • • • 4- x n \ < |&i| + • • • + \x n \. 
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Solution. If n = 1 the inequality is obviously true. Suppose that the 
inequality is true for some integer n > 1. Then, by the triangle inequality 
and the induction hypothesis we obtain 

|xi + ***-|-x n +x n +i| < | Xl _| }-x n | -f |x n +i| < |a?i | H f-|x n | + |a? n +i|, 

as was to be shown. 


1.3 Integers and Rational Numbers 

Exercise 1.3.1 Prove that the sum of a rational number and an irrational 
number is always irrational. 

Solution. If not, then for some rational numbers x, y and some a £ Q we 
have x + a = y. Then a = y — x, but the difference of two rational numbers 
is rational, so a e Q, which is a contradiction. 

Exercise 1.3.2 Assume that y/2 exists , and let ot = \/2. Prove that there 
exists a number c > 0 such that for all integers q,p, and q ^ 0 we have 

|ga-p| > 

[Note: The same c should work for all q,p. Try rationalizing qa — p, i.e. 
take the product ( qa — p)(—qa — p), show that it is an integer , so that its 
absolute value is > 1. Estimate qa +p.] 

Solution. We may assume without loss of generality that q > 0. Let a = 2 
in the solution of Exercise 4. 

Exercise 1.3.3 Prove that y/3 is irrational. 

Solution. Suppose that \/3 is rational and write = p/q, where the 
fraction is in lowest form. Then 3 q 2 = p 2 . If q is even, then 3 q 2 is even, 
which implies that p is even. This is a contradiction because the fraction 
p/q is in lowest form. 

If q is odd, then 3 q 2 is odd, thus p must be odd. Suppose q = 2n + 1 and 
p = 2m + 1. Then we can rewrite 3 q 2 = p 2 as 

12n 2 + 12n + 3 = 4m 2 + 4m -+* 1 

which is equivalent to 


6n 2 + 6n + 1 = 2m 2 + 2m. 

The left-hand side of the above equality is odd and the right hand side 
is even. This contradiction shows that q cannot be odd and concludes the 
proof that y/3 is not rational. 
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Exercise 1.3.4 Let a be a positive integer such that yfa is irrational . Let 
a = y/a. Show that there exists a number c > 0 such that for all integers 
p, q with q> 0 we have 

\qa-p\>c/q. 

Solution. We follow the suggestion given in Exercise 2. We have 

(qa - p){-qa - p) = - q 2 a 2 4 • p 2 = -q 2 a + p 2 e Z* = Z - {0}, 

because a is irrational and a 2 = a is an integer. So the absolute value of 
the left-hand side is > 1 which gives 

Let c be a number such that 0 < c < min{|a|, l/(3|a|)}. We consider two 
cases. 

Suppose that |a - p/q\ < |a|, then 


a+ p - 

Q 


< 1 2 a | + 


-a + ? 


<3|a| 


Therefore 

If \a - p/q\ > |a|, then 


|ga - p\ > ?|a| > 

This concludes the exercise. 

Exercise 1.3.5 Prove: Given a non-empty set of integers S which is bounded 
from below (Le. there is some integer m such that m < x for all x G S), 
then S has a least element , that is an integer n such that n € S and n<x 
for all x e S. [Hint: Consider the set of all integers x — m with x e S, 
this being a set of positive integers . Show that if k is its least element then 
m-\-k is the least element of S.] 

Solution. Let T = {y € Z : y = x - m for some x € S}. The set T is 
non-empty and T C Z + . The well-ordering axiom implies that T has a 
least element k. Then for some Xq G S we have k = Xq — m so Xo = k -f m. 
Clearly for all x 6 S we have 

x - Xq = x - m — (xq — m) = x — m — k > 0. 
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1.4 The Completeness Axiom 

Exercise 1.4.1 In Proposition 4-3, show that one can always select the 
rational number a such that a ^ z (in case z itself is rational ). [Hint: If z 
is rational , consider z + 1/n.] 

Solution. If z is irrational, then there is no problem. If z is rational, let 
a = z + 1 /n 6 Q, where 1/n < e. Then \z — a\< 1/n < e. 

Exercise 1.4.2 Prove: Let w be a rational number . Given e > 0, there 
exists an irrational number y such that \y - w\ < e. 

Solution. Choose z 6 Q such that \(w/y/2) — z\ < e/y/2. Then y = zy / 2 ^ 
Q, and \y — w\ < e. 

Exercise 1.4.3 Prove: Given a number z , there exists an integer n such 
that n < z <n + 1. This integer is usually denoted by [z]. 

Solution. Let S = {n £ Z such that z — 1 < n} which is non-empty. Then 
no = inf (S') exists by Exercise 5 of the preceding section and no € S. 
Hence z — l < uq. We cannot have z — 1 < no — 1 because no = inf (5), 
thus z— 1 > no — 1, which implies z > Uq. Putting everything together we 
see that no < z < no + 1. 

Exercise 1.4.4 Let x,y e R. Define x = y if x — y is an integer . Prove: 

(a) This defines an equivalence relation in R. 

(b) If x = y and k is an integer , then kx = ky. 

(c) Ifxi = yi and x 2 = 2 / 2 ; then X\ + x 2 = 2/i + 2/2 • 

(d) Given a number x e R, there exists a unique number x such that 
0 < x < 1 and such that x = x (in other words , x — x is an integer ). Show 
that x = x — [x], where the bracket is that of Exercise 3. 

Solution, (a) Since 0 is an integer, x = x for all x. If x = y, then y = x 
because y — x is an integer whenever x — y is an integer. Finally if x = y 
and y = x, then x = z because x — z = x — y + y — z. 

(b) The result follows from the fact that kx — ky = k(x - y). 

(c) Immediate from the fact that (#i +x 2 ) — ( 2/1 + 2 / 2 ) = (#i — 2/i) + (# 2 — 2 / 2 )- 

(d) By Exercise 3, we know that given x 6 R there exists an integer n such 
that n < x < n -f 1. Let x = x — n = x — [x\. Then 0 < x < 1, thereby 
proving existence. For uniqueness suppose that there exists two numbers a 
and 6 such that 0 < a, 6 < 1 and a = x and b = x. Then by (b) and (c) 
a — 6 = 0 so a — 6 is an integer. But 0 < a, b < 1, hence — 1 < a — 6 < 1 
which implies that a — b = 0 as was to be shown. 

Exercise 1.4.5 Denote the number x of Exercise 4 by R(x). Show that if 

x,y are numbers , and R(x) + R(y) < 1, then R(x + y) = R(x) + R(y)- In 

general, show that 


R(x + y) < R(x) + R(y). 
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Show that R(x) + R(y) - R(x ^ -y) is an integer, i.e. 

R(x + y) = -R(x) + R(y). 

Solution. We have the following unique expressions, x = R(x) -I- n x and 
V = R(y) + n v > with 0 < R(x ), R(y) < 1, and n x , n y e Z. Then 

x + y = R(x) + R(y) + n x + n y . 

By assumption, i?(x) + < 1 and since n x + n y € Z we conclude that 

+ 2/) = i^(x) + fl(2/). 

If -R(x) + R(y) > 1, then R(x + y) < 1 < il(x) + ii(2/), so in general we 
have f2(x + y) < R(x) + R(y). Finally, R(x + y) = x + 2 /, i^(x) = rr, and 
i?( 2 /) = y so by part (c) of the previous exercise we find that 

R(x + y) - f?(x) - -R( 2 /) = x-f-j/ — x— 2/ = 0 

as was to be shown. 

Exercise 1.4.6 (a) Let a be an irrational number. Let e > 0. Show that 
there exist integers m, n with n > 0 such that \ mot — n\ < e. 

(b) In fact, given a positive integer N, show that there exist integers m, n, 
and 0 < m < N such that \ mot — n\ < 1/N. 

(c) Let w be any number and e > 0. Show that there exist integers q,p such 
that 

\qa —p — w\ < e. 

[In other words, the numbers of type qa — p come arbitrarily close to w. 
Use part (a), and multiply ma -n by a suitable integer.] 

Solution. Since (b) implies (a), it suffices to prove (b). Let n z be the 
unique integer such that 0 < z — n z = z < 1. Divide the interval [0, 1] 
in N intervals \j/N, (j + 1 ) / iV] , j = 0, . . . ,N — 1. Then consider ka for 
k = 0,1,..., AT. The number a is irrational, there are N intervals and 
N + 1 numbers ka, therefore for some &i , &2 the numbers k\a and foa 
belong to the same interval. Thus 


\k x a - k\a\ = \(ki - k 2 )a - n kia + n k2a \ < 

(c) Let e > 0. Select integers m, n such that 

0 < | ma — n| < e. 

Assume without loss of generality that 0 < ma — n < e. Let ko be the 
greatest lower bound of the set of integers k such that w < k(ma — n). 
Then 

(ko - 1 )(ma — n)<w< ko(ma — n), 

which implies that 

|&oraa — kon — w\ < e. 
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Exercise 1.4.7 Let S be a non-empty set of real numbers , and let b be a 
least upper bound for S. Let —S denote the set of all numbers —x, with 
x € S. Show that —b is a greatest lower bound for — S . Show that one-half 
of the completeness axiom implies the other half 

Solution. Since x < b we have — b < — x for all x e S so — b is a lower 
bound for —S. Suppose there exists c 6 R such that — b < c < y for all 
y e —S. Then b > — c > x for all x 6 S. This contradicts the fact that b is 
a least upper bound for S. 

The first half of the completeness axiom implies the other half. Indeed, 
suppose S is bounded from below. Then —S is bounded from above, thus 
—S has a least upper bound. Hence S has a greatest lower bound. 

Use the same kind of argument to prove that the second half of the 
completeness axiom implies the first half. 

Exercise 1.4.8 Given any real number > 0, show that it has a square root 

Solution. Assume that a > 0 (the case a = 0 is obvious). Let S = {x € 
R such that 0 < x and x 2 < a}. Since S is non-empty, sup (5) exists, call 
it 6. Then, proceed as in the proof of Proposition 4.2. Suppose b 2 < a. If 
n > (26+ l)/(a — 6 2 ), then 



because of our choice for n. This is a contradiction. If a < 6 2 , select n such 
that 1/n < (6 2 — a)/(26). Then 



because of our choice for n. This contradiction concludes the exercise. 

Exercise 1.4.9 Let X\, . . . ,x n be real numbers. Show that x\ H hx 2 is 

a square. 

Solution. Since x 2 > 0 for all i = 1, . . . ,n, an easy induction argument 

shows that x 2 -\ h® 2 > 0. The previous exercise implies that x 2 -\ hx 2 

has a square root. 
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II. 1 Sequences of Numbers 

Determine in each case whether the given sequence has a limit, and if it 
does, prove that your stated value is a limit. 

Exercise II.l.l x n = ■£. 

n 

Solution. Given e > 0 choose N such that N > 1/e. Then for all n > N, 
\l/n\ < e, so { x n } converges to 0. 

Exercise II.1.2 x n = . 

Solution. Given e > 0 choose N such that N > 1/e. Then for all n > TV, 
we have \x n \ = \l/n\ < e, so {a; n } converges to 0. 

Exercise II.1.3 x n = (— l) n (l — ~). 

Solution. The sequence {x n } has at least two distinct points of accumu- 
lation, 1 and —1. Indeed, \x n — 1| = 1/n for even n, and \x n — (— 1)| = 1/n 
for odd n. This shows that the sequence {x n } does not have a limit. 

Exercise II. 1.4 x n = . 

Solution. By the triangle inequality we have 

n n 
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Given c > 0 choose N so that N > 2/e. Then for all n > TV, we have 
|x n | < e. Hence the sequence {x n } converges to 0. 

Exercise II.1.5 x n = sinn7r. 

Solution. For all positive integers n, x n = sinn7r = 0, thus {x n } converges 
to 0. 

Exercise II.1.6 x n = sin ) + cosn7r. 

Solution. Let n be a positive integer. We have 

( 4n7r\ 

-y I + COS47T = 1, 

and ( 

® 4 n+i = sin ^2n7r + - J + cos(4n7r + 7r) = 1 - 1 = 0. 

Thus {x n } has at least two distinct points of accumulation (actually it has 
exactly three, —2, 0, and 1) and therefore the sequence {x n } does not have 
a limit. 
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Solution. For all n > 1, we have 0 < n 2 — n < n 2 and n 3 < n 3 + 1, thus 



This implies that {x n } converges to 0. 

Exercise II. 1.11 Let S be a bounded set of real numbers . Let A be the set 
of its points of accumulation. That is, A consists of all numbers a e R such 
that a is the point of accumulation of an infinite subset of S. Assume that 
A is not empty. Let b be its least upper bound. 

(a) Show that b is a point of accumulation of S. Usually, b is called the 
limit superior of S, and is denoted by limsup5. 

(b) Let c be a real number. Prove that c is the limit superior of S if and only 
if c satisfies the following property. For every e there exists only a finite 
number of. elements x e S such that x > c + e, and there exists infinitely 
many elements x of S such that x > c — e. 

Solution, (a) There exists a point of accumulation d of S at distance less 
than e/2 of b. The open ball of radius e/2 centered at d contains infinitely 
many elements of S. Hence the open ball of radius e centered at b contains 
infinitely many elements of S. This proves that b is a point of accumulation 
of S. 

(b) Suppose that c = limsup5. Then given any e > 0, part (a) implies that 
there exists infinitely many x e S such that x > c — e. If for some eo there 
exists infinitely many x e S such that x > c -h eo, then the Weierstrass- 
Bolzano theorem implies that S has a point of accumulation strictly greater 
than c, which is a contradiction. 

Conversely, suppose that c is a number that satisfies both properties. 
Given e > 0, there exists infinitely many x e S such that x > c — e and 
there exists only finitely many x e S such that x > c + e so there are 
infinitely many elements of S in the open ball centered at c of radius 2e. 
Hence c is a point of accumulation of S. Now suppose that b is a point of 
accumulation of S such that c < b. Then if e is small, say e < (b — c)/2 
we know that there exists infinitely many elements in S at distance < e 
from b. This implies that there exists infinitely many elements in S that 
are > x + e, which contradicts the second property of c. 

Exercise II.1.12 Let {a n } be a bounded sequence of real numbers. Let A 
be the set of its point of accumulation in R. Assume that A is not empty. 
Let b be its least upper bound. 

(a) Show that b is a point of accumulation of the sequence. We call b the 
limit superior of the sequence , denoted by limsupa n . 

(b) Let c be a real number. Show that c is the limsup of the sequence {a n } 
if and only if c has the following property. For every e, there exists only a 
finite number of n such that a n > c + e, and there exist infinitely many n 
such that a n > c — e. 
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(c) If {a n } and {6 n } are two sequences of numbers, show that 
limsup(o n + b n ) < limsupa n -f lim sup 6 n 
provided the limsups on the right exist 

Solution. The proofs of (a) and (b) are analoguous to the proofs given in 
the previous exercise. 

(c) Let e > 0, a = limsupon and b = limsup6 n . If x < a + e and y < 6 + €, 
then x + y < a + b + 2c. By (b) we conclude that there exists only finitely 
many n such that a + 6 + 2e < a n + b n . This implies that 

limsup(on + b n ) < limsupo n + lim sup b n . 

Exercise II.1.13 Define the limit inferior (liminf). State and prove the 
properties analoguous to those in Exercise 12. 

Solution, (a) Let S' be a bounded set of real numbers. Let A be the set of 
its points of accumulation. Assume that A is non-empty. Then the greatest 
lower bound of A is called the limit inferior of S'. If 6 = lim inf S, then 
6 is also a point of accumulation of S because given e > 0 there exists a 
point of accumulation of S at distance e/2 hence there are infinitely many 
elements of S at distance < e of b. 

(b) We prove that a real number c is the limit inferior of S if and only if 
given e > 0 there exists only a finite number of x in S such that x < c — e 
and there exists infinitely many x in S such that x < c+ e. If c = liminf S, 
then the second property holds because c is a point of accumulation of 
S and if the first property does not hold, then the Weierstrass-Bolzano 
theorem implies that there exists a point of accumulation b of S such that 
b < c which is a contradiction. Conversely, suppose that c satisfies both 
properties. Then any ball of positive radius centered at c contains infinitely 
many points of S, so c is a point of accumulation of S. If there were a point 
of accumulation b of S with b < c, then the first property would be violated. 
So c = lim inf S , as was to be shown. 


II.2 Functions and Limits 

Exercise II.2.1 Let d > 1. Prove : Given B > 1, there exists N such that 
if n> N, then d n > B. [Hint: Write d = 1 + b with b > 0. Then 


df 1 — 1 ~b nb + • • • > 1 -b nb] 

Solution. Write d = 1-h 6 with 6 > 0. By the binomial formula we get 

(T > = (l+b) n = 'p i ^" S Jb k = l + nb + --->l + nb. 
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So given B > 1 choose N such that N > (3 — 1 )/b. Then for all n > N, 
we have d n > 1 4- nb > B, as was to be shown. 

Exercise II.2.2 Prove that if 0 < c < 1, then 

lim c n = 0. 

n—*oo 

What if —1 <c< 0? I Hint : Write c = —1/d with d > 1.] 

Solution. Write c= 1/d with d > 1. Exercise 1 implies that given e > 0 
there exists N so that for all n > N we have d n > 1/e. Then for all n> N, 
we get c n < 6. Hence lim n _>oo c n = 0. 

If c = 0 the result is trivial. If — 1 < c < 0, then 0 < |c| < 1 and 
lim n _>oo |c| n = 0, so lim n _Kx> c n = 0. 

Exercise II.2.3 Show that for any number we have 

, n x n+1 - 1 

1 + xH \-x = — . 

x — 1 


If \c\ < 1, show that 


lim (1 + c H h c n ) = t""“ . 

n—*oo 1 — C 

Solution. We simply expand 

(a; — l)(x n + x n ~~ l H f - x -f 1) = x n+l +x n H l-x — x n x — 1 

= x n+1 - 1. 


When |c| < 1, consider the difference 


1 + C+ — + c n - 


1 

1 — c 


1 - c n+l - 1 
1 — c 


-c n+1 
1 — c * 


So 


1 + c H h c n 


1 


c 

n+1 

1 — c 

- 1- 

- |c 


But lim n _>oo |c| n = 0, so the desired limit follows. 


Exercise II. 2. 4 Let a be a number. Let f be a function defined for all 
numbers x < a. Assume that when x < y < a we have f(x) < f(y) and 
also that f is bounded from above. Prove that lim x _ a /(x) exists. 


Solution. Let a n = a — 1/n, defined for all large n and consider the se- 
quence whose general term is given by b n = {/(o n )}. Then {6 n } is an 
increasing sequence of real numbers and is bounded, so lim n _>oo b n exists. 
Denote this limit by b. We contend that lim x _> a f(x) = b. Clearly, for each 
x, we have f(x) < b because there exists a n (depending on x) such that 
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x < a n and therefore f(x) < f(an) < b. Given e > 0 choose N such that 
b — 6 n < e whenever n > N. If an < x < a, then 

bN = < f(x) <b 

so 0 < 6 — /(x) < 6 — fyv < e, which proves our contention. 

Exercise II.2.5 Let x > 0. Assume that the n-th root x^ n exists for all 
positive integers n. Find linin-.oo x 1//n . 

Solution. If x = 1 the result is trivial. Suppose x > 1 and write x J / n = 
1 + h n with h n > 0. Then 

x = (1 + h„) n > l + nh„. 


This implies that 


0 < h n < 


x — 1 
n 


Therefore lim n _> 00 h n = 0 and hence limn^oo x x / n = 1. 

If 0 < x < 1, then 1 < 1/x and limn^oo^l/^) 1 ^ 71 = 1. Hence limn^oo 
= 1 . 


Exercise II.2.6 Let f be the function defined by 

f(x) = lim - , - 1 2 . 

n— ► oo 1 + n 2 X 

Show that f is the characteristic function of the set {0}, that is /( 0) = 1 
and /(x) = 0 if x ^ 0. 


Solution. We have 


/( 0) = lim 


1 


n— ► oo 1 + 0 


= 1 , 


so /( 0) = 1. If x ^ 0, choose N so that iV 2 |x| — 1 > 1/e. Then for all n > N 
we have 


1 + n 2 x 


n 2 |x| — 1 


< €, 


so /(x) = 0. 


II.3 Limits with Infinity 

Exercise II.3.1 Formulate completely the rules for limits of products, sums, 
and quotients when L = — oo. Prove explicitly as many of these as are 
needed to make you feel comfortable with them. 
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Solution. If M is a number > 0 , then lim^oo f(x)g(x) = — oo because 
given any B > 0 we can find numbers C\ and C2 such that for all x > C\ 
we have g(x) > M /2 and such that for all x > C2 we have f(x) < — 2 B/M. 
Then for all x > max(Ci, C2) we have B < —f(x)g(x). 

If M = 00, then lim n _ >00 f(x)g(x) = —00 because given any B > 0 we 
can find numbers C\ and C2 such that for all x > C\ we have g(x) > 1 
and such that for all x > C2 we have f(x) < —B. Then x > max(Ci, C2) 
implies f(x)g(x) < — B . 

If M is a number, then lim n _oo f(x) +g(x) = —00. Choose C\ such that 
x> C\ implies g(x) < M 4 - 1 . Choose C2 such that x > C2 implies f(x) < 
—B — M — 1 . Then for all x > max(Ci, C2) we have f(x) + g(x) < —B. 

If M is a number ^ 0 , then lim^oo g(x)/f(x) = 0 . Indeed, there exists 
a number K (fixed) such that for all large x we have |^(x)| < K. Given e 
there exists a number C2 such that for all x > C2 we have |/(x)| > K/e 
and |p(a;)| < K. Then for all x > C2 we have \g(x)/f(x)\ < e. 

Exercise II. 3.2 Let f(x) = aax d H h a 0 be a polynomial of degree d. 

Describe the behavior of f(x) as x — > 00 depending on whether ad > 0 or 
ad < 0 . (Of course the case > 0 has already been treated in the text.) 
Similarly , describe the behavior of f(x) as x — ► —00 depending on whether 
ad > 0 , ad < 0 , d is even , or d is odd. 

Solution. We can write 

f(x) = a d x d ( 1 + + • • • + -^ 

\ a d x a d x d J 

for all large |x|. Since the expression in parentheses — ► 1 as |x| — ► 00 we 
conclude that 

lim fix) = 00 

X— KX> 

if ad > 0 and 

lim f(x) = —00 

x— >00 

if ad < 0 . 

Similarly we have 

lim f{x) = 00 

X — ► — OO 

if ad > 0 and d is even or < 0 and d is odd. Also 


lim fix) = —00 

X — ►—oo 

if ad > 0 and d is odd or < 0 and d is even. 

Exercise II.3.3 Let f(x) = x n + a n _ ix""" 1 H h ao be a polynomial. A 

root of f is a number c such that f(c) = 0. Show that any root satisfies 
the condition 

M < 1 + |a n -i| H f laol* 

[Hint: Consider \c\ < 1 and \c\ > 1 separately.] 
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Solution. If |c| < 1, the result is trivial. Suppose |c| > 1. Since c is a root 
of / we have —c n = a n -\c n ~ l H f- oo, thus 

|c| n <|a n _ 1 ||cr- 1 +--- + |a 0 |. 

Dividing by |c| n_1 implies 


c\ < |a n _i| H 1 - 


M 

M— 11 


but since 0 < l/|c| < 1, we get 

|c| < |a n -i| + • • • + |ao| <14* |a n -i| H h |ao|, 

as was to be shown. 

Exercise II.3.4 Prove : Let f,g be functions defined for all sufficiently 
large numbers . Assume that there exists a number c > 0 such that f(x) > c 
for all sufficiently large x, and that g(x) — ► oo as x — ► oo. Show that 
f(x)g(x) — ► oo as x — ► oo. 

Solution. There exists C\ > 0 such that for all x > Ci, f(x) is defined 
and f(x) > c. Let B > 0. There is a C 2 > 0 such that whenever x > C 2 we 
have g(x) > B/c. Then whenever x > max(Ci,C 2 ) we have f(x)g{x) > B 
and therefore f{x)g(x) — > 00 as x — ► 00 . 

Exercise II.3.5 Give an example of two sequences {x n } and {y n } such 
that 

lim x n = 0, lim y n = 00 , 

n—+oo n—+ 00 

and 

lim (x„y„) = 1. 

n — ►oo 

Solution. Take, for example, x n = 1/n and y n = n defined for n > 1. 

Exercise II.3.6 Give an example of two sequences {x n } and {y n } such 
that 

lim x n = 0, lim y n = 00 , 

n — >oo n — >00 

and lim n _ +00 (x n 2 / n ) does not exists , and such that \x n y n \ is bounded , i.e. 
there exists C > 0 such that \x n y n \ < C for all n. 

Solution. Let x n = (— l) n /n and y n = n. Then x n y n = (— l) n and 
\xnVn\ < 1 for all n > 1. 


Exercise II.3.7 Let 


f(x) = a n x n H hoo 

g(x) = bmX m H h6o 
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be polynomials , with a n ,b m ± 0, so of degree n, m respectively. Assume that 
a n , bm > 0. Investigate the limit 


lim 

n— hx) 


f(x) 

g(x)’ 


distinguishing the cases n > m, n = m, and n <m. 


Solution. For large values of x we can write 

/(«) = (i + • • • + ^) 

9{x) b m x m (i +...+^y 

where (H h ao/a n x n ) and (H 1- 6 0 /6 m a; m ) — ► 1 as x — ► oo. Thus 

we have the three cases 


{ n > m =*> lim a: _ 0O 44 = oo, 

Tl — 7TI lilUx-^oo = dn/bmi 

n <m => limx^oo = 0. 

Exercise II.3.8 Prove in detail : Let f be defined for all numbers > some 
number a, let g be defined for all numbers > some number b , and assume 
that f(x) > b for all x > a. Suppose that 


lim f(x) = oo and lim g(x) = oo. 

X— KX> X—KX) 


Show that 

lim g(f(x)) = oo. 

x — >oo 

Solution. For all x > a, g(f(x)) is defined. Let B > 0. Choose M g > b 
such that for all x > M g we have g(x) > B. Choose Mf > a such that for 
all x > Mf we have f(x) > M g . Then for all x > Mf we have g(f(x)) > B. 

Exercise II.3.9 Prove: Let S be a set of numbers , and let a be adherent 
to S. Let f be defined on S and assume 

lim fix) = oo. 

X— +fl 

Let g be defined for all sufficiently large numbers , and assume 

lim g(x) = L y 

X— KX> 

where L is a number. Show that 

lim g{J{x)) = L. 

x—*oo 
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Solution. Let e > 0. Choose M such that if y > M, then \g(y) - L\ < e. 
Select 6 > 0 such that whenever x e S and \x — a\ < 6 we have f(x) > M. 
Clearly for all x G S and \x — a\ < 6 we have \g(f(x)) — L\ < e. 

Exercise II.3.10 Let the assumptions be as in Exercise 9 , except that L 
now stands for the symbol oo. Show that 

lim g(f(x)) = oo. 

x — ►oo 

Solution. Let B > 0. Choose M such that for all y> M we have g(y) > B. 
Choose S as in Exercise 9. Then for all x e S and \x — a\ <6 we have 
g(f(x)) > B. 

Exercise II.3.11 State and prove the results analogous to Exercises 9 and 
10 for the cases when a = oo and L is a number or oo. 

Solution. Suppose L is a number. Given e > 0 choose A and B such that 
y > B implies \g(y)—L\ < e and such that x > A implies f(x) > B (x e S). 
Then for all x > A we have | g(f(x)) — L\ < e. 

Now suppose L = oo. Given M > 0, choose A and B such that for all 
y > B we have g(y) > M and such that x > A implies f(x) > B. Then 
g(f(x)) > M whenever x > A. 


Exercise II.3.12 Find the following limits as n —> oo: 

(a) iJir- (b) y/n- y/n+T.. (c) 

(d) ifx £ 0. (e) y/n - >/n + T0. 

Solution, (a) The limit is 0. To see this write 

1 + n _ _1 

n 2 n 2 n 

Since 1/n 2 — > 0 and 1/n — ► 0 as n — > oo we have lim n _>oo(l + n)/n 2 

(b) The limit is 0. To see this, write 

n- (n-f 1) 


= 0. 


\y/n- y/n -f 1| = 


| y/n+ y/n + 1 

(c) The limit is 1. Indeed, we can write 

y/n _ 1 

y/n 4-1 y/l-\-l jn 

(d) The limit is 0. For n large, we have 


2 yfn 


1 


1 + nx 


1 


n\x\ - 1 


and n\x\ — 1— ►ooasn— >oo. 

(e) The limit is 0 because we have the bound 

n - (n + 10) 


| y/n — y/n + 10| = 


y/n + y/n + 10 


10 

2 y/n' 
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II.4 Continuous Functions 

Exercise II.4.1 Let f: R — ► R be a function such that f(tx) = tf(x) for 
all x, t e R. Show that f is continuous . In fact , describe all such functions. 

Solution. The only functions verifying the given property are the linear 
functions with 0 constant term. Indeed, /(x) = f(x • 1) = x/( 1), thus / is 
a linear function with /( 0) = 0. 

Conversely, suppose / is a linear function with zero constant term, /(x) = 
ax for some real number a. Then for all t,x e R we have 

f{tx) = atx = tax = tf(x) 


as was to be shown. 

It is now sufficient to prove the continuity of a linear function with zero 
constant term. Suppose f(x) = ax for some a e R. Let e > 0 and let 
6 = e/(|a| + 1). If \x — xo| < then 


|/(x)-/(x 0 )|<eJ^ T <e. 


Hence / is continuous. 

Exercise II.4.2 Let f(x) = [x] be the greatest integer < x and let g{x) = 
x — [x\. Sketch the graphs of f and g. Determine the points at which f and 
g are continuous. 

Solution. Ifn<x<n + 1 with n e Z, then [x] = n and x — [x] = x — n 
so 0 < 9 < 1. 

From the definitions of / and g we see that these functions are continuous 
on R — Z. 






3 
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Exercise II.4.3 Let f be the function such that f(x) = 0 if x is irrational 
and f(p/q) = 1 /q if p/q is a rational number , q > 0, and the fraction is 
in reduced form . Show that f is continuous at irrational numbers and not 
continuous at rational numbers . [Hint: For a fixed denominator q , consider 
all fractions m/q . If x is irrational , such fractions must be at distance > 6 
from x . Why?] 

Solution. Suppose Xo = po/qo is a rational number such that the fraction 
is in lowest form and qo > 0. Then /(x o) = 1/go* Every non-trivial open 
interval contains an irrational number, therefore f(x) = 0 for x arbitrarily 
close to xo. Thus / is not continuous at x 0 , thereby proving that / is not 
continuous at rational numbers. 

Let e > 0 and suppose x 0 is irrational. Let qo e Z + such that l/q 0 < e. 
For each q e Z + with q < q 0 let S q be the set of p e Z such that 

P „ 

Xo <1. 

q 

The set S q has finitely many elements. So there are only finitely many 
rationals with denominator < qo which are at distance less than 1 from xo. 
So we can find 6 such that all rationals in (xo — 6 , xo +£) have denominator 
> qo . To be precise we let 

dist(xo, S q ) = min < dist ( Xo, - 
pes q [ \ q 

Then dist(xo, S q ) > 0 because xo is irrational, so select 6 such that 

0 < 6 < min{l, min dist(xo, 5 g )}. 

1 < 9<90 

Then |x - x 0 | < 6 implies |/(x) - /(x 0 ) | < c. 

Exercise II.4.4 Show that a polynomial of odd degree with real coefficients 
has a root 

Solution. Suppose we have a polynomial 

p(x) = a m x m + • • • + a 0 , 

where m is odd and a m ± 0. We can assume without loss of generality that 
a m > 0 (if not, consider — p(x)). Then we can write 



p(x) = x m |a m + H + 

L X 


QO 1 

X m J * 


From this expression, it is clear that 


lim p(x) = oo and lim p(x) = — oo. 

x—*oo X—t—OO 


Since p is continuous, the intermediate value theorem implies that p has at 
least one real root. 
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Exercise II.4.5 For x ^ — 1 show that the following limit exists: 

2 


/(*) = lim • 

n— *oo \x n + 1/ 


fa/ ™ar^/(l),/(i),/(2)? 

(b) What is lim x _*i f(pc) ? 

(c) What is lim x _*_i f(x) ? 

(d) For which values of x ^ —1 is f continuous? Is is possible to define 
/(— 1) in such a way that f is continuous at — 1. 

Solution. If x = 1, then clearly, /(*) = 0. If |*| > 1, then 


\x n + \) yi 
so /(*) = 1. If |*| < 1, then 


- l/x n 


+ l/x 


;)■ 


lim f*l — =i. 

n-foo \X n + 1 / \ 1 / 


(a) The above argument shows that /( 1) = 0, /(1/2) = 1, and /( 2) = 1. 

(b) Note that /(*) = 1 for all x such that |x| ^ 1, but /( 1) is defined and 
/( 1) = 0. So lim x _>i /(*) does not exist, but 

lim f(x) = 1. 

X 1 

(c) Similarly, lim x __*_i /(*) does not exist, but 

Jim ,/(*) = !• 

(d) The function / is continuous at all x ^ 1,-1. However, / can be 
extended continuously as —1 by defining /(— 1) = 1. 


Exercise II.4.6 Let 


f(x) = lim 


x 


n 


n— >oo 1 + x n 

(a) What is the domain of definition of f, i.e. for which numbers x does 
the limit exist? 

(b) Give explicitly the values f(x) of f for the various x in the domain of 

f- 

(c) For which x in the domain is f continuous at x? 

Solution, (a) The domain of / isR — {— 1}. 

(b) We have 


1 1 
1*1 

| < 

< 1*1 


* : 
V 

— 


^ /(#) — 1 / 2 . 

(c) The function / is continuous for x such that |*| < i or |*| > 1. 
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Exercise II.4.7 Let f be a function on an interval /. The equation of a 
line being given as usual by the formula y = sx + c where s is the slope , 
write down the equation of the line segment between two points (a, /(a)) 
and (6, /(&)) of the graph of /, if a <b are elements of the interval /. 

We define the function f above to be convex upward if 


m - t)a + tb) < (1 - t)f(a) + tf(b) (II.1) 


for all o, b in the interval , a < b and 0 < t < 1. Equivalently , we can write 
the condition as 

f(ua + tb) < uf(a) + tf(b) 

for £,it > 0 and t+u = 1. Show that the definition of convex upward means 
that the line segment between (a, /(a)) and (b t f(b)) lies above the graph of 
the curve y = f(x). 


Solution. The equation of the line passing through (a, /(a)) and (6, /(&)) 
is given by 


y - /(a) 


m - /(a) 

b — a 


(i -a) 


thus 


. _ m - /(a) 

S_ b — a 


and c = 


_ bf(a) - af(b ) 
b — a 


Let x e [a, 6] and let t = (x — a)/(b — a). Then t e [0, 1], (1 — t)a + tb = x 
and (1 — t)f(a) + tf(b) = sx 4- c. The definition of convexity implies 


f(x) < sx c. 


Exercise II.4.8 A function f is said to be convex downward if the 
inequality (II. 1) holds when < is replaced by >. Interpret this definition in 
terms of the line segment being below the curve y = f(x). 

Solution. Let x G [a, 6]. Using the same argument and the same notation 
as in Exercise 7 we get 


f(x) > (1 - t)f(a) + tf(b) = sx + c. 


Exercise II.4.9 Let f be convex upward on an open interval /. Show that 
f is continuous . [Hint: Suppose we want to show continuity at a point cel . 
Let a < c and a el. For a < x < c, by Exercise 7 the convexity condition 
gives 

fix) < f ( - 0) (* - a) + f(a). 

c — a 

Given e, for x sufficiently close to c and x < c, this shows that 


fix) < /(c) + e. 
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For the reverse inequality, fix a point b € I with c<b and use 

f(c)< f{b l~^ (c-x)+f(x).} 

If the interval is not open, show that the function need not be continuous . 
Solution. The inequality 

}{x)< f{ ^-_ f ^ a \ x- a ) + }{a) 

follows from the equation we gave in Exercise 7 of the line segment between 
(o, /(a)) and (c,/(c)) and the fact that the curve y = f(x) lies below this 
line. Write x = c — 6. Then we have 


/(*) < 


/(c) - /(a) 
c — a 

/(c) - /(a) 

c — a 


(x-a) + /(a) 
(c-a-6) + /(a) 


whenever 


< /(c) + C, 

I /(c) ~/(a) 


c — a 


< e. 


This happens for all small 6, hence for all x close to c and x < c we have 
f{x) < /(c) + e. 

Now we prove the reverse inequality. Fix a point 6 € I such that c < b. 
Then since the line between (x,f(x)) and (b,f(b)) lies above the curve 
y = f(x) we see that 

f(c)< f{b ll f x {x) (c-x) + f(x). 


Now we claim that 


m - m < m - /(c) 

b — x b — c 


This inequality is equivalent to proving that 

(6 - c)(f(b) - f(x)) <(b- x)(f(b) - f(c))(b - x) 
which in turn is equivalent to 

/(c) (6 - x) < /(6)(c - x) + /(x)(6 - c) 
which we can rewrite as 

/(c) < c ^m + j^/(x). 


b — x' 
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Let u = (c - x)/(b - x) and let t = (6 — c)/(b — x). Then u, t > 0 and 
u + t = 1.; Moreover ub + tx = c, so by the convexity assumption we find 
that our desired inequality holds. This implies that 


fix) < - X) + f(x) < m L /(c) (c -x)+ /(*), 


b-c 


so if c — x > 0 is small we conclude that f(c) < f(x) +e as was to be shown. 
The same argument applies when c<x. 

Exercise II.4.10 Let f,g be convex upward and assume that the image 
of f is contained in the interval of definition of g. Assume that g is an 
increasing function , that is if x < y, then g{x) < g(y). Show that go f is 
convex upward . 


Solution. We have the following 


g o /(( 1 - t)a + tb) < y((l - t)f(a) + tf(b)) < (1 - t)g o f(a) + tgo f(b). 


Exercise II.4.11 Let /,</ be functions defined on the same set S. Define 
max(/, g) to be the function h such that 

h(x) = max(f(x),g(x)) 


and similarly , define the minimum of the two functions , min (/,</). Let 
/, g be defined on a set of numbers . Show that if /, g are continuous , then 
max(/, g) and min(/, g ) are continuous . 

Solution. Since 

max(/, 0 ) = ^(f + g + \f-g\) and vmn(f,g) = ^(f + g- 

Exercise 12 implies the continuity of max(/,y) and min(/, g). 

Exercise II.4.12 Let f be defined on a set of numbers , and let |/| be the 
funcion whose value at x is |/(x)|. If f is continuous , show that |/| is 
continuous . 


Solution. The result follows from the inequality 


ll/(*)|-|/(*0)ll<l/(*)-/(*o)|. 
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Differentiation 


III.l Properties of the Derivative 


Exercise III. 1.1 Let a be an irrational number having the following prop- 
erty. There exists a number c > 0 such that for any rational number p/q 
(in lowest form) with q> 0 we have 




or equivalently , 

|ga-p| > 

(a) Let f be the function defined for all numbers as follows. If x is not a 
rational number , then f(x) = 0. If x is a rational number , which can be 
written as a fraction p/q , with integers q,p and if this fraction is in lowest 
form , q > 0, then f(x) = l/q 3 . Show that f is differentiable at a. 

(b) Let g be the function defined for all numbers as follows. If x is irrational f 
then g(x) = 0. If x is rational , written as a fraction p/q in lowest form , 
q > 0, then g(x) = l/q. Investigate the differentiability of g at the number 
a as above. 

Solution, (a) The Newton quotient of / at a is 

/(g) - /(<*) _ /(s) 
x — q x — a 
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Given e > 0 select 6 > 0 such that if \x - a\ <6 and p/q = x e Q, then 
1/q < ce. Then 

fix) 

x — a 

thus 

h» /MJlo, 

Q3x— k* x — a 

If x is irrational, then the Newton quotient is 0, so / is differentiable at a 
and f\a) = 0. 

(b) For p/q = x E Q, the Newton quotient of g at a becomes 


^ q 2 1 

< 3 < €, 

c q 3 


g(o=) ~ g(oQ = i 
x-a \p — qa\' 

By Exercise 6, §4, of Chapter 1 we know that given N > 0 there exists 
integers pjv, qN such that 


1 

Pn - Qn<x 


> N and 



< 


_1_ 

TV’ 


thus g is not differentiable at a. 


Exercise III. 1.2 (a) Show that the function f(x) = \x\ is not differen- 
tiable at 0 . (b) Show that the function g(x) = x\x\ is differentiable for all 
x . What is its derivative? 


Solution, (a) For h > 0 we have 


, to /(0 +»-m_ ISm k 

h—*Q h h—>0 h 


and if h < 0, then 


h^o h h^0 h 

whence / is not differentiable at 0. 

(b) If x > 0, then f(x) = x 2 and if h > 0 we get 

Um /(0 + *)-/( 0 ). fat . 0 . 

/i->0 h h^O 


If x < 0, then f(x) = —x 2 and the Newton quotient at 0 tends to 0 as 
— ► 0 with h < 0. Thus / is differentiable for all x and for x > 0 its 
derivative is 2x and for x < 0 its derivative is —2x. 


Exercise III. 1.3 For a positive integer k, let fW denote the k-th deriva- 
tive of f. Let P(x) = ao + a\x H h a n x n be a polynomial . Show that for 

all h, 

P< fc >(0) = k\a k . 
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Solution. We prove by induction that for 0 < k < n we have the formula 

(* + 71 — *)! __ fc 


P W( x ) = kla k +^±M- ~.(* + 2 ) ! 


&AH- l^H Q'k+23' "b* * H 7”T TTi 


2! ' ' (n-*)! 

When k = 0 the formula holds. Differentiating the above expression we get 
/ , i m , (t + 2)! (fc + n-A;)! n -k - 1 

(k + l)!aA;+i + - =V M " 'flfc+2g H 1- 7 7 rrrflnX 


1! 




which is equal to p(* +1 )(x), thereby concluding the proof by induction. We 
immediadely get that PW (0) = k\a,k whenever 0 < k < n. If k > n, then 
pW is identically 0. 


Exercise III. 1.4 By induction , obtain a formula for the n-th derivative 
of a product , i.e. (fg)^ n \ in terms of lower derivatives f( k \g^. 

Solution. We prove by induction that 


(fg) (n) = E * ) (/) ( %) (n - fc) - 

fc=o ' ' 

When n = 1 the formula yields (fg) f = f'g + fg f which holds. Differentiat- 
ing the above formula using the product rule and splitting the sum in two 
we get 


(/ff) (n+1) = E ( * ) (f) {k+1 Hg) (n - k) + E ( fc ) (f) {k Hg) (n+1 - k) - 

k=0 k — 0 

The change of index j = k + 1 in the first sum shows that (fg)^ n+1 ^ is 


(n+l-fc) 


- E ( s l ! ) </) a >< J )‘" +, -*> + £ ( l ) </W 

- + (/) ( " +i >( 9 ) ( "> + e [( k ! ! ) + ( ; )] /<•>„<"«-» 

k — 1 

= (/) (0) (s) (n+1) + (/) (n+1) (<7) (0) + E ( " t 1 ) 

fe = l 

- S ( ” t 1 ) 

fc =0 

The second to last equality follows from Exercise 4, §3, of Chapter 0. 


(n+l— k) 



38 


III. Differentiation 


III. 2 Mean Value Theorem 

Exercise III.2.1 Let f(x) = a n x n H l-oo be a polynomial with a n ± 0. 

Let ci < C 2 <•••< Cr be numbers such that /(c<) = 0 for i = 1, . . . , r. 
Show that r < n. [Hint: Show that f has at least r — 1 roots, continue to 
take the derivatives, and use induction .] 

Solution. Suppose r > n. By Lemma 2.2, /' has at least one root in 
(cjjCj+i) for all 1 < j < r — 1. Therefore /' has at least r — 1 distinct roots. 
Suppose that for some 1 < k < n — 1, the function fW has at least r — k 
distinct roots, c*, i < c ^2 < • • • < Then by Lemma 2.2, f( k+1 ) has 

at least one root in (ckj,Ck,j+ 1 ) for all 1 < j < r - k - 1. Thus has 

at least r - (k + 1) distinct roots. Therefore /( n ) has at least r — n roots. 
But /< n > = a n n\ , so /( n ) has no roots. This contradiction shows that r < n. 

Exercise III.2.2 Let f be a function which is twice differentiable. Let C\ < 
C 2 < • • • < Cr be numbers such that /(c*) = 0 for all i . Show that f has at 
least r - 1 zeros ( i.e . numbers b such that f'(b) = 0/ 

Solution. Lemma 2.2 implies that for each 1 < j < r — 1 there exists 
numbers dj such that Cj < dj < Cj + 1 and f f (dj) = 0. So f has at least 
r - 1 roots. 

Exercise III.2.3 Let oi, . . . , a n be numbers. Determine x so that 2r=i( 0 * — 
x) 2 is a minimum. 

Solution. Let f(x) = ( a * “ x ) 2 * lim^oo /(®) — oo and 

limx -,-00 f(x) = oo imply that / has a minimum. The minimum verifies 
f'(x) = 0, which is equivalent to 

n 

- ^2 2(oj - x) = 0. 

*=i 

We conclude that / is at a minimum at x = £ a,/n. 

Exercise III.2.4 Let f(x) = x 3 + ax 2 + bx + c where a, 6, c are numbers. 
Show that there is a number d such that f is convex downward if x <d and 
convex upward if x>d. 

Solution. The function /" exists and /"(x) = 6x + 2a. Then for all x < 
d = —a/3, the function / is convex downward, and for all x > d, f is convex 
upward. 

Exercise III. 2. 5 A function f on an interval is said to satisfy a Lips- 
chitz condition with Lipschitz constant C if for all x,y in the interval, 
we have 


l/(®) - /(y) I < c\x - y\. 
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Prove that a function whose derivative is bounded on an interval is Lips- 
chitz. In particular , a C 1 function on a closed interval is Lipschitz . Also, 
note that a Lipschitz function is uniformly continuous. However, the con- 
verse if not necessarily true. See Exercise 5 of Chapter IV, §3. 

Solution. Let M be a bound for the derivative. Given x and y in the 
interval, there exists c in (x, y) such that f(x) — f(y) = f(c)(x — y) which 
implies 

1/0*0 - f{y) I = l/'(c)||aj -2/1 < M\x - y\. 

Exercise III.2.6 Let f be a C 1 function on an open interval, but such 
that its derivative is not bounded. Prove that f is not Lipschitz. Give an 
example of such a function. 

Solution. Assume that / is Lipschitz with Lipschitz constant C. By as- 
sumption there exists xo in the interval such that |/'(xo)| > 2 C. By conti- 
nuity, we have |/'(x)| > 2 C for all x in a small open interval I centered at 
xo. Choose x\ el with x\ ^ xo. By the mean value theorem, there exists 
cel such that 

/(* l) - f(x o) = f'(c){x 1 - xo) 
so, since we assumed / Lipschitz, we get 

2C\xi - xo| < |/'(c)||a:i - x 0 | = |/(*i) - /(aj 0 )| < C\x x - * 0 |- 

Thus 2 C <C which is a contradiction. For an example of such a function, 
consider x i-> 1/x on (0, 1) or x i-> xsin(l/x) also on (0, 1). See Exercise 5, 
§3, Chapter IV. 

Exercise III.2.7 Let f,g be functions defined on an interval [a,b\, contin- 
uous on this interval, differentiable on a < x < b. Assume that f(a) < g(a), 
and /'(x) < g'(x) on a < x <b. Show that f(x) < g{x) if a <x <b. 

Solution. Let h(x) = g(x) — f(x). The function h verifies h'(x) > 0 and 
h(a) > 0. Thus h(x) > 0 for a < x < b. 


III.3 Inverse Functions 

For each one of the following functions / restrict / to an interval so that the 
inverse function g is defined in an interval containing the indicated point, 
and find the derivative of the inverse function at that point. 

Exercise III.3.1 /(x) = x 3 + 1; find g'( 2). 

Solution. Restrict / to [0,2] because for all x e [0,2], /'(x) = 3x 2 > 0. 
Then /( 0) = 1 and /( 2) = 9. Thus the inverse function g: [1,9] — ► [0,2] of 
/ is well defined and 


1 


1 
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Exercise III.3.2 /(x) = x 2 - x + 5; find #'(7). 


Solution. Restrict / to [1,3] because for all x e [1,3], /'(x) = 2x - 1 > 0. 
Then /(l) = 5 and /( 3) = 11, /( 2) = 7. Thus the inverse function g : 
[5, 11] — > [1, 3] of / is well defined and 

n , (7 v 1 _1 

9 ^ /'( 2) 3' 

Exercise III.3.3 /(x) = x 4 - 3x 2 -I- 1; find g'(- 1). 


Solution. Restrict / to [0, v/3/2] because for all x e [0, \/^/^], f(x) = 
2x(2x 2 — 3) > 0. Furthermore, /( 0) = 1 and f(\/ 3/2) = —5/4, /(l) = — 1. 
Thus the inverse function g : [0, —5/4] — ► [0, \/3/2] of / is well defined and 




1 _ 1 
/'( 1 )“ 2 * 


Exercise III.3.4 /(x) = — x 3 + 2x + 1; find g'( 2). 


Solution. Restrict / to [\/2/3, 2] because for all x in this interval, f(x) = 
— 3x 2 -h 2 < 0. Furthermore, f(y/2/3) = a > 2, /(2) = -3, and /(l) = 2. 
Thus the inverse function g: [—3, a] — > [^/2/3, 2] of / is well defined and 


9'( 2) = 


1 

/'(l) 



Exercise III.3.5 /(x) = 2x 3 + 1; find g'( 21). 


Solution. Restrict / to [0,3] because for all x in this interval, f'(x) = 
6x 2 > 0. Furthermore, /( 0) = 1, /( 3) = 55, and /(>/ 10) = 21. Then the 
inverse function g : [1, 55] — ► [0, 3] of / is well defined and 

s(21) = /'(^To) = 6 • 10 2 /3 • 

Exercise III.3.6 Let f be a continuous function on the interval [o, b] . As- 
sume that f is twice differentiable on the open interval a <x <b, and that 
f f (x) > 0 and /"(x) > 0 on this interval. Let g be the inverse function of 
/. 

(a) Find an expression for the second derivative of g. 

(b) Show that g"(y) < 0 on its interval of definition. Thus g is convex in 
the opposite direction of /. 


Solution, (a) Since g'(x) = l//'(^(x)), the chain rule and the rule for 
differentiating quotients apply, leading to the following expression for g"\ 


9"(x) = 


[m*w 


(b) For a < x < b we have /'(x) > 0 and /"(x) > 0. Therefore we see from 
the above expression of g"( x ), that g"{x) < 0 on its interval of definition. 
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Exercise III.3.7 In Theorem 3.2 , prove that iff is of class C p withp > 1, 
then its inverse function g is also of class C p . 

Solution. We prove the result by induction on p. Assume that / is of class 
C p , then /' is of class C p ~ l . By induction the inverse g of / is of class C p ~ l 
and the map x h-> l/x is C°° so the formula of Theorem 3.2 implies that g' 
is of class C p-1 , hence g is of class C p . 




IV 

Elementary Functions 


IV. 1 Exponential 


Exercise IV. 1.1 Let f be a differentiable function such that 

f'(x) = —2xf(x). 

2 

Show that there is some constant C such that f(x) = Ce~ x . 
Solution. We simply have 

— ( — f'( x ) e ~ x2 + 2 xf(x)e~ x2 _ -2xf(x) + 2 xf(x) 

dx \e~ x2 ) (e"® 2 ) 2 e~ x2 


Exercise IV. 1.2 (a) Prove by induction that for any positive integer 
and x > 0, 

r 2 r* 

1+a:+ 2f H h TiT ~ eX * 

[Hint: Let f(x) = 1 4- x H h x n /n\ and g(x) = e x .] 

(b) Prove that for x > 0, 




x 4 


>i-s + ¥ - 



(c) Show that 2.7 < e < 3. 
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Solution, (a) The inequality is true for n = 1. Indeed, 

^(e*-(l + x)) = e*-l>0 

whenever# > 0 and e°— (1+0) = 0, so e x — (1+x) > 0 for all# > 0. Suppose 

the inequality is true for some integer n. Let /(#) = 1 + x H h 

and g(x) — e x . Then, the induction hypothesis implies that 

~ /(*)) = e * - (l + x + --+^ -°- 

Since <?(0) = /( 0) = 1, the desired inequality follows. 

(b) Let 


/jr»2 m3 

Then f'"(x) = -e" 1 + 1 > 0 for all ar > 0. Since /( 0) = f( 0) = /"( 0) = 

f"'( 0) = 0, we conclude that f{x) > 0 for all x > 0 and if x > 0 we have 

/(x) > 0. 

(c) Let n = 4 and x = 1 in (a), so that 

_ , , 1 1 1 
2.7 < 1 + 1 + - + - + - < e. 


Let x = 1 in (b) to get 


Exercise IV. 1.3 Sketch the graph of the following functions: 

(a) xe x ; 

(b) xe~ x 

(c) x 2 e x ; and (c) x 2 e~ x . 


Solution, (a) Let f(x) = xe x . Then /'(#) = (1 -f x)e x , so / is increasing 
on [— l,oo) and decreasing on (— oo, — 1]. The function / is positive for 
x > 0 and negative for x < 0, and /( 0) = 0. Clearly, lim^oo = xe x = oo. 
Moreover since lim^oo u/e u = 0 letting x = — u we get lim x _>_oo f(x) = 0. 
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(b) Let f(pc) = xe~ x . Note that /(-x) = —xe x so the graph of / is the 
image of the graph obtained in (a) in the symmetry with respect to the 
origin. 



(c) Let /(x) = x 2 e x . Then f(x) = xe x (2 + x) so / is decreasing on [-2, 0] 
and increasing on R— [— 2, 0]. For all x we have f(x) > 0 and Hindoo f(x) = 
oo. We also have lim x _>_oo f{x) = lim w _oo v?/e u = 0. 
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(d) Let f(x) = x 2 e~ x . Since f(—x) = x 2 e x 1 the graph of / is the reflection 
across the y- axis of the graph obtained in (c). 



Exercise IV.1.4 Sketch the graph of the following functions: (a) e l / x ; and 
(b) e~ l ' x . 

Solution, (a) Let f(x) = e 1 /®. For x ^ 0 we have f'(x) = (— l/x 2 )e l / x < 0. 
For x < 0, letting u = -1/a;, we get lim x _* 0 - f(x) = lim^—oo —u 2 e~ u = 0. 
The behavior of / at the boundary of its domain of definition is described 
by the following limits: 
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(b) Let f(x) = e 1 / x . Notice that f(—x) = e 1 /*, so the graph of / is the 
reflection across the y-axis of the graph obtained in (a). 



Exercise IV. 1.5 (a) Let f be the function such that f(x) = 0ifx<0 
and f(x) = e -1 / x ifx>0. Show that f is infinitely differentiable at 0, and 
that all its derivatives at 0 are equal to 0 . [Hint: Use induction to show that 
the n-th derivative of f for x > 0 is of type P n ( l/x)e~ l / x where P n is a 
polynomial.] 

(b) Sketch the graph of f. 

Solution, (a) For x > 0 there exists a sequence of polynomials {P n } such 
that f( n \x) = P n (l/x)e _1 / x . Indeed, we have f'(x) = (l/x 2 )e -1 / x which 
is of the desired form. We assume that the assertion is true for some integer 
n. Differentiating we obtain 
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/("+!) (x) = - + ^M e -V» 

X 2 X 2 

= -^J*(l/s) + ^p»(l/*)] e-V*. 


which is of the desired form, thereby ending the proof by induction. The 
function / is continuous and 


lim 

x — *0 


M - m 

x — 0 


= 0 = /'( 0 ). 


Assume that / is n times differentiable with all derivatives equal to 0 at 
the origin. For x > 0, let x = l/u. Then 


lim 

X — ►()+ 


/ (w >(s) ~ / (n) ( 0) 
x — 0 


lim uP n (u)e u = 0 

•u— ►oo ' 


so /( n+1 )(0) = 0. By induction we conclude that the function / is infinitely 
differentiable at 0 and f( n \ 0) = 0 for all n. 

(b) The graph of the function / is 



Exercise IV. 1.6 (a) (Bump Functions). Let a,b be numbers , a < b. 
Let f be the function such that f(x) = 0 if x < a or x>b, and 

(a) f(x) = e — !/(*— a)(6— *) or (6) /( x ) = e -l/(x-a) e -l/(6-x) 

if a < x < b. Sketch the graph of /. Show that f is infinitely differentiable 
at both a and b. 

(b) We assume you know about the elementary integral. Show that there 
exists a C°° function F such that F(x) = 0 if x < a, F(x) = 1 if x > b, 
and F is strictly increasing on [a, 6]. 
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(c) Let S > 0 be so small that a + 6 < b — 6. Show that there exists a C°° 
function g such that: 

g(x) = 0 if x < a, and g(x) = 0 if x > b; 
g(x) = 1 on [a + 6, b — <5]; and 

g is strictly increasing on [a, a + 5], and strictly decreasing on [b — 6, b]. 
Sketch the graphs of F and g. 

Solution, (a) We take f(x) = e _1 /( a; “ a )( b “ a; ). For a < x < b we have 


m = 


(b- x) - (x - a) 
(x — a) 2 (a; — b) 2 6 


1 /(x—a)(b—x) 


Thus / is increasing on (a, (a + b)/ 2) and decreasing on ((a + b)/ 2, 6). Just 
as in Exercise 5, use induction to show that there exists a sequence of 
polynomials { P n } and a sequence of positive integers {A: n } such that 


f (n \x) = 


— l/(x— o)(6— x) 

[(x — a) (b — 


A linear change of variable and the limits computed in Exercise 5 prove 
that / is infinitely differentiable at both a and b. 

(b) Let I = Jaf(t)dt = f(t)dt. Since / is continuous, non-negative, 
and not identically zero, we know that I ^ 0, so we can define 

F(x) =j[ X f(t)dt. 

1 J — OO 


Then F(x) = 0 if x < a and F(x) = 1 if x > b and for all x we have 

■^ F (x) = fix). 

So F is strictly increasing on [a, b] and F is C°° . 

(c) By (b) we can construct a fiinction Fi on R such that Fi is <7°°, 
Fi(x) = 0 if x < a, Fi(a;) = 1 if x > a + 6, and F is strictly increasing on 
[a, a + S]- Arguing as in (b) with the function 



we see that we can construct a function F 2 on R which is C°° such that 
^ 2 ( 0 ;) = 1 if x < b — <5, F 2 (x) = 0 if x > 6, and F 2 is strictly decreasing on 
[6 — 6, b}. Define g as follows: 

{ F\(x) if x < a + (5, 

1 if a + 6 < x < b — 6, 

F 2 (x) if 6- 6 < x. 


The function g verifies the desired properties. The graph of F and g are 
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Exercise IV.1.7 Let f(x) = e" 1 /* 2 if x ^ 0 and /( 0) = 0. Show that f 
is infinitely differentiable and that f( n \ 0) = 0 for all n. After you learn 
the terminology of Taylor* s formula , you will see that the function provides 
an example of a C°° function which is not identically 0 but all its Taylor 
polynomials are identically 0. 

Solution. Since lim x _>o f(%) = 0, the function / is continuous. There exists 
polynomials {P n } such that 

f (n \x) = P n ( 


The proof is by induction and is similar to the one given in Exercise 5. 
Assuming that /( n )(0) = 0 and letting u = 1/x we see that 


lim 
— o 


/ (w >(s) - /(»)(0) 
x — 0 


lim uP n (u)e u * = 0 

• u — *±00 


2 

because for all integers m we have u m e~ u — >0astx— >oooru— ► — oo. By 
induction we conclude that / is infinitely differentiable on R and / M (0) = 
0 for all n. 


Exercise IV. 1.8 Let n be an integer > 1. Let /o, •••,/« be polynomials 
such that 

fn(x)e nx + + • • • + fo(x) = 0 

for arbitrarily large numbers x. Show that /o, . . . , f n are identically 0. [Hint: 
Divide by e nx and let x — ► oo.] 

Solution. Dividing the relation by e nx we obtain 

/»(*) + fn- i(x)e~ x + - • • + f 0 (x)e- nx = 0. 
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By Theorem 1.1 and the fact that /o, . . . , f n are polynomials, we see that 
for all 1 < k < n we have 


lim /„_*( x)e kx = 0. 

X—KX> 

So limx-^oo fn(x) = 0 which proves that f n is identically 0. By induction 
we see that fj is identically 0 for all 0 < j < n. 


IV. 2 Logarithm 

Exercise IV.2.1 Let f(x) = x x forx > 0. Sketch the graph of f. 

Solution. Since f(x ) = e xIogx the function / is positive for all x > 0. 
Furthermore, f'(x) = (logx+l)e xIogx . Thus / is increasing on (1/e, oo) and 
decreasing on (0, 1/e) and therefore attains a minimum at (1/e, e _1 / e ). We 
also have lim x _*oo f(x) = oo, and since lim x _> 0 + x log x = lim u _ f00 (logn)/tfc 
= 0, we have lim x _ +0 + /(*) = !. 



Exercise IV.2.2 Let f be as in Exercise 1 , except that we restrict f to 
the infinite interval x > 1/e. Show that the inverse function g exists . Show 
that one can write 

g(y) = l0g3/ My), 

9{y> \og\ogy nyh 

where lim^oo rp(y) = 1. 

Solution. Since / is continuous and increasing on (l/e,oo) the function g 
exists and is defined on (e _1 / e ,oo). Put y = f(x) = x x , so logy = xlogx 
and 
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logy logy logy 

logs “ log log y - log log x ~ logiogy _ jggtog^ ' 


Put 


V’(y) = 


l 


1 - {2gl°££ 1 - h(x) ' 

log log y v ' 


But loglogy = logx + loglogx so h(x) — » 0 as x 
rp(y) — ♦ 1 as y — > oo. 


oo and therefore 


Exercise IV.2.3 Sketch the graph of: (a) x log x; and (b) x 2 logx. 


Solution, (a) Since 

d 

— (xlogx) = logx + 1, 
ax 

the function is increasing on (1/e, oo) and decreasing on (0, 1/e). Further 
more, 


lim x log x = oo and lim xlogx = lim (\ogu)/u = 0. 

X — ►(» X— >0+ u— ► oo 



(b) Since 


^(x 2 log x) = x(21ogx + 1), 


the given function is increasing on (1/^/e, oo) and decreasing on (0, \/y/e). 
Futhermore, we have 

lim x 2 log x = oo and limxxlogx = 0. 

x — >oo x— *0+ 
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Exercise IV.2.4 Sketch the graph of: (a) (logx)/x; and (b) (logx)/x 2 . 
Solution, (a) We have 

d /logx\ _ 1 - logs 
dx\ x ) x 2 * 

thus the function is increasing on (0, e) and decreasing on (e, oo). Futher 
more, we have 

lim (logx)/x = 0 and lim (logx)/x = — oo. 

X — KX) x — ►()+ 
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(b) We have 

d /logaA _ 1 — 2 log# 
dx \ x 2 ) x 2 ’ 

thus the function is increasing on (0, y/e) and decreasing on (y/e, oo). Futher- 
more 

lim (\ogx)/x 2 = 0 and lim (logx)/x 2 = — oo. 



Exercise IV.2.5 Let e > 0. Show: (a) limx-^ooQogx)/# 6 = 0; 

(b) linix-^oa^loga: = 0/ and (c) let n be a positive integer , and let c > 0. 
Show that 

(log x) n 


lim 

X — fOO 


X € 


= 0. 


Roughly speaking , this says that arbitrarily large powers of log# grow slower 
than arbitrarily small powers of x. 


Solution, (a) Let u = x € . Then Theorem 2.2 implies 


0. ItoiSH. lim ^-«lim !9£, 

x— ♦■oo X € 


u—*oo u 


x—*oo X 


so the desired limit drops out. 

(b) Put u = l/x c in Theorem 2.2 so that 


0 = lim }2JL0l — ii m _ cx € logx, 

U—KX) U x — >0 


hence lim x _>o % e logx = 0. 

(c) The limit follows from (a) and the fact that 


(logff) n 

x € 


log X logo? _ yj log x 
x e / n x € / n ~~ 11 x € / n ' 

i=l 
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Exercise IV.2.6 Let f{x) = xlogx for x > 0, x ^ 0, and /( 0) = 0. 

(a) Is f continuous on [0, 1 \? Is f uniformly continuous on [0, 1 ] ? 

(b) Is f right differentiable at 0? Prove all your assertions. 

Solution, (a) The function / is continuous at 0 because for x > 0 we have 
lim x _>o zlogx = 0. Hence / is continuous on [0,1]. A function continuous 
on a compact set is uniformly continuous, so / is uniformly continuous on 
[0,1]. 

(b) The Newton quotient of / at 0 is 

/(x)-/(0) xlogx 

x^0 ~~x ~~ = g ’ 

which tends to — oo as x approaches 0. So / is not right differentiable. 

Exercise IV.2.7 Let f(x) = x 2 \ogx for x > 0, x ^ 0, and /( 0) = 0. 
Is f right differentiable at 0? Prove your assertion. Investigate the differ- 
entiability of f(x) = x k logx for an integer k > 0, i.e. how many right 
derivatives does this function have at 0? 

Solution. The function is right differentiable at 0 because for x > 0 we 
have 

lim — — - — -*-*■ = lim — = lim x log x = 0. 

x — >0 X — 0 x — >0 X x — >0 

Now let f(x) = x k log x. We claim that / has k — 1 right derivatives. By 
induction we see that there exists positive numbers a n and b n such that on 
(0, 1] we have 

/( n )(x) = a n x k - n log x -f b n x k ~ n , 

so by induction for n = 0, 1, . . . , k — 2 we have /( n+1 )(0) = 0 because 


f( n \x) - f( n \ 0) _ a n x k ~ n log sc + b n x k ~ n _ 


x - 0 


x 


= a n x 


k—n—l 


log sc 4 -b n x 


k—n—l 


hence 


But 


„„ /<■>(.)-/<■>( 0 ) - 0 . 

x— +0 x — 0 

/(fc-i)(x)_/C fc -D(0) a n x log x + 6„x 

lim — = lim = — oo, 

x— »o x — 0 x— >o 


x 


which proves that / has k — 1 right derivatives. 


Exercise IV.2.8 Let n be an integer > 1. Let /o,---,/n be polynomials 
such that 


/n(x)( logx)” + / n _i(x)(l0gx)” 1 + h / 0 (x) = 0 

for all numbers x > 0. Show that /o, . . . , f n are identically 0. [Hint: Let 
x = e y and rewrite the above relation in the form 
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E«*v)V, 


where ay are numbers . Use Exercise 8 of the preceding section .] 

Solution. Let dj be the degree of fj and write fj(x) = YaLo ayx'- Then 
letting x = e v we get 




i= o \»=o 


Collecting terms and factoring out the (e v ) if 8 we get an expression of the 
form 


9o(v) + 0 i( 2 /)(e 1 ') 1 + • • • + g m (y)(e v ) m = ^9i(y)(e y ) i = 0, 

»=0 


where m = maxi<j< n {dj} and where the pi’s are polynomials in y. Exercise 
8, §1, of Chapter IV concludes the exercise. 

Exercise IV.2.9 (a) Let a> 1 and x > 0. Show that 


x a — 1 > a(x — 1). 


(b) Letp,q be numbers > 1 such that 1/p + 1/q = 1. If x > 1, show that 

P p 

Solution, (a) The function h defined by h(x) = x a - 1 — a(x — 1) is 
continuous on R>o and differentiable on R>o with h'(x) = a(x a ^ 1 — 1). 
Thus h is decreasing on (0, 1), increasing on (l,oo) and h( 1) = 0. Hence 
h(x) > 0 for all x > 0. 

(b) Let f(x) = x x / p and g(x) = x/p + 1/q. Then /( 1) = p(l) = 1 and for 
x > 1 we have 

f'(x) = -x( 1 ~~ p ^ p and g'(x) = -. 

P P 

But if p > 1 and x > 1, then < 1 which implies that f'(x) < g'(x) 

whenever x > 1. Hence f(x) < g(x) and f{x) = g(x) if and only if x = 1, 
as was to be shown. 


Exercise IV.2.10 (a) Let u,v be positive numbers , and let p, q be as in 
Exercise 8. Show that 

u i/p v i/i 

P 9 

(b) Let u,v be positive numbers , and 0 < t < 1. Show that 

u l v < tu + (1 — t)Vj 
and that equality holds if and only ifu = v. 
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Solution, (a) Let x = u/v in the inequality of Exercise 9(b) and multiply 
both sides of the inequality by v. 

(b) Fix t in (0, 1), and let p = l/t and q = 1/(1 -t). Then since 1/p+l/g = 1 
and p,q > 1, the previous exercise implies that < tu + (1 — t)v. 

Clearly, if u = v the equality holds. Conversely, if the equality holds, then 
u/v = 1 because as we have seen in Exercise 9(b), f(x) = g(x) if and only 
if x = 1. 


Exercise IV.2. 11 Let a be a number > 0. Find the minimum and maxi- 
mum of the function f(x) = x 2 /a x . Sketch the graph of f{x). 

Solution. Since 

d (x 2 \ _ 2 xa x — x 2 a x log a 
dx \ a x ) a 2x 

the function attains its minimum 0 at 0. If a > 1, then lim x _>_oo f(x) = oo 
and if a < 1, then Hindoo f(x) = oo. If a = 1, then f(x) = x 2 . 


<L>1 





Exercise IV. 2. 12 Using the mean value theorem, find the limit 

lim (n 1/3 - (n + 1) 1/3 ). 

n — ►oo 

Generalize by replacing \ by l/k for any integer k>2. 

Solution. Let fk(x) = x l / k . Then f' k (x) = l/kx^~ k ^ k , so by the mean 
value theorem we know that given n there exists a number c n ^ such that 
n < Cn,k < n + 1 and 

fk(n + 1) - fk(n) = f' k (cn,k) = 


Therefore 
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0 <(„ + i)V*_ n i/*<_L_. 

Hence lim n _ 400 (n 4- l) 1 /* — n 1 / k = 0 for any integer k > 2. 

Exercise IV.2.13 Find the limit 

/*— o /i 

Solution. We recognize the Newton quotient of f(x) = x 1 ^ 3 at 1, thus the 
desired limit is /'( 1) = 

Exercise IV.2.14 Show that for x > 0 we have log(l 4- x) < x. 

Solution. Let f(x) = log(l 4- x) and g(x) = x. Then for x > 0 we have 

/'(*) = 77— and g'(x) = 1. 

Clearly, if x > 0 we have f'(x) < g'(x), and since /( 0) = g(fi) = 0 we get 
the desired inequality, namely f(x) < g(x) whenever x > 0. 

Exercise IV.2.15 Prove the following inequalities for x > 0: 

(a) log(l + a:)<x-4 + T- 

(b) x - < log(l + x). 

(c) Derive further inequalities of the same type . 

(d) Prove that for 0 < x < 1, 

log(l+x)= lim (x- + ••• + (-l) n+1 — ^ V 

n-» oo \ 2 n J 

Solution, (a) Let f(x) = x - x 2 /2 -h x 3 /3 - log(l -f- x). Then 

f'(x) = 1 - x + x 2 - > 0 

because 1 — x + x 2 > 1/(1 + x) as one sees by multiplying both sides by 
1 -f- x. Furthermore, /( 0) = 0 which implies that f(x) > 0 for all x > 0. 

(b) Let f(x) = log(l + x) - x -f- x 2 /2. Then 

= TT7 - 1 + a; > 0 
1 + X 


because 1/(1 4- x) > 1 — x as one sees by multiplying both sides by 1 -f- x. 
Since /( 0) = 0 we see that f(x) > 0 for all x > 0. 

(c) Let 


x 3 

P2n(x) =X-y + 


X 3 

T 


x 2n 
2 n 


and 



n / \ X 2 X 3 X 
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and /(x) = log(l + x). Then 

P 2 n(x) < f(x) < P2u+l(x). 

Indeed, P 2 „(0) = /( 0) = P 2 n(0) = 0, f'(x) = 1/(1 + x), and 


Pz n (x) = l — x + x 2 x 2n 1 and P 2 „+ 1 (®) = 1 — x + x 2 l-a: 2n . 


However we can sum the first m terms of a geometric series and obtain the 
formula 




so that P 2n (x) < f(x) < P 2n+ i(x) which implies that P 2n (x) < f(x) < 
P2n+l(x)- 

We also have the inequality x/(l +x) < log(l +x) for all x > 0. Indeed, 
consider /(x) = x/(l + x) — log(l + x). Then 


/'(x) = 


—x 


(1 -f-x) 2 


< 0 . 


Since /( 0) = 0, the inequality follows. 

(d) Notation being as in part (c) we have P2 n +i(®) — P 2 n(x) — ► 0 as n — ► oo 
for all x G [0, 1], hence 


log(l-f-x) = lim P 2 n(z)= lim ftn+i(®) 

n — >oo m 


n— ► oo 


for all x G [0, 1]. If L n (x) = x — x 2 /2 H + (— l) n+1 x n /n, then for all 

positive integers n we have L 2n (x) = and L 2n+ i(x) = Pin+ii?) 

which implies 

lim L n (x) = log(l + x) 


n—*oo 


for all x G [0, 1]. 

Exercise IV.2. 16 Show that for every positive integer k one has 


( i + i)‘ <c< ( i + i) 


fc+i 


Taking the product for k= 1, 2, . . . , n — 1, conclude by induction that 

,n— 1 


n' 


(n — 1)! 


< e” -1 < 


n 


n 


(n - 1)! 


and consequently 


en n e~ n < n! < en n+l e~ n . 

For another way to get this inequality , see Exercise 20. 
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Solution. By Exercise 14 we have log(l + 1/k) < 1/k. Therefore fclog(l + 
1/k) < 1 which implies (1 + l/k) k < e. For the second inequality plug 
x = 1/k in (c) of the previous exercise to get l/(fc + 1) < log(l + 1/A;) 
which implies e < (1 + l/k) k+1 . 

Since e n = e n-1 e we have the following inequalities 


n"- 1 (n + iy „ »» 

(n-1)! V n ) (n — 1)! 



n+1 


which implies 

(n ± 1 r . p n . (n + l) n+1 

n! n! 

By induction we conclude that the double inequality holds for all positive 
integers n. This double inequality is equivalent to e~ n+1 n n ~ 1 < (n - 1)! < 
e~ n+1 n n which implies ee~ n n n < n! < ee“ n n n+1 , as was to be shown. 


Exercise IV.2.17 Show that 

lim (l + £) n = e x . 
i-*oo \ nl 


ri- 


Solution. We first show that lim^oo nlog(l + x/n) = x. Let h 
then 

lim nlog(l +x/n) = lim = Xm 

. — L h 


= x/n, 


n—*oo h—+Q 

Exponentiating yields the desired limit. 


Exercise IV.2.18 Let {on}, {6 n } be sequences of positive numbers. De- 
fine these sequences to be equivalent, and write a n = b n for n — ► oo 
to mean that there exists a sequence of positive numbers {u n } such that 
b n = u n a n and lim u]J n = 1. Alternatively, this amounts to the property 
that lim(a n /6 n ) 1 / n = 1. 

(a) Prove that the above relation is an equivalence relation for sequences. 

(b) Show that n\ = n n e~ n for n — > oo. Give a similar equivalence for (3n)!. 

(c) Show that if a n = a' n and b n = b' n , then a n b n = a' n b' n for n — » oo. 

Solution, (a) Clearly, a n = a n because liml 1 ^ = 1. If a n = 6 n , then 
b n = a n because a n = 6 n (l/u n ) with lim(l/w n ) 1 / n = 1. Finally suppose 
that a n = b n and b n = Cn. Write b n = u n a n and Cn = t n b ni where u l f n — > 1 
and 1 1 / n — > 1 as n — ► oo. Then we have Cn = u n t n a n with lim(w n t n ) 1 / n = 1 
so a n = Cn, as was to be shown. 

(b) The inequalities deduced in Exercise 16 imply e < n!/ ( n n e~ n ) < en so 


e 1 / n < 





But lime 1 / 71 = limn 1 / 71 = 1, hence n! = n n e~ n . Replacing n by 3n in the 
inequalities of Exercise 16 we find 
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,1/n 


( A ^ < e 1 / n 3 1 / n n 1 / 71 

V(3n)3"e-3nJ <e A n , 


so (3n!) = (3n) 3n e“ 3n . 

(c) We write a n = u n o! n and b n = where u l t n — > 1 and t 1 /" — ► 1 
as n — ► oo. Then o n 6 n = u n t n a f n b' n , so we have a n 6 n = because 
lim(«„t n ) 1/n = 1. 


Exercise IV.2. 19 Find the following limits as n—> oo: 

Solution, (a) Since n! = n n e” n we have 

lim((3nf)/n 3n ) 1/ ' n = lim(3n- 2n c- n ) 1 / n = 0. 
(b) We have (n!) 3 = n 3n e -3n so 

/„3n»-3n\l/n 


(i) 


\n 3n e“ n / \ n 3n e~ n / 


2 


(c) Since (n!) 2 = n 2n e 2n the desired limit is e 2 . 

(d) We have (2n!) = (2 n) 2n e~ 2n so the desired limit is e~ 2 /4. 

For the next exercises, which concern the logarithm, we assume that you 
know elementary integration and upper-lower sums associated with the 
integral. Some of the proofs are easiest using such sums. 

Exercise IV.2.20 We shall give here an alternate proof for the estimate 
of Exercise 16. Write down upper and lower sums for the integral of log x 
over the interval [l,n] for each positive integer n. Use the partition of the 
interval at the integers k such that 1 < k < n. Using the inequalities 

lower sum < integral < upper sum , 


give a proof of the inequality 

n log n — n + 1 < log(n!) < (n + 1) log n — n + 1 . 
Exponentiating , you have a proof of the inequality 

en n e~ n <nl< en n+1 e~ n . 


Solution. The lower sum is log 2 + log 3 H 1- log(n — 1) = log(n — 1)! 

and the upper sum is log 2 4- log 3 H 1- logn = log(n!). The integral of 

logx from 1 to n is 


r 


log xdx = [x log x - x]i = nlogn — n + 1, 
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so we get 
Therefore 


log(n- 1)! < nlogn - n + 1 < logn!. 


nlog n - n + 1 < log(n!) < (n -f 1) logn - n -f 1 
as was to be shown. 

Exercise IV.2.21 (a) Using an upper and lower sum , prove that for every 
positive integer n, we have 



(b) By the same technique , prove that 

1 1 , 1 1 

9 + ‘" + « < log" <!+ «+"• + - 7- 

it ft it ft 1 

Solution, (a) Consider the function f(x) = 1/(1 -fx) for 0 < x < 1. Noting 
that / is decreasing on the interval from (0, 1) and comparing areas we get 

i i r 1/n . . i 
nl + l/n < J 0 fW dx< n - 

But the integral is equal to log(l + 1/n) so the desired inequality drops 
out. 

(b) Consider the function f(x) = 1/x from 1 to n. Then the lower sum 

is £ H f - and the upper sum is 1 + \ H h so we ^ ave the 

inequalities 


f(x)dx < 1+ \ + " + ^i- 

But the integral is equal to log n so the desired inequalities follow. 

Exercise IV.2.22 (a) For each integer n > 1 , let 

, 1 1 , 

a>n — 1 + „ + 1 fog Tl. 

2 n 

Show that a n+ i < a n . [Hint: Consider a n — a n+ i and use Exercise 21.] 

(b) Let b n = a n - 1/n. Show that b n +\ > b n . 

(c) Prove that the sequences {a n } and {6 n } are Cauchy sequences. Their 
limit is called the Euler number 7. 

Solution, (a) We have 

On - a n + 1 = - logn \-r + log(n -f 1) = -f log(l -f 1/n) > 0 

n + l n + 1 



the last inequality coming from Exercise 21 (a), 
(b) We simply take the difference and get 


IV.2 Logarithm 63 


bn+i ~b„ = a n+ i - a„ - — j— + i = -log ( 1 + i i > 0 

n+ 1 n \ n / n 

the last inequality coming from Exercise 21(a). 

(c) Let e > 0. Choose an integer N > 1/e. Then for all m > n > N we have 
0 — Q>m — bn "f 1/w 1 fftl ^ 1/fl < 6, 


and 

0<b m - a n < dm- a n + 1/n - 1/m < 1/n < e. 

So both {a n } and {b n } are Cauchy sequences and they converges to the 
same limit because lim n _ >00 (a n — 6 n ). 

Exercise IV.2.23 If 0 <x< 1/2, show that log(l — x) >—x — x 2 . [Note: 
When you have Taylor’s formula and series later , you can see that 

x 2 0,3 

l°g(l — x) = —x — ^ ^ . 

The point is that —x is a good approximation to log (1— re) when x is small] 

Solution. Let f(x) = log(l — a;) and let g(x) = —x — x 2 . Then f'(x) = 
—1/(1 + x) and g f (x) = — 1 — 2a;. We wish to show that f f (x) > g f (x). This 
inequality is equivalent to 1 < (1 — a;)(l + 2a;) or 0 < x — 2x 2 = x(l — 2a;). 
Clearly, this last inequality is true whenever 0 < x < 1/2 so we have 
f'(x) > (f(x) on this interval. Finally, /( 0) = p(0) = 0 so we must have 
f(x) > g(x). 

Exercise IV.2.24 (a) Let s be a number. Define the bimomial coeffi- 
cients 

= s and ^ ^ = B(n, s) = s(s-l)(s-2) • • • (s-n+l)/n! for n > 2. 

Prove the estimate |£?(n,s)| < |s|el a l(n — \)^/n. In particular, 

limsupl-B^s)! 1 /” < 1. 

n—> oo 

Note that the above estimate applies as well if s is complex . 

(b) If s is not an integer > 0, show that lim|i?(n,s)| 1 / n = 1. 

Solution, (a) Since 
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letting a = |s|, we get 

|-B(n, a)| < i [a(l + a)(l + a/2) • • • (1 + a/(n - 1))] 
n 

hence the estimate for logn|£(n, s)|, 

logn|£(n, s) | < log a + log(l -f a) + • • • + log(l + a/(n - 1)). 

Exercises 14 and 21 (b) imply that 

log n|£(n, s ) | < log a + ot + a log(n — 1). 

Exponentiating we get that n|5(n, s)| < ae a (n — 1) Q . The lim sup state- 
ment follows from the fact that 


lim(el*l|s|(n-l)l < l) 1 / n = l. 


n— ♦ oo 


whenever \s\ ^ 0. This limit follows from taking the logarithm. 

(b) Because of part (a) it is sufficient to bound | B(n y s)\ l J n from below. 
Let a = |s|. Then the triangle inequality implies 


1 

— ( 
n 


la | 

a 


1 

I 2 _ 1 r* 

n — 1 


Let no be an integer such that for all n > no we have ot/n < 1/2. Then, 
since lime 1 / 71 = lim l/n 1 /” = 1 for c ^ 0 we can forget finitely many of the 
beginning terms, namely those up to no including 1/n, so that after taking 
the n-th power and the log we see that is suffices to show that 


^ = ; h (‘ ' ^) + ' ' ' + 108 (* ' )] " a 


By assumption on no we have A n < 0, and Exercise 23 implies the following 
estimate 



where C is a positive real number. The last inequality follows from the fact 
that S 1/n 2 converges. Exercise 21 implies (assuming that no > 2 which 
we obviously can) 


0 > A n > — log(n - 1) - 
n 


a 2 C 


so lim n _ KX) A n = 0 as was to be shown. 
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Exercise IV.2.25 Let a be a real number > 0. Let 

_ a(a + 1) • • • (a + n) 

° n n!n a 

Show that {a„} is monotonically decreasing for sufficiently large values of 
n, and hence approaches a limit . This limit is denoted by l/r(a), where T 
is called the gamma function. 

Solution. For all n > 1, a n > 0 and 

Onjri _ ot + n + 1 n a _ / a \ / n \ a 
a n n + 1 {n + l) a \ n+l/\n+l/ 

The inequalities deduced in Exercises 14 and 21(a) imply that for suffi- 
ciently large n 

log (l + — j-r) < — ~T < a, °8 f 1 + -) ■ 

\ n + \) n + 1 \ nj 

Exponentiating, we find that a n +i/a„ < 1 for all large n, and since a„ > 0 
we see that {a n } is monotonically decreasing for sufficiently large values of 
n. 
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Exercise IV.3. 1 Define tana; = sinx/cosa;. Sketch the graph of tana;. 
Find 

tan h 
lim — — . 

/i— o h 

Solution. The tangent is not defined for x = 7r/2 -f kn when k G Z, and is 
periodic of period 7r. We have 


-j- tana; = — 
dx cos 2 x 


>0 


and tana; = 0 is equivalent to x = A;7r, k e Z. The limit 

tan/i 

lim — — = 1 
/i->o h 


follows from the expression 

tan/i __ 1 sin/i 

h cos h h * 


and the limit lim^^oCsin/i)//! = 1. The graph of the tangent function is 
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Exercise IV.3.2 Restrict the sine function to the interval — 7t/2 < x < 
7t/2, on which it is continuous , and such that its derivative is > 0 on 
— 7t/2 < x < 7t/2. Define the inverse function , called the arcsin e. Sketch 
the graph , and show that the derivation of arcsin x is l/y/1 — x 2 . 

Solution. By symmetry with respect to the line y = x we get the graph 
of arcsin x. To compute its derivative on the given interval, we simply use 
the formula for the derivative of the inverse map, so that 



Exercise IV.3.3 Restrict the cosine function to the interval 0 < x < 7r. 
Show that the inverse function exists . It is called the arccosine. Sketch its 
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graph, and show that the derivative of arccos x is — l/y/l — x 2 on 0 < x < 

7T. 


Solution. The inverse function exists because on the given interval, cost 
is continuous and its derivative is < 0 on 0 < x < tt. Arguing as in the 
previous exercise we find 

dx K — sin(arccos x) yj 1 - cos 2 (arccos x) \/l -x 2 ’ 


We can also graph the function arccos x using symmetry with respect to 
the diagonal y = x. 



Exercise IV. 3.4 Restrict the tangent function to — 7r/2 < x < 7t/2. Show 
that its inverse function exists . It is called the arctangent. Show that arc- 
tan is defined for all numbers, sketch its graph, and show that the derivative 
of arctan x is 1/(1 -f x 2 ). 


Solution. Since the tangent function is continuous, (arctan x)' = 1 + 
tan 2 x > 0 and lima .^/2 t an x = °° and lim^.^^ tan x = ”°°, we con- 
clude that the inverse function exists on R, that it is continuous with 
derivative 


— (arctan x) = 
cLx 


i 

1 + tan 2 (arctan x) 


1 

1 + x 2 * 
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Exercise IV.3.5 Sketch the graph of f(x) = x sin 1/x, defined for x / 0. 

(a) Show that f is continuous at 0 if we define /( 0) = 0. Is f uniformly 
continuous on [0, 1] ? 

(b) Show that f is differentiable for x ^ 0, but not differentiable at x = 0. 

(c) Show that f is not Lipschitz on [0, 1]. 


Solution, (a) Since |sinx| <1 we have the inequalities — |x| < f(x) < \x\ 
for all x ^ 0 so f(x) — ► 0 as x — ► 0, which proves that / is continuous 
at 0 if we define /( 0) = 0. Since [0, 1] is compact and / is continuous, we 
conclude that / is uniformly continuous on [0, 1]. The function / tends to 
1 as |x| — ► oo because (sintt)/ti — ► 1 as u — ► 0. Moreover, 


/'(x) = 8in(l/x) — (l/x)cos(l/x), 


so there are oscillations near zero as the graph illustrates. In fact, if x n = 
l/(n7r), n € Z, and n^Owe have /(x n ) = 0. 
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(b) The Newton quotient of / at 0 is 


m - m 

h - 0 


= sin(l/h) 


which does not tend to a limit as h 0, so / is not differentiable at 0. 

(c) The function /' is not bounded on (0, 1) because 


Ki)!' 2 ™' 

so by Exercise 6, §2, of Chapter III, we conclude that / is not Lipschitz on 
(0, 1), hence / is not Lipschitz on [0, 1]. 

Exercise IV.3.6 Let g(x) = x 2 sin(l/a;) if x ^ 0 and g( 0) = 0. 

(a) Show that g is differentiable at 0 , and is thus differentiable on the closed 
interval [0,1]. 

(b) Show that g is Lipschitz on [0, 1]. 

(c) Show that g f is not continuous at 0, but is continuous for all x ^ 0. Is 
g' bounded? Why? 

(d) Let g\(x) = x 2 sin(l/a; 2 ) for x ^ 0 and <?i(0) = 0. Show that pi(0) = 0, 
but g[ is not bounded on (0,1]. Is g\ Lipschitz? 

Solution, (a) We form the Newton quotient of g at 0: 

s£pA, haitth . 

h-0 

But hsinh -+ 0 as h — > 0, so g is differentiable at 0 and </(0) = 0. 

(b) The derivative of g is bounded (see (c)) on [0, 1] so g is Lipschitz on 
[0,1]. This is a consequence of the mean value theorem. 

(c) For x^Owe have 
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3/ 

g'(x) = 2xsin(l/x) 5 -cos(l/x) = 2xsin(l/x) — cos(l/x), 

and since cos(l/x) oscillates between 1 and — 1 as x — ► 0 the function g' is 
not continuous at 0, if we let </(0) = 0. The function g' is bounded on R 
as Exercise 5 shows. 

(d) We have 

lim = lim hsin(l//i 2 ) = 0, 

fc-o h- 0 h—*o v 7 ' 

so pj(0) = 0. For x^Owe have 

2 

g'Ax) = 2xsin(l/x 2 ) cos(l/x 2 ), 

x 

and if x n = l/\/27rn, then x n — » ► 0 and |pi(x n )| — ► oo as n — ► oo, g[ is 
unbounded on (0, 1]. 

Exercise IV.3.7 Show that if 0 < x < n/2, then sinx < x and 2/n < 
(i sinx)/x . 

Solution. Let /(x) = sin x — x. Then / is differentiable on (0,7 t/ 2) with 
derivative /'(x) = cos x - 1 < 0, so f(x) < /( 0) and since /( 0) = 0 we get 
the first inequality. 

For the second inequality, consider /(x) = sin x — 2x/ir. The derivative 
of / is f(x) = cos a; - 2/7 r, so / is increasing on (0,a) and decreasing on 
(a,7r/2), where a is the number such that 0 < a < 7t/ 2 and cos a = 2/7T. 
Conclude using the fact that /( 0) = f(n/ 2) = 0. 

Exercise IV.3.8 Let 0 < x. (a) Show thatsinx < x. (b) Show that cos® > 
1 - x 1 12. (c) Show that sin x > x - x 3 /3! (d) Give the general inequalities 
similar to the preceding ones , by induction. 

Solution, (a) This result follows from the first part of Exercise 7. 

(b) Let / 2 (x) = cosx — l+x 2 /2, then /^( x ) = — sinx+x > 0 and /2(0) = 0 
which proves the desired inequality. 

(c) Let f 3 (x) = sinx — x + ® 3 /3!, then /g(x) = / 2 (x) > 0 and /3(0) = 0 
which proves the desired inequality. 

(d) Let f n (x) = cosx — 1 + x 2 /2\ — x 4 /4! H h (— l) n+1 x 2n /(2n)! and 

consider also g n (x) = sinx — x + x 3 /3! — • • • + (— l) n+1 x 2n_1 /(2n — 1)!. 
Then the general inequalities are 

{ fn(x) < 0 for n even, 
f n (x) > 0 for n odd, 

and 

j g n (x) < 0 for n even, 

\ 9 n(x) > 0 for n odd. 

These inequalities follow by induction and the fact that / n (0) = £ n (0) = 0 
and fn(*) = 9n(x) and ^ +1 (a:) = /„(*). 
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IV.4 Complex Numbers 

Exercise IV.4.1 Let a be a complex number ^ 0. Show that there are two 
distinct complex numbers whose square is a. 

Solution. The only two numbers solution to z 2 = a are y^ofe*^/ 2 ) and 
y^a[e i ( 7r+v? / 2 ). See the next exercise. 

Exercise IV.4.2 Let a be a complex , ± 0. Let n be a positive integer . 
Show that there are exactly n distinct complex numbers z such that z n = a. 
Write these complex numbers in polar form . 

Solution. Write z and a in polar form, that is z = re ie and a = roe i<p . 
Suppose z n = a. This equality is equivalent to r n e tn6 = r^e 1 *. Hence 

— e i(n0-<p) _ j 

ro 

Taking the absolute value of both sides we see that \z\ n = |a|. Moreover we 
must have nQ — ip = 0 (mod 27r), so the set of solutions of the equation 
z n = a is 

S = j|a| 1 / n e < ("), |a| 1 / n e < (" + ^), . . . , |o|V» e < (5 +(n " 1 )^)} . 

Exercise IV.4.3 Let w be a complex number and suppose that z is a com- 
plex number such that e z = w. Describe all complex numbers u such that 
e u = w. 

Solution. We have e z = e u so taking absolute values we see that u and 
z must have the same real part. Furthermore, their imaginary part must 
differ by an integer multiple of 2?ri. Conclude. 

Exercise IV.4.4 What are the complex numbers z such that e z = 1? 

Solution. Write z = x-\-iy. Then e z = e x e ty . So e z = 1 implies that x = 0 
and y = 2kn for some integer k. 

Exercise IV.4.5 If 0 is real, show that 

e ifl + e~ i6 , . . e ie -e~ ie 

cosu = and smu = — . 

2 2 i 


Solution. Since 

e ie _|_ e -i0 _ cos q _j_ ^ s j n q _|_ cos (_^) _|_ i s in(0) = 2 cos 9 
the first inequality drops out. For the second formula note that 
e l 9 — e~ l ° = cos 0 + i sin 0 — cos (—0) — i sin(0) = 2 i sin 0 . 
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Exercise IV.4.6 Let F be a differentiable complex valued function defined 
on some interval . Show that 

at 

Solution. Let G(t) = e lt = cost + isint. Then G'(£) = — sin t + i cost = 
ie xt . Now let F(t) = x(t) + iy(t) y so that e F W = e x ^e iv ^\ The rule for 
differentiating products and the chain rule imply 

= ar'^e^V^ +e x ^ie iv ^y'(t) = F , (t)e F ^. 



V 

The Elementary Real Integral 


V.2 Properties of the Integral 

Exercise V.2.1 (a) Let /, g be continuous functions on [a, 6] with a < b. 
Assume g positive. Show that there exists c G [a, b] such that 



f(x)g(x)dx = f(c) f g(x)dx. 

Ja 


(b) Bonnet Mean Value Theorem (1849). Let f,g be continuous real 
valued functions on [a, 6]. Assume f positive monotone decreasing . Show 
that there exists a point c G [a, b] such that 


[ f{x)g{x)dx = f(a) [ g(x)dx. 
Ja J a 


This result is definitely harder. First assume that f is C l , so /' < 0. 
Let G(x) be the integral of g from a to x. Integrate by parts. Using the 
intermediate value theorem , show that there is some c\ G [a, b] such that 



f(x)g(x)dx = f(b)G(b) + G(ci)(/(a) - /(&)). 


Divide by f(a), use the hypothesis that f is decreasing to conclude that the 
right side in on the segment between G(b) and G(c\), so by the intermediate 
value theorem again, is equal to G(c) for some c, thus proving the result in 
this case. In general, possibly wait until Chapter X, §5, Exercise 7. Show 
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that there exists a sequence {/„} ofC 1 functions with / n (a) = f(p) y f n (b) = 
f(b), each f n is monotone decreasing , and f n converges uniformly to /. Use 
bump functions to do this . The theorem is true for each f n , with some Cn 
instead of c. By Weierstrass Bolzano , the sequence {c„} has a point of 
accumulation c G [a, b] which does what you want 

Solution, (a) The function / is continuous on the compact interval [a, 6], 
so / attains its minimum m and its maximum M on [a, b]. For all x G [a, b] 
we have m < f(x) < M and g is positive so mg(x) < f (x)g(x) < Mg(x) y 
which implies 


pb <*o pb 

m / g(x)dx < / f(x)g(x)dx < M I g(x)dx. 

Ja Ja Ja 

But g is positive and continuous so f* g(x)dx > 0, and therefore 




The intermediate value theorem guarantees the existence of a number c G 
[a, 6] such that 


fa f(x)g(x)dx 
£g(x)dx 


= /(c), 


concluding the proof of (a). 

(b) We follow the hint. First assume that / is C 1 and let G(x) = /* g(t)dt. 
Integration by parts yields 


[ f(x)g(x)dx = f(x)G(x)\ b a - f f'(x)G(x)dx. (V.l) 

J a J a 


The function G is continuous and therefore attains its maximum M and 
minimum m on [a, 6]. Since — f f (x) is positive, we have 


m(-f(x)) < —f'(x)G(x) < M(—f'(x)). 


By the intermediate value theorem there is some c\ G [a, b] such that 
J* —f'(x)G(x)dx - G( Cl )J* -f'(x)dx = G(ci)(f(a) - f(b)). 


Therefore equation (V.l) becomes 



f(x)g(x)dx = f(b)G(b) + G(cMa) - /(&)). 


Dividing by /(a) and letting u = f(b)/f(a) we obtain 
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■jt~\ [ b f(x)g(x)dx = uG(b) + G(ci)(l - u). 

JW j a 

Since G is continuous and u G [0, 1], there exists c G [a, 5] such that uG(b) + 
G(ci)(l — u) = G(c). This concludes the proof when / G C 1 . 

In the general case we approximate / uniformly by a sequence {/ n } 
of monotone decreasing C 1 functions. This can be done as follows. We 
first approximate / uniformly by step functions {</? n } such that each <p n 
is decreasing. Indeed, given n choose 6 such that |/(x) — f(y)\ < 1/n 
whenever \x — y\ < 6 (by the uniform continuity of /). Then select a 
partition a = to < t\ < • • • < tk = b of [a, b\ of size < 6 and define <p n on 
[tjjtj+i) to be equal to f(tj). Then | f{x) — (p n (x ) | < 1/n for all x G [a, 6], 
and (p n is decreasing. Then using a bump function as in Exercise 6(b), §1, 
of Chapter IV and Exercise 7, §3, of Chapter X, we can approximate (p n 
by a C 1 function f n such that |/„(x) — (p n (x ) | < 2/n for all x G [a, b] and 
f n is decreasing. Then we are reduced to part (a), so we can find for each 
n a number Cn such that 

c n 


[ fn(x)g(x)dx = f n (a) j g(x)dx. 
J a J a 


By Weierstrass Bolzano, {cn} has a point of accumulation c G [a, b]. We 
may assume without loss of generality that lim n _ >00 Cn = c. Then letting 
n — > oo in the above equation we get 


[ f{x)g(x)dx = /(a) f g(x)dx 
J a J a 


as was to be shown. 
Exercise V.2.2 Let 




2 n n! dx 


:((•*- 1)")- 


iS/ioiy that 


and that 


x: 


P n (x)P m (x)dx = 0 if m ^ n, 




P n (x) 2 dx = 


2n + 1 


Solution, (i) For simplicity, let g = p(x) = x 2 — 1 and let = l/(2 n n!). 
By induction one proves that for all 0 < k < n, ( d k /dx k )g n = g n ~ k Qk(x) 
where Qo(x), . . . , Q n (^) are polynomials. We have 

/ 1 f 1 d* d m 

i Pn(x)P m (x)dx = K n K m J —g-^—g^dx = iiT n ii: m J, 
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where 


-i: 


1 dr n dr 




dx n dx m% 


Assume without loss of generality that m > n. Integrating by parts we 
obtain 


J = 


„„ dr~ X .ml 1 _ f 1 d " +1 n n rfm ~ 1 n m, 

dxn 9 fam-l 9 J_ x J_ 1 dx n+l9 dx m ~ l9 


The expression in brackets is 0, so integrating by parts n successive times 
we get, 


/ I J2n jm-n 

d^ 9n d^ 9mdX = (~ 1 ) n ( 2n ) ! |5=S=T* 

(ii) Let I be the integral we are computing. Letting m = n in (i) we find 

Let L be this last integral. Integrating by parts we obtain 

d 2n 


dT 1 


— n— 1 1 1 


= 0. 


J-l 


m 


= 1 L 


dx 2n 


g n dx 


= (2 n!) 


J g n dx 


This last integral can be evaluated by n successive integration by parts. 
Indeed, 

J g n dx = [; xg n ]]_ 1 — 2n J x 2 g n ~ 1 dx = 2 n J x 2 g n ~ l dx , 


so 


f l n j / lN *2*n(n- 1) f l 2jb n _* , 
1) 3 ■ 5 • 7 ■■■(2k— 1) /_,* g 

Substituting k = n, we find that 

2"n!2"n! 2 


J g n dx 


2 • 3 • 4 • (2n — 1) • 2n 2n+l’ 


so (Jf n ) 2 L = 2/(2n+ 1). 
Exercise V.2.3 STioit; that 


J x m P n (x)dx = 0 if m <n. 


J x n P n (x)dx . 


Evaluate 
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Solution, (i) Integrating by parts we get the following recurrence relation: 

f x m -ir-9 n dx = (-1)* m! f 1 x m ~ k f^g n dx. 

U dx n * K ' (m — k)\ J_i dx n ~ k!l 


Now let k = m. Since 


/ I An-m 

~ q n dx = 0, 

. 1 dx n - mU ’ 


the desired result follows at once. 

(ii) Integrating by parts k times we also see that 


/ I nl Z * 1 An—k 

, w* = K ^ k j^w L xn ~ k d^~ k ^- 


So 


f x n P n (x)dx = K n (-l) n nl f g n dx = (-l) 2n 


n! 2 • 2”n!2 n n! 
2"n! (2n+l)! ’ 


hence 


” l ' ( 2 »+i)r 

Exercise V.2.4 Let a < b. If f,g are continuous on [a, 6], let 

(ft 9)= [ f(x)g(x)dx. 

J a 

Show that the symbol (/, g) satisfies the following properties . 

(a) If /i,/ 2 ,<? are continuous on [a, 6], then 

(fi + /2,0) = (/i,<?) + (/2>0)* 


If c is a number, then (cf,g) = c(f,g). 

(b) We have (f,g) = ( g,f ). 

(c) We have (/,/) > 0, and equality holds if and only if f = 0. 
Solution, (a) We simply use the linearity of the integral, namely 


rb pb pb 

/ (fi(x) + f 2 (x))g(x)dx = / fi(x)g(x)dx+ / f 2 (x)g(x)dx, 
Ja J a J a 


and 


/ cf(x)g(x)dx = c / 
J a J a 


f(x)g(x)dx. 


(b) Obvious. 

(c) Since f(x)f(x) >0 we have (/, /) > 0. If / = 0, then clearly we have 
(/, /) = 0. The converse follows at once from Theorem 2.4. 



78 V. The Elementary Real Integral 


Exercise V.2.5 For any number p> 1 define 


[ b \m\ p dx 

J a 


1/P 


Let q be a number such that 1/p + 1/q = 1. Prove that 

I (/iff) I < ll/UMI,- 

[Hint: If\\f\\ p and ||p||, ^ 0, letu= |/| p /ll/llp andv = |fl|«/||y||« and apply 
Exercise 10 of Chapter IV, §2./ 

Solution. If H/llp = 0 or \\g\\ q = 0 the inequality is trivially verified, so we 
assume that ||/|| p and ||<?|| 9 are both ^ 0. Using the inequality 

u l/P v l/« < “ + ” 

P 9 

of Exercise 10, Chapter IV, §2, we obtain 

i/i igi < i/i p , igi 9 

ll/llp llflll, - p||/ll? «IMI2 

so that 

l/ll^l < -TT^rrrll^lU + -J^zttII/IIp. 

pII/IIp 9II5II9 

Integrating both sides yields 

(I/I, \9\) < l||/l|p||ff||, + J||/||p||tf||, = 11 /IIpNI,- 

Corollary 2.2 implies that \(f,g)\ < (|/|, |p|), thus proving the desired in- 
equality (called Holder’s inequality). 

Exercise V.2.6 Notation being as in the preceding exercise , prove that 

11/ + 9 \\p < ll/llp + ll/llp* 

[Hint: Let I denote the integral Show that 

11/ + g\\* < /(i/ + gr x \f\) + m + gr x \g\) 

and apply Exercise 5.] 

Solution. Assume |/ + g\ ^ 0 otherwise the inequality is trivial. The 
triangle inequality for the absolute value implies, 

/(I/ + #) = /(I/ + X | / + 9\) < /(I/ + 9\ p ~ ‘l/D + /(I/ + 9 \ p ~ ] l |«|). 
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Since l/p + (p — l)/p = 1, Exercise 5 implies, 

/(l/+#" 1 l/l) < ll(/ +fl) p-1 llp/(p-i) ll/!lp> 
so combined with a similar result for the second integral we get 

ii/ + 9 % < ii(/ + sr'iUp-Ddi/iip + imIp)- 

But ||/+ff||?/||(/+fl) p-1 llp/(p-i) = ll/+ffllp. and the inequality drops out. 

Exercise V.2. 7 Let f: J — ► C be a complex valued function defined on an 
interval J. Write f = fi +if 2 , where /i ,/2 are real valued and continuous . 
Define the indefinite integral 

J f(x)dx = J fi(x)dx-\-i J f 2 (x)dx, 

and similarly for the definite integral. Show that the integral is linear , and 
prove similar properties for it with change of variables and integrating by 
parts. 

Solution. The linearity of the integral and law of addition for the complex 
numbers imply 

pb pb pb 

/ f{x) + g(x)dx = / fi{x) +gi(x)dx + i / f 2 (x) +g 2 {x)dx 
J a J a J a 

pb pb pb pb 

= / fi + / 0i + i / /2 + i / 02 

J a J a J a J a 

= f f(x)dx+ f g(x)dx. 

J a J a 

If z = a + it is & complex number, then 

f zf = f (cr + it)(fi + i/ 2 ) = f (crfi-tf 2 ) + i f (af 2 +tfi) = z f f. 
Ja Ja Jo, Jo, Jo, 

If / and g are complex valued functions, then a simple computation shows 
that (/<?)' = fg + fg\ therefore the integration by parts formula is the 
same as in the text. 

The change of variable formula is the same because if / is a real valued 
function, we have 

[ g(f(x))f'(x)dx= f gi(f)f + i [ g 2 (f)f 
Ja Ja Ja 

/ , f(b ) 

g(x)dx. 
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Exercise V.2.8 Show that for real a ^ 0 we have 



Show that for every integer n ^ 0, 

e inx dx = 0. 

Solution. The first result is a consequence of 




For the second result, note that 

r27r 


/ 


e tnx dx = 


a mx 


m 


i2tt 


Jo 


= £(1-1) = 0. 

in 


V.3 Taylor’s Formula 

Exercise V.3.1 Prove Theorem 3.4 by integrating 

= + + + (- 1 )" £- t 

from 0 to x with — 1 < x < 1. Prove the estimates for the remainder to 
show that it tends to 0 as n — ► oo. If 0 < c < 1, show that this estimate 
can be made independent of x in the interval — c<x <c , and that there is 
a constant K such that the remainder is bounded by K\x\ n+l . 

Solution. Integrating the formula given by summing the geometric series 
we get the formula of Theorem 3.4, namely 

«.2 «.3 rpTl fTl 

log(l + x)=x- Y + T -. - + (-!)"/ 

Now we want to estimate the remainder, i? n + 1 (^) = (— l) n Jq t n /( 1 -h t)dt. 
In case 1 (0 < x < 1) we see that if t is positive, then 1 + 1 > 1 so 

rx r n+ 1 

\Rn+l(x)\< / t n dt=^—. 

Jo n + l 

In case 2 (—1 < x < 0), the inequality |1 + 1\ > 1 — \t\ > 1 — |x| = 1 + x 
implies 

[Rn+l(x)] - I “ n<iU= (n+l)(l + x)' 
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If \x\ < c < 1, then in case 1 we have |i2 n +i(a;)| < c n+1 /(n + 1) and in case 
2 we have |i? n+ i(x)| < c n+1 /((n + 1)(1 — c)). If K = 1/(1 — c), then for 
M < c < 1 the remainder is bounded by K\x\ n+l . 

Exercise V.3.2 Do the same type of things for the function 1/(1 + 1 2 ) to 
prove Theorem 3.5. 

Solution. Since (d/dx)(arctanx) = 1/(1 4-x 2 ) and 


I _ 1 ±2 | f 4 I / f 2\n-l | ( t 2 ) n 


integrating from 0 to x with — 1 < x < 1 gives 

~3 ~5 „2n- 1 rx 

arctan x = x 1 ••• + (— l) n_1 (- (— l) n / — 

3 5 K ' 2n - 1 v ; J 0 1 

since 1 + 1 2 > 1, the remainder can be estimated as follows: 

Ax\ t 2n f\x\ U| 2 n+1 

\R, n+1 (*)\<l T+p**/' 


i2n 


+ t 2 


dt , 


Futhermore, if 0 < c < 1 and — c < x < c, then the remainder is bounded 
by c 2n+1 /(2n+ 1). 


Exercise V.3.3 Let f,g be polynomials of degrees < d. Let a > 0. Assume 
that there exists C > 0 such that for all x with |x| < a we have 

|/(a:) -5(a:)| < C7|x| rf+1 . 


Show that f = g. (Show first that if h is a polynomial of degree < d such 
that \h(x)\ < C|x| d+1 , then h = 0./ 

Solution. Suppose h(x) = a m x m + a m _ \X m ~ l + • • • + ao with m < d. 
Letting x = 0 shows that ao = 0. We now continue by induction. Suppose 
ao = ai = • • • = a*_ i = 0 for some 1 < k < m. Then we have for x ^ 0 

\h(x)/x k \<C\x\ d+l ~ k . 


Letting x — > 0 proves that ak = 0. Therefore ao = • • • = a m = 0 so h = 0. 
Letting h = f — g proves the initial claim. 

Exercise 3 shows that the polynomials obtained in Exercises 1 and 2 actu- 
ally are the same as those obtained from the Taylor formula. 

Exercise V.3.4 Let a > 1. Prove that 

a n 

lim — = 0. 

n— ► oo Tl\ 

Conclude that the remainder terms in the Taylor expansions for the sine , 
cosine , and exponential function tend to 0 as n tends to infinity. 
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Solution. Let u n = a n /n!, and select an integer N > 2a- 1. For all n > N 
we have 

t*n+i = Q 1 

u n 7i 4“ 1 2 

thus for all k > 0 we have un+ k < (1/2 )*u//, hence lim n _>oo a n /n\ = 0. 
Clearly, this limit is also true when a < 1. Form the expressions given after 
the formula for some cosine and the exponential we deduce at once that 
the remainder of these functions tends to 0 as n — ► oo. 

Exercise V.3.5 (a) Prove that log 2 = log(4/3)+ log(3/2), or even better , 

, n „ 10 ftl 25 01 81 
log 2 = 7 log — 2 log — + 31og — . 

(b) Find a rational number approximating log 2 to five decimals , and prove 
that it does so. The above trick is much more efficient than the slowly 
convergent expression of log 2 as the alternating series. 

Solution, (a) The first equality follows from the fact that 2 = (4/3) (3/2). 
For the second equality, note that the right-hand side is equal to 

. /10\ 7 /24\ 2 /81\ 3 . 2 7 2 6 3 2 3 12 5 7 . „ 

° g \ 9 / \25 / Uo) “ ° g 2 12 3 14 5 7 “ ° g2 ‘ 

(b) We see that 10/9, 25/24, and 81/80 are all close to 1. We use Theorem 

3.4 to estimate each term. Let P n (x) = x — (x 2 /2) H h (— 1 ) n ~ 1 x n /n. 

Then for the first term we have 

7 log (y) = 7 log (l + i) = 7P 5 (l/9) + 7JZ.(l/9) 
with |7/2e(l/9)| < (7/2) x 10“ 6 . Similarly 

2l0g (1) = 21 ° g + = 2P 3(V24) + 2*4(1/24) 

with |2*,(1/24)| < 2 x 10" 6 and 

3l0g (i) = 31 ° g ( 1 + ^) = 3P 2( 1 / 8 °) + 3p 3(l/80) 

with |3^e(l/9)| < 2 x 10“ 6 . Since 

|7*s(l/9) - 2*4(1/24) + 3*s(l/9)| < Q + 2 + 2) x 10" 6 < 10" 5 

it follows that 7P5(l/9) — 2Pa(l/24) -f 3P2(l/80) = 0.69314 is a rational 
number, giving the desired approximation of log 2. 
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Exercise V.3.6 (a) Prove that 


u + v 

arctan u + arctan v = arctan . 

1 - uv 


(b) Prove that 7r/4 = arctan 1 = arctan(l/2) + arctan(l/3). 

(c) Find a rational number approximating n/4 to 3 decimals. 

(d) You will do so even faster if you prove that 

~ = 4arctan(l/5) — arctan( 1/239). 

Solution, (a) The addition formula for the tangent, which follows from 
the addition formula for the sine and cosine is 


tan(x + y) 


tan x + tan y 
1 — tan x tan y ’ 


Let u = tan x and v = tan y, then 


arctan 


u + v 
1 — uv 


= arctan(tan(a; + y)) = x + y = arctan u + arctan v. 


(b) Let u = 1/2 and v = 1/3 in the formula obtained in (a). 

(c) We use the same method of approximation as in Exercise 5. If u = 1/2, 
then 

y5 

arctan u = u — — + — — + Rq(u) = A + ^(w), 

o o # 

with |i? 9 (w)| < 3 x 10“ 4 . Ifv = 1/3, then 

y ® y& 

arctan v = v - — + — + ^ 7 (^) = B + Rq(u ), 
o 5 

with |# 7 (v)| < 10“ 4 . So 7r/4 = A + B + Rq(u) + R^iy) and since 

\Mu) + R 7 (v)\< IQ" 3 


we conclude that the rational number A + B = 0.785 gives the desired 
approximation. 

(d) Using the formula in (a) repeatedly we find 

arctan(l/5) + arctan(l/5) = arctan(5/12), 
arctan(l/5) + arctan(5/12) = arctan(37/55), 
arctan(l/5) +arctan(37/55) = arctan( 120/119), 

so 4arctan(l/5) = arctan(120/119) and therefore 

4arctan(l/5) — arctan(l/239) = arctan(120/119) + arctan(— 1/139). 
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One more application of the formula in (a) and the result drops out. Pro- 
ceeding as in part (c) we see that the following number is rational and 
approximates 7r/4 to three decimals, 



(1/5) 3 , (l/5) 5 \ 
3 ^ 5 / 


1 

239* 


Exercise V.3.7 Let A > 0, and consider an interval 0 < 6 < x <2A — 6. 
Show that there exists a constant C, and for each positive integer n, there 
exists a polynomial P n such that for all x in the interval , one has 


I l°g(a;) - P B (*)| < C/n. 


[Hint: Write x = A + (x — A) so that 

Solution. Let c = (A - 6)/ A. Then 0 < c < 1, and -c < (x - A) /A < c if 
and only if 6 < x < 2A — 6. The estimates for the remainder in Theorem 
3.4 show that if — c < X < c, then 

kwi<^ c , 


logs = log A + log ( 1 + 


0 


so if Q n -i (X) = X — (X 2 /2) + ••• + (— l) n 2 X n 1 /(n — 1), the polynomials 

P n (a:)=log^ + g n -i 

satisfy the desired property with C = c/(l— c). Note, that we can take more 
terms in the expansion of the logarithm so that we get a better uniform 
approximation. However, here we have shown that we can choose P n to be 
of degree n — 1. 
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Exercise V.4.1 Integrating by parts, prove the following formulas. 

(a) f sin n xdx = — ^ sin n_1 x cosx -f / sin 11 " 2 xdx . 

(b) f co8 n xdx = £ cos 71 ” 1 xsinx + / cos n “ 2 xdx. 

Solution, (a) Integrating by parts we have 


J sin n 1 xsin xdx = — sin n 1 x cos x + (n — 1) J cos 2 x sin n 2 xdx, 

but cos 2 x sin n ‘~ 2 x = (1 — sin 2 x) sin n “ 2 x = sin n_2 x — sin n x which implies 
the desired result. 
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(b) Since 

J cos n_1 xcosxdx = cos n_1 xsinx + (n — 1) J sin 2 x cos n ” 2 xdx 
and sin 2 x = 1 — cos 2 x, the equality drops out. 


Exercise V.4.2 Prove the formulas , where n is a positive integer: 

(a) f(logx) n dx = x(logx) n — n /(logx) n_1 dx. 

(b) J x n e x dx = x n e x — nfx n ~ 1 e x dx. 

Solution, (a) Let g'{x) = 1 and /(x) = (logx) n in the integration by parts 
formula. 

(b) Let g f (x) = e x and /(x) = x n in the integration by parts formula. 

Exercise V.4.3 By induction , find the value / 0 °° x n e~ x dx = n!. The in- 
tegral to infinity is defined to be 

r B 

f(x)dx = lim / f(x)dx . 

B -+ oo J 0 

Solution. Let J n = J 0 °° x n e~ x dx. Using the same argument as in Exercise 
2 (b) we find that 



Letting B 
since 



pB pB 

/ x n e~ x dx = -B n e~ B +n x n ~ l e~ x dx. 

Jo Jo 

oo shows that I n = nJ n _i. So by induction I n = n\I\. But 


xe X dx = —Be B 4- 


f B e~ x dx = 
Jo 


Be~ B - e~ B + 1, 


so we get 1\ — 1. 

Exercise V.4.4 Show that the relation of being asymptotic , i.e. f(x) ~ 
g(x) for x — ► oo, is an equivalence relation. 

Solution. Clearly, f(x) ~ f(x) because for all large x we have /(x) ^ 0 and 
/(x)//(x) = 1- If f( x ) ~ 9( x )> then g(x) ~ /(x) because if lim* _>oo f(x)/g(x) 
= 1, then 

lim g(x)/f(x) = lim > 7- 77 7- ; = 1. 
x->oo x-*oo f(x)/g{x) 

Finally, f(x) ~ h(x) whenever f(x) ~ g(x) and g(x) ~ h(x) because 


lim f(x)lh{x) = lim 

x — *oo x—*oo 


/(tt) fl(s) 
g(x) h(x) 


= 1 . 
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Exercise V.4.5 Let r be a positive integer. Prove that 

[ ,, 1 = o ( ,, - . ) for x — ► oo. 

h (logx) r \(logx)V 

[Hint: Integrate between 2 and y/x, and then between y/x and x.J 

Solution. Let f(t) = l/(log t) r . The function / is decreasing and positive 
for x > 2, so 

J X Ht)dt < /(2)(v^ - 2) < 

and 

U fm - (log - (log W 

But we have 

* — 2 r * =0 ( £ ^ 

(log y/x) r (log X) r \ (log X) r ) * 

for x — > oo. It is therefore sufficient to show that y/x = O (x/(\ogx) r ) for 
x — > oo. But 

y/5 _ (log x) r Q 

x/(l0g x) r y/x 

as x — ► oo as was shown in Exercise 5, §2, of Chapter IV. Therefore, 
\/£ = O (x/(log x) r ) and we are done. 

Exercise V.4.6 (a) Define 

Prove that 

u(s,) = R5 + 0 (o^f) " L1(l) ~ii' 

(b) Let r be a positive integer , and let 



Prove that Li r (x) ~ x/(log x) r for x — > oo. Better , prove that 
Lir(x) = (i^F + 0 ((logx)^ 1 ) • 


(c) Give an asymptotic expansion of Li(x) for x — ► oo. 
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Solution, (a) Let r = 1 in (b). 

(b) Integrating by parts we find that 


LMX) L (log ty dt ,(logO r . 2 +r L (log t 


gt ) r+1 


(log a;)' 


' r + r l (log? 


'g t) r+1 


where C r is a number. By Exercise 5, §2, of Chapter IV we have 


Cr ° ((loga;)^ 1 ) 


for x — > oo. Hence Exercise 5 implies the asymptotic estimate of Li r (x). 
(c) Let f r (x) = (r—l)!x/(logx) r . Induction and the first equation obtained 
in (b) imply 

Li(x) = fi(x) + • • • + f n (x) + n!Li n +i(x) + 0(1). 

Clearly, f r+ i(x) = o(f r (x)) and the estimate of part (b) gives 

n!Li n +i(x) = o(f n (x)). 

Since f r (x) — > oo as x -♦ oo, the term 0(1) causes no problem and therefore 
{/r} gives an asymptotic estimate of the function Li for x — ► oo. 


Exercise V.4. 7 Let 


L <*> -Eci- 


2<k<x 


Show that L(x) = Li(x) + 0(1) for x — > oo, so in particular, L{x) ~ Li(x). 

Solution. This is a particular case of Exercise 8 with f(t) = 1/logt. Note 
that the assumptions of Exercise 8 are satisfied because t > log t implies 

[ x dt . f x dt . . _ 

L^i-L 7 =iogi-i ° g2 ’ 

hence lim^oo f*(\/\ogt)dt = oo. 

Exercise V.4.8 More generally, let f be a positive function defined, say, 
for all x > 2. Assume that f is decreasing, and let 


f ( x ) = r mdt. 


Assume that F(x) is unbounded, i.e . limF(x) = oo forx — > oo. Show that 

E f(k) for x — ► oo. 


2 <k<x 


In fact, if we denote the sum on the right by Sf(x), show that 

F(x) = S f (x) + 0( 1). 
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Solution. Let N be the largest integer < x. The usual estimate with the 
upper and lower Riemann sums leads to the inequalities 

£/(*)< f /(*)*<£/(*) 

k = 3 k = 2 

so that — /( 2) < F(x) - Sf(x) < 0. Hence F(x) = Sf(x) + 0(1) and since 
F(x) -mx) as x -mx) we have the relation F(x) ~ Sf(x). 

For Exercises 9, 10, and 11, we let 

Exercise V.4.9 Let f and h be two positive continuous functions on R. 
Assume that lim x _>oo h(x) = 0. Assume that F(x) — > oo as x — > oo. Show 
that 

f{t)h(t)dt = o(F(x)) for x — > oo. 

Solution. Given c > 0 select xo such that x > Xo implies h(x) < e. Then 
for x > xo 

pX pXQ pX px 

/ fh= / fh+ / fh < M + e / /, 

J 2 J 2 «/ xo * xo 

where M = f*° fh. Consequently, 

g/* - « , . 
g/ "g/ 

Since / — ► oo as x — ► oo we can make the expression on the right < 2e 

for all x sufficiently large, thereby proving that f(t)dt = o(F(x)). 

Exercise V.4.10 Assume that /,h are continuous positive , that f(x) — > 
oo, and that h(x) —►0 as x — ► oo. 5hoit; that 

f(t)h(t)dt = o(F(x)) for x — ► oo. 

Solution. If lim x _>oo /(a) = oo, then lim x _>oo F(x) = oo so we are reduced 
to Exercise 9. 

Exercise V.4.11 Suppose that f is monotone positive (increasing or de- 
creasing) and that 

f(x) = o(F(x)) for x — ► oo. 

Prove that 

f(x) i/2 =°(J* m i/2 dt) 




for x — > oo. 
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Solution. If / is decreasing, then f(x) 1 ^ 2 (x - 2) < J£ f(t) l / 2 dt so 


0< 


MU < 1 

KMWdt-x- 2 ’ 


hence /(a;) 1 / 2 = o (/ x f(t) l / 2 dt) for a; — ► oo, and this result holds without 
the assumption that /(a;) = o(F(x)) for x — > oo. If / is increasing, then for 
all 2 < t < x we have 


/(t ) 1/2 /(*) 1/2 < /(x ) 1/2 /(<) 1/2 

hence F(:r) < fix)^ 2 G{x) where (7(a;) = f(t) x / 2 dL We can write 

f(x)/F(x) = e(a;) 

where lim^oo e(a;) = 0. Multiplying the last inequality by fix) 1 / 2 and 
dividing by F(x) we get 


and therefore 


/(X )1/2 < = e(x)G(x) 

MU < rf.) 

G(a;) S { 


So in all cases we have the result /(a;) 1 / 2 = o (/ x fitf^dt) for a; -4 oo. 



VI 

Normed Vector Spaces 


VI.2 Normed Vector Spaces 

Exercise VI. 2.1 Let S be a set. By a distance function on S one means 
a function d{x,y) of pairs of elements of S, with values in the real numbers , 
satisfying the following conditions: 
d(x , y) > 0 for all x,y G S, and = 0 if and only if x = y. 
d(x,y) = d(y,x) for all x,y G S. 
d(x , y) < d(x , z) + d(z, y) for all x,y,z e S. 

Let E be a normed vector space. Define d(x,y) = \x — y\ for x,y G E. Show 
that this is a distance function. 

Solution. Condition N 1 of the norm implies the first condition of the 
distance function. Setting a = — 1 in N 2 implies the second condition. 
Finally the triangle inequality for the norm implies 

|z - y\ = \x - z + z - y\ < \x - z\ + \z - y\ 

which is the third condition of the distance function. 

Exercise VI.2.2 (a) A set S with a distance function is called a metric 
space. We say that it is a bounded metric if there exists a number 
C > 0 such that d(x,y) < C for all x,y e S. Let S be a metric space with 
an arbitrary distance function. Let xq G S. Let r > 0. Let S r consist of all 
x G S such that d(x,x o) < r. Show that the distance function of S defines 
a bounded metric on S r . 
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(b) Let S be a set with a distance function d. Define another function d' on 
S by d f (x,y) = min(l ,d(x,j/)). Show that d' is a distance function , which 
is a bounded metric . 

(c) Define 


d"(x,y) 


dfay) 

l+d(x,y)' 


Show that d" is a bounded metric . 


Solution, (a) For all x,y G S r we have 

d(x, y) < d{x , xo) + d(x 0l y) < 2r. 

(b) Clearly, d'(x, y) > 0 with equality if and only if d(x,y) = 0. The 
second condition is verified because d(x, y) = d(y, x). To verify the triangle 
inequality consider separate cases: suppose d(x,y) < 1. Then since d is 
a distance, the result follows. If d(x,y) > 1, then d'(x, y) = 1 and 1 < 
d(x, z) + d(z, y), so the result follows. This distance function is a bounded 
metric because we have d'(x, y) < 1. 

(c) We have d"(x, j/) = 0 if and only if d(x, y) = 0 so the first property is 
verified. The second property d"(x>y) = d f, (y,x) holds because d(x y y) = 
d(y,x). To prove the triangle inquality it suffices to show that 

— < A+— 

1 + a 1 + 6 l"f~c 

whenever a, 6, c > 0 and a < b + c. But the above inequality is equivalent 
to 

a < b + c + abc + ab + bc 

which is true. This implies that d" is a distance function, and d" is bounded 
by 1 because d(x, y) < 1 + d(x, y). 

Exercise VI.2.3 Let S be a metric space . For each x e S, define the 
function f x : S — » R by the formula 

fx(y) = d(x,y). 

(a) Given two points x,a in S show that f x — f a is a bounded function on 
S . 

(b) Show that d(x, y) = ||/ x - / y ||. 

(c) Fix an element a of S. Let g x = f x — / a . Show that the map 

x g x 

is a distance preserving embedding (i.e. injective map) of S into the normed 
vector space of bounded functions on S , with the sup norm. [If the metric 
on S originally was bounded , you can use f x instead of g x .] This exercise 
shows that the generality of metric spaces is illusory . In applications , metric 
spaces usually arise naturally as subsets of normed vector spaces . 



VI.2 Normed Vector Spaces 93 


Solution, (a) The triangle inequality immediately implies 

—d(a, x) < f x (y) - f a (y) = d(x , y) - d(a, y) < d(a y x). 

(b) By (a) we know that f x — f y is bounded and that 

\fx(z)~ f v (z)\<d(y,x). 

Letting z = x or z = y we see that ||/ x — f v || = d(y, x). 

(c) Let ip be the given map, that is ip(x) = g x . The function ip is injective 
because if <p(xi) = (p(x 2), then g Xl (y) = g X2 ( y ) for all y, and putting y = x 1 
we get 0 = d(xi,x\) = d(x 1 , 0 : 2 ) hence xi = X 2 . Furthermore, g x is bounded 
and || <p(x) - ¥>(y)|| = || g x - g v \\ = d(x,y). 

Exercise VI.2.4 Let | • | be a norm on a vector space E. Let a be a number 
> 0. Show that the function x h* a\x\ is also a norm on E. 

Solution. We have a > 0 so a\x\ > 0 and = 0 if and only if |x| = 0. The 
second axiom holds because a\bx\ = a\b\\x\ = |6|a|x|. Finally the triangle 
inequality follows from 

a\x + y\ < a(|rr| + |y|) < a|a?| + a\y\. 

Exercise VI.2.5 Let | • |i and | • I 2 be norms on E. Show that the Junctions 
x |a;|i + M 2 and x max(|a;|i, |a;| 2 ) are norms on E. 

Solution, (i) We have |x|i + \x \2 > 0 and = 0 if and only if Mi = M 2 = 0. 
Clearly, |arr|i + |ao ;|2 = a(|x|i -f |a;| 2 ). Finally, the triangle inequality 

\x + y\i + \x + y\ 2 < \x\i + |j/|i + M 2 + \y\ 2 - 

(ii) For the second function only the triangle inequality requires a little 
work: 


max(\x + y\i,\x + y\ 2 ) < max(Mi + Mi, M2 + M2) 

< max(Mi,M 2 ) + max(Mi,M2)- 

Exercise VI.2.6 Let E be a vector space . By a seminorm on E one 
means a function a : E — » R such that a(x) > 0 for all x E E, a(x + y) < 
a(x) + a(y), and a(cx) = |c|<r(a;) for all c € R, x,y e E. 

(a) Let (J\,a 2 be seminorms . Show that a\ + 0-2 is a seminorm. If \i,\ 2 

are numbers > 0, show that + \ 2 a 2 is a seminorm. By induction show 
that t/cri,...,a n are seminorms and Ai,...,A n are numbers > 0, then 
Ai<ji H h A n (T n is a seminorm. 

(b) Let a = max(<7i, a 2 ). Show that a is a seminorm. 

Solution, (a) The function ai+cr 2 is a seminorm. Indeed, (J\{x)-\-cj 2 {x) > 0 
and the other axioms follow from Exercise 5. The function Ai<ti -f A 2 <j 2 is a 



94 VI. Normed Vector Spaces 


seminorm. Indeed, we have Aio*i(x) > 0 and A 2 a 2 (x) > 0, thus by Exercise 
4, we see that Aicr j and A 2 <t 2 are seminorms. By the first part of this exercise 
we conclude that Aioi -f- A 2 cr 2 is seminorm. We prove the last statement by 

induction. If Ai< 7 i H -f- A m cr m is a seminorm with 0 < m < n, then since 

Am+iO’m+i is a seminorm, we conclude that 

Aio’i + • • • + Afn^m + A m _^icr m _|_i 

is also a seminorm. 

(b) The fact that max(<Ti,cr 2 ) is a seminorm follows from Exercise 5. 

Exercise VI.2.7 Let be a norm and a 2 a seminorm on a vector space . 
Show that a i + a 2 and max(o'i,o , 2 ) are norms . 

Solution. From Exercise 6, we know that -f- a 2 and max(ai,a 2 ) are 
seminorms. It is therefore sufficient to show that N 1 holds in both cases. 
In the first case, ai(x) + a 2 (x) = 0 if and only if <7i(x) = a 2 (x) = 0 and 
since (J\ is a norm, we get the desired conclusion. In the second case, we 
have max(0i(x),<r 2 (x)) = 0 if and only if oi(x) = <j 2 (x) = 0. Conclude. 

Exercise VI.2.8 Let a be a seminorm on a vector space E. Show that the 
set of all x e E such that a(x) = 0 is a subspace . 

Solution. Let F = (x e E : <j(x) = 0}. Axiom 2 implies <r(0 • x) = 
0-<r(x) = 0 so 0 e F. If xi,x 2 e F, then a(xi +x 2 ) < a(x i) + a(x 2 ) = 0 so 
xi + x 2 G F . Finally, if x e F we have a(ax) = |o|o-(x) = 0 for all x E R, 
thereby proving that F is a subspace of E. 

Exercise VI.2.9 (The C v Seminorms) Let p be an integer > 0. Let 
E = C p ([0, 1]) be the space of p-times continuously differentiable functions 
on [0, 1]. Define a p and N p by 

<T P (f) = sup |/ (p) (a:)| and N p {f) = max <r r (/), 

x 0<r<p 

where the maximum is taken for r = 0 , . . . , p. 

(a) Show that cr p is a seminorm and N p is a norm . Note that <To = N 0 is 
just the ordinary sup norm . The norm N p is called the C p -norm. 

(b) Describe the subspace of E consisting of those functions f such that 
a p (f) = 0 for p = 0 and also for p > 0. This is the subspace of Exercise 8 . 

Solution, (a) Clearly, we have cr p (f) > 0 for all f e E. We also have 
c T p (cf ) = sup|c/( p )(x)| = \c\a p (f). Finally the triangle inequality holds 
because 

M/i + h) < sup(|/ 1 (p) (a:)| + |/ 2 (p) (aOI) < sup |/ 1 (p) (a:)| + sup |/^ p) (x)|. 

This proves that a p is a seminorm. Exercise 7 and an induction argument 
show that N p is a seminorm. Suppose N p (f) = 0, then ao (/) = 0 and since 
t tq is the sup norm we conclude that / = 0, hence N p is a norm. 
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(b) If p = 0, then &o is simply the sup norm, so E is reduced to the 
zero function. Suppose p > 0 and <r p (/) = 0. Then f^ p \x) = 0 for all 
x G [0,1]. Integrating p - times we find that / is a polynomial of degree 
< p - 1. Conversely, all polynomials of degree < p — 1 have oyseminorm 
equal to 0, hence E is the set of all polynomials of degree < p — 1. 

Exercise VI. 2. 10 Consider a scalar product on a vector space E which 
instead of satisfying SP 4 (that is positive definiteness) satisfies the weaker 
condition that we only have ( v , v) > 0 for all v G E. Let w G E be such 
that (w,w) = 0. Show that (w,v) = 0 for all v G E. [Hint: Consider 
(v + tw,v - b tw) > 0 for large positive or negative values oft.] 

Solution. Suppose that for some vo £ E we have (w,v 0 ) i 1 0. We then 
have 

0 < (vo + tw, vo + tw) = (vo,vo) + 2t(w, vo)- 

If (wyVo) > 0 we see that for large negative values of t we get a contra ir 
diction. If (w,vo) < 0 we get a contradiction for large positive values of 
t. 

Exercise VI.2. 11 Notation as in the preceding exercise , show that the 
function 

w \\w\\ = \/ (w, w) 

is a seminorm , by proving the Schwarz inequality just as was done in the 
text. 

Solution. We have ||tt;|| > 0 and ||ciu|| = yj c 2 (w y w ) = |c|||u;||. To get 
the triangle inequality is suffices (by Theorem 2.2) to prove the Schwarz 
inequality. Suppose (w,w) ^ 0, then we can divide by (w,w) and the 
desired inequality holds. If (w,w) = 0, then (v,w) = 0 (by the preceding 
exercise) and we see that the inequality still holds. This argument, together 
with the proof of the Schwarz inequality given in the text, concludes the 
exercise. 

Exercise VI.2.12 Let E be a vector space with a postive definite scalar 
product, and the corresponding norm ||v|| = y/v • v. Prove the parallelo- 
gram law for all v, w G E: 

\\v + tt;|| 2 + J|v - w\\ 2 = 2||v|| 2 + 2||ti;|| 2 . 

Draw a picture illustrating the law. For a follow up, see Exercises 5, 6, 
and 7. 

Solution. We prove the parallelogram law, 

|| v + w|| 2 + ||v — u;|| 2 = (v + w,v + w) + (v — w,v — w) 

= (v, v) + 2(v, w) + (w, w) + (v, v) — 2(v, w) + (w, w) 
= 2||v|| 2 4-2||iy|| 2 . 
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The parallelogram law is illustrated by the following picture: 



VT.3 n-Space and Function Spaces 

Exercise VT.3.1 Let E, F be norrned vector spaces, with norms denoted 
by | • | . Let Ex F be the set of all pairs ( x , y) with x G E and y G F. Define 
addition componentwise: 

{x,y) + {x\y') = {x + x',y + tf), 
c(x, y) = (cx,cy), 

for c G R. Show that E x F is a vector space. Define 

l(*»v)l = rnax(|x|,|y|). 

Show that this is a norm on ExF. Generalize to n-factors, i.e. ifE \ , ...,E n 
are norrned vector spaces, define a similar norm on E\ x • • • x E n (the set 
of n-tuples (#i , . . . , x n ) with Xi G E{). 

Solution. One verifies without difficulty that all the axioms of a vector 
space hold for E x F with the operations defined above. The 0 element of 
ExF is given by (0, 0). 

We check that |(x,j/)| defines a norm on ExF. If |(x,2/)| = 0, then 
\x\ = 0 and |y| = 0 so x = y = 0 and therefore (x,y) = 0. Conversely, 
j(0, 0)| = 0. Also we have 

k(*>v)l = |(cx,q/)| = max(|cx|,|cj/|) = |c|max(|x|,|j/|) = |c||(x,j/)|. 
Finally, the triangle inequality holds because 
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|(zi,2/i) + (£2,02)1 = max(|a:i+a:2|,|2/i+2/2|) <max(|a:i|H-|a:2|,|!/i| + |2/2|) 

< max(|a:i|,|yi|) + max(|a:2|,|y2|) = |(*i,0i)| + |(*2,0a)|. 

In the general case we simply set 

|(*i, • • . , £„)| = max(|a:i |, . . . , |x„|). 

Exercise VI.3.2 Let E = R n , and for A= (ai, . . . , a n ) define 

MII = X>|. 

i= 1 

Show that this defines a norm. Prove directly that it is equivalent to the sup 
norm. 

Solution. Obviously, ||>1|| > 0 and if \\A\\ = 0, then |a»| = 0 for all 1 < i < 
n so that A = 0. Conversely, if A = 0, then we see at once that ||-A|| = 0. 
For the second property we have 

imii = Ei^i = E mm = mmii* 

i=l i=l 

For the triangle inequality we have 

u + b« = J2 k + bt\ < E i«*i + E i ft *i = Mil + mu- 

i=l i=l i=l 

The following inequalities show why this norm and the sup norm are equiv- 
alent 

n 

max I aA < > |ai| < n max laJ. 

1 <i<n l 1 ~ ^ 1 ' “ l<Kn' 1 

Exercise VI.3.3 Using properties of the integral, prove in detail that the 
symbol (/, g) defined by means of the integral is in fact a positive definite 
scalar product in the space of continuous functions on [0,1]. 

Solution. See Exercise 4, §2, Chapter V. 

Exercise VI. 3.4 Let E be the vector space of continuous functions on 
[0,1]. 

(a) Show that the L l -norm is indeed a norm on E. 

(b) Show that the L l -norm is not equivalent to the sup norm. 

(c) Show that the L l -norm is not equivalent to the L 2 -norm. [Hint: Trun- 

cate the function l/y/x near 0.] 

(d) Show that ||/||i < ||/||2 for f € E. [Hint: Use the Schwarz inequality.] 
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Solution, (a) Theorems 2.1 and 2.4 of Chapter V imply the first axiom. 
The second axiom holds because 

ll c /lli = / \cf(x)\dx = f |c||/(x)|(£r = |c|||/||i. 

Jo Jo 

Finally, the triangle inequality holds because 

ll/+fflli=/ \f(x) + g(x)\dx< f \f(x)\dx+ f |s(x)|dx = ||/||i + ||ff||i. 
Jo Jo Jo 

(b) Let f n (pc) = x n . Then ||/„|| = 1 (sup norm) but ||/ n ||i = l/(n + 1), so 
we cannot find a constant C such that ||/ n || < C\\f n ||i for all n. 

(c) For each positive integer n, define a function g n by g n (x) = y/n if 
x e [0, 1/n] and g n (x) = l/\/® if x G [1/n, 1]. Then we have 


and 



So we cannot find a constant C such that ||y n ||2 < CllPnlli for all n. 

(d) Putting v = |/| and w = 1 in the Schwarz inequality applied to the 
positive definite scalar product given in Exercise 3 we find 



in other words, ||/||i < ||/|| 2 - 


Exercise VI.3.5 Let E be a finite dimensional vector space . Show that the 
sup norms with respect to two different bases are equivalent 


Solution. Let n be the dimension of E, let v be a vector in E, and -Xi(v) = 
(xi, . . . ,x n ) and = ( 2 / 1 , , y n ) be the coordinate vectors of v in 

bases 1 and 2, respectively. Looking at the coordinates of the vectors of 
one basis in the other bases we see that there exists an invertible n xn 
matrix Af = (mtj)i<»,j< n such that Xi(v) = for all v e E. Let 

C\ = maxi^xn |m^| ^ 0 and let || • \\k be the sup norm with respect to 
base k (k = 1, 2). Then for all 1 < i < n we have 





j=i 


n 


< <nCi||t>||i. 


j=i 


Thus ||v||2 < nCi||v||i. By symmetry, there exist C 2 ± 0 such that \\v\\i < 
nC^Hvlli. This shows that || • ||i and || • H 2 are equivalent. Of course one 
could simply apply Theorem 4.3 of the next section. 
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Exercise VI.3.6 Give an example of a vector space with two norms , and 
a subset S of the vector space such that S is bounded for one norm but not 
for the other . 

Solution. Consider the vector space of C 1 functions on [0, 1]. Let S be the 
set of all monomials, i.e. S = {1, x, x 2 , . . . , x n , . . .}. Then the sup norm of 
any element in S is 1, but the C^-norm (see Exercise 9, §2) of x h-» x n is 
equal to n. 
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Exercise VI.4.1 Give an example of a sequence in C°([0, 1]) which is L 2 - 
Cauchy but not sup norm Cauchy . Is this sequence L l -Cauchy? If it is, can 
you construct a sequence which is L 2 -Cauchy but not L 1 -Cauchy? Why? 

Solution. Let / n (x) = n l ^ 4 x n . Then |/ n (l) - fm( 1)| = |n */ 4 - m 1 / 4 ! so 
{/ n } is not sup norm Cauchy, but this sequence is L 2 -Cauchy because 


ll/nlll = f fn = [ Tl 1/2 X 2n dx = 
Jo Jo 


n J /2 ^ 1 

2n+ 1 “ n 1 / 2 ’ 


so 

II fn ~ /m||2 < ll/n||2 + ||/m||2 < + ^ 1/4 > 

and 1/n 1 / 4 + 1/m 1 / 4 — ► 0 as n,m oo. The sequence {/ n } is also L 1 - 
Cauchy because of the inequality deduced in part (d) of Exercise 4, §3, 
namely, ||/||i < ||/|| 2 - This inequality also shows that any L 2 -Cauchy se- 
quence in C°([0, 1]) is also L 1 -Cauchy. 

Exercise VI.4.2 Let f n (x) = x n , and view { f n } as a sequence in ^([0, 1]). 
Show that {f n } approaches 0 in the L l -norm and the L 2 -norm, but not in 
the sup norm . 


Solution. We have 

I' 1 " 11, ” Jo ” nTT “ d v««! =jf** ,|fc = £TT- 

hence {/ n } approaches 0 in the L 1 -norm and in the L 2 -norm. However, the 
sup norm of each f n is 1. 

Exercise VI.4.3 Let | • |i and | • I 2 be two equivalent norms on a vector 
space E. Prove that limits , Cauchy sequences, convergent sequences are the 
same for both norms . For instance, a sequence {x n } has the limit v for one 
norm if and only if it has the limit v for the other norm . 
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Solution. There exist positive numbers C\ and C 2 such that for all w £ E 
we have C\\w\\ < \vj \2 < C 2 |tw|i. Suppose that {x n } converges to v in | • |i. 
Then given e > 0 there exists a positive integer TV such that for all n > TV we 
have |u-x n |i < e. Then for all n > TV we have |t/— x n |2 < C 2 \v—x n \\ < C^e, 
which shows that {x n } converges to v in | • I 2 . 

Suppose {x„} is a Cauchy sequence in the norm | • |i. Then given c > 0 
there exists a positive integer TV such that if n, m > TV we have |x n — x m |i < 
c. So for all n,m > TV we have |x n — x m |2 < C 2 |x n - x m |i < Cfcc, which 
proves that {x n } is Cauchy for the norm || • ||i. 

Exercise VI.4.4 Show that the space C°([0, 1]) is not complete for the 
L 2 -norm. 

Solution. Consider the family of functions {/ n } in C°([0, 1]) defined by 

f f \ _ f x- 1 / 4 if 1/n < x < 1 
Jr>W-\ n i/4 if 0 < x < 1/n 


The proof follows the one given in the text with /(x) = x */ 4 for 0 < x < 1. 
We have /„ / 2 = 2 and 


II/- /n||§ = J ( x 1/4 - n 1/4 ) 2 dx < f x 1/2 + n 1,2 dx = 


hence 


||/„ - fmh < II /n - fh + 11/ - fmh < ^ + ^4 : 


which shows that {/ n } is L 2 - Cauchy. We now show that there is no con- 
tinuous function g on [0, 1] such that {/ n } is L 2 -convergent to g. Suppose 
such a function g exists. Then 


||/ - 0||2 ^ 11/ ~ /n|| + || fn ~ 9h — ► 0 

as n — ► 00 . Hence \\f—g\\2 = 0 . Since both functions / and g are continuous 
on the open interval (0, 1], if for some c we have /(c) ^ <j(c), then \\f—g\\2 > 
0 . Since / £ (^([ 0 , 1]) we get a contradiction, which completes the proof 
that {f n } has no L 2 -limit in C°([0, 1]). 


Almost all the time it has been appropriate to deal with subsets of normed 
vector spaces. However, for the following exercises, it is clearer to formulate 
them in terms of metric spaces, as in Exercises 1 and 2 of §2. The notion of 
Cauchy sequence can be defined just as we did in the text, and a metric 
space X is said to be complete if every Cauchy sequence in X converges. 
We denote the distance between two points by d(xi,X 2 ). 
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Exercise VI.4.5 (The Semiparallelogram Law) Let X be a complete 
metric space. We say that X satisfies the semiparallelogram law if for 
any two points £i,ab in X, there is a point z such that for all x E X we 
have 

d(xi,X2) 2 + 4d(x,z) 2 < 2d(a?,Xi) 2 + 2d(a;,ab) 2 - 

(a) Prove that d(z,x i) = d(z,x 2) = d(x i,ab)/2. [Hint: Substitute x = X\ 
and x = X2 in the law for one inequality. Use the triangle inequality for 
the other.] Draw a picture of the law when there is equality instead of an 
inequality. 

(b) Prove that the point z is uniquely determined , i.e. if z' is another point 
satisfying the semiparallelogram law , then z = zf . 

In light of (a) and (b), one calls z the midpoint o/a;i, ab- 
solution. Letting x = X\ and then x = X2 in the law, and taking square 
roots, we get 

2d{x\^z) < d(x\>X2) and 2d(x2iZ) < d(#i,ab)« (VI. 1) 

The triangle inequality d(x 1, ab) < d(x 1, z)+d(x 2, z) and the first inequality 
in (VI. 1) implies 2d(x\, z) < d(xi, z)+ d(x 2 , z) so d(x\, z) < d(x2,z) and by 
a similar argument we obtain d(x2,z) < d(xi,z) f and therefore d(xi,z) = 
d(x 2, z). The triangle inequality now reads d(xi, X2) < 2d(xi,z) so together 
with (VI. 1) we get 


2d(xi,z) = 2d(x2,z) = d(xi,X2 ), 


as was to be shown. 

With equality, the semiparallelogram law becomes the parallelogram law, 
and we have the following picture: 



(b) Suppose z' also satisfies the semiparallelogram law. Then by (a) we 
must have 
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d(xi,z') = d(x 2 , zf) = ^d{xi,x 2 ). 

If we put x — z' in the law and use the above inequalities we get 

d(xi,x 2 ) 2 +4d{z,z') 2 < d(x i,x 2 ) 2 , 
whence d(z , z r ) = 0, and therefore z = z r . 

Exercise VI.4.6 (Bruhat-Tits-Serre) Let X be a complete metric space , 
and let S be a bounded subset . Then S is contained in some closed ball 
Bfl(x) of some radius R and center x £ X. Define r (depending on S) to 
be the inf of all such radii R with all possible centers x. By definition , there 
exists a sequence {r n } of_ numbers > r such that lim n _ >00 r n = r, together 
with a sequence of balls B rn (x n ) of centers x n , such that B rn (x n ) contains 
S. In general , it is not true that there exists a ball B r (x) with radius pre- 
cisely r and some center x, containing S. If such a ball exists , it is called 
a ball of minimal radius containing S . Prove the following theorem: 

Let X be a complete metric space satisfying the semiparallelogramlaw . Let 
S be a bounded subset . Then there exists a unique closed ball B r (xi) of 
minimal radius containing S . 

[Hint: You have to prove two things: existence and uniqueness . Use the 
semiparallelogram law to prove each one. For existence , let { x n } be a se- 
quence of points which are centers of balls of radius r n approaching r, and 
Br n ( x n) contains_S. Prove that {x n } is a Cauchy sequence. Let c be its 
limit. Show that B r (c) contains S. 

_For uniqueness , again use the semiparallelogram law. Let B r (Xi) and 
B r (x 2 ) be balls of minimal radius centered at xi,x 2 . Let z be the midpoint, 
and use the fact that given e, there exists an element x e S such that 
d(x , z) > r — e.] 

The center of the ball of minimal radius containing S is called the cir- 
cumcenter of S. 

Solution. We first prove existence. Choose {x n } as in the hint. If the 
sequence {x n } is a Cauchy sequence, then it converges to some point which 
is the center of a closed ball or radius r and which by continuity contains 
S, and we are done. We show this must always happen. Let z mn be the 
midpoint between x n and x m and let c > 0. By the minimality of r, there 
exists a point x nm in S such that d(x mn ,z mn ) 2 > r 2 — e. We apply the 
semiparallelogram law with x = x mn and z = z mn . We get 

d{x<m,Xfx) ^ 2d(x,7ifi) ®n) "b 2d(Xffm , Xm ) ^(^mm^mn) 

< 2r*+2ri-4r 2 +4e, 

so for all large m and n we have d(x m ,x n ) 2 < 5c, thus proving that {x n } 
is a Cauchy sequence, and concluding the proof of existence. 
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We now prove uniqueness. Suppose there are two balls B r (xi) and B r (x 2 ) 
of minimal radius containing S and X\ ^ x 2 . Let x be any point of S , so 
d(x,x i) < r and d(x,x 2 ) < r. Let z be the midpoint between x\ and x 2 . 
By the semiparallelogram law, we have 

d(x i,x 2 ) 2 < 4 r 2 —4 d(x,z) 2 . 

Since by the definition of r, there are points x in S such that d(x, z) is 
arbitrarily close to r, it follows that d(x i, x 2 ) = 0 and therefore x\ = x 2 . 

Let X be a metric space . By an isometry of X we mean a bijection 

g:X->X 

such that g preserves distances. In other words , for all x\,x 2 6 X we have 

d(g(xi),g(x 2 )) = d(xi,X 2 ). 

Note that if g\,g 2 are isometries , so is the composite g\ o g 2 . Also if g is 
an isometry , then g has an inverse mapping (because g is a bijection) , and 
the isometry condition immediately shows that g~ l : X — ► X is also an 
isometry. Note that the identity mapping id : X — » X is an isometry. 

Let G be a set of isometries. We say that G is a group of isometries if 
G contains the identity mapping , G is closed under composition (that is, if 
9 \ » 92 £ G, then g\ og 2 G G), and is closed under inverse (that is, ifg^G 
then g~ l e G). One often writes g\gi instead of pi o g 2 . Note that the set 
of all isometries is itself a group of isometries. 

Let x f e X. The subset Gx ' consisting of all elements g(x f ) with g e G 
is called the orbit of x 9 under G. Let S denote this orbit. Then for all 
g € G and all elements x e S it follows that gx e S. Indeed, we can write 
x = gix' for some g\ e G, and then 

g(gix’) = g(gi(x')) = (go gi)(x’) 6 S, and go gi eG by assumption. 

In fact, G(S) = S because G contains the identity mapping. 

After these preliminaries, prove the following major result. 

Exercise VI.4. 7 (Bruhat-Tits Fixed Point Theorem) Let X be a 
complete metric space satisfying the semiparallelogram law. Let G be a 
group of isometries. Suppose that an orbit is bounded in X. Let x\ be the 
circumcenter of this orbit. Then x\ is a fixed point ofG, that is, g(x 1 ) = x\ 
for all g eG. 

Solution. Let B r (xi) be the unique closed ball of minimal radius contain- 
ing the orbit Gx'. Then for any g G G, the image pB r (xi) = B r (x 2 ) is 
a closed ball of the same radius containing the orbit Gx\ and x 2 = gx i, 
so by the uniqueness of the ball (Exercise 6) it follows that x 2 = X\ and 
therefore X\ is a fixed point for G. 
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VI.5 Open and Closed Sets 

Exercise VI.5.1 Let S be a subset of a normed vector space E, and let ~S 
denote the set of all points of E which are adherent to S. 

(a) Prove that S is closed . We call S the closure of S. 

(b) If S,T are subsets of E, and S C T, show that S CT. 

(c) If S,T are subsets of E f show that S U T = S U T. 

(d) Show that S_= S . 

(e) If S C T C S, prove that T = S. 

(}) Let E,F be normed vector spaces , S a s ubset of E andT a subset of 
F. Take the sup norm on E x F. Show that (S xT) = S xT. 

Solution, (a) Let {xrJJJLx be a sequence in S with limit x . Let e > 0 and 
consider the open ball J9 c (x) of radius e centered at x. We must show that 
this ball contains an element of S . Select N such that xjv E J3 c / 2 (x), and 
since xn is adherent to 5, there exists y E S such that y E B t / 2 (xjv) which 
implies that y E J3 e (x), as was to be shown. 

(b) Let x e S. Then for all e > 0, the open ball B € (x) contains elements of 
S and the refore of T, so x E T. 

(c) If x E S U r, then forall_e > 0, the open ball B € (x) contains elements 
of S or of T, so S U T C SUT. Conversely, if x e SUT, then for all c > 0, 
B e (x) contains elements of S U T. 

(d) The inclusion S C S is clear because the closure of a set always contains 

theset itself. Conversely, suppose x e S. Then there exists a sequence {x n } 
in S converging to x. For each n there exists y n € S such that |x n —y n \< 
1/n. Then 

\x - y n \ <\x- x„| + |x n - y n \ < \x - x n | + - 

71 

and we see that { y n } converges to x. This shows that x G S. 

(e) We apply (b) twice. First S C T implies S C T and applying (b) to 

T C S we obtain TcS, so by (d) we get T C S, and we are done. 

(f) Suppose x = (xi,x 2 ) e S x T. Then for all e > 0, the open ball J3 c (x) 
contains points of S xT. Since the norm on the product is the sup norm, 
it follows that x\ is adherent^ to and x 2 is adherent to T. Conversely, 
suppose that x = (xi,x 2 ) e S xT. Then given e > 0 we can find y\ € S 
and j /2 € T such that |xi — j/i|s < e and |x 2 — 2 / 2 It ^ c. By the definition 
of the sup nor m it follows that if y = ( 2 / 1 , Jfc) € S x T, then |x - y\sxT < c- 
So x e S x T as was to be shown. 

Exercise VI.5.2 A boundary point of S is a point v e E such that 
every open set U which contains v also contains an element of S and an 
element of E which is not in S. The set of boundary points is called the 
boundary of S } and is denoted by dS . 

(a) Show that dS is closed. 
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(b) Show that S is closed if and only if S contains all its boundary points . 

(c) Show that the boundary of S is equal to the boundary of its complement 

Solution. One could simply note that dS = S fl S c = S fl E - S. We 
can also argue straight from the definitions. Suppose * G dS and assume 
without loss of generality that x G S. Then for some e > 0 the open ball 
B e (x) does not intersect the complement of S, so B e (x) is contained in the 
complement dS. 

(b) Suppose S is closed. Let x G E — S, then there exists e > 0 such that 
B e (x) C\S is empty. So x is not a boundary point of S. Conversely, suppose 
S contains all of its boundary points. Then given x e E — S there exists 
e > 0 such that B e (x) f)S is empty, otherwise x would be a boundary point 
of S. Thus S is closed. 

(c) The fact that the boundary of S equals the boundary of its complement 
follows at once from the symmetry of the definition of a boundary point. 
Indeed, x e E is a boundary point of S if and only if x is a boundary point 
of the complement of S. 

Exercise VI.5.3 An element u of S is called an interior point of S if 
there exists an open ball B centered at u such that B is contained in S . 
The set of interior points of S is denoted by Int (5). It is obviously open . 
It is immediate that the intersection of Int (S) and dS is empty . Prove the 
formula 

S = Int (S) U dS . 

In particular, a closed set is the union of its interior points and its boundary 
points . If S,T are subsets of normed vector spaces, then also show that 

Int (S x T) = Int(S) x Int(T). 

Solution. Suppose x G S, so x is adherent to S. If for some e > 0, the open 
ball B e (x) is contained in S , then x E Int (S'). If not, then for all positive 
integers n, the open ball Bi/ n (x) intersects the complement of S , so that 
x E dS. Conversely, it is immediate that any point in dS or Int (S) belongs 
to S so S = Int(S) U dS . 

We now show that Int (*9 x T) = Int (5) x Int(T). Suppose (* 1 , 2 / 1 ) G 
Int (S x T), then for some e > 0 the open ball -B € ((*i,2/i)) is contained in 
S x T. Suppose that |*i — * 2 | < e, then the sup norm implies 

|(®i> 2/i) “ (x2,yi)\sxT = |*i — * 2 ! < e 

so X 2 G S and therefore x\ G Int(5). A similar argument for the sec- 
ond factor proves that ( x\,y \ ) G Int(5) x Int(T). Conversely, if (*i,2/i) G 
Int (5) x Int(T), then for some e > 0, |xi - a? 2 | < € implies X 2 G S and 
\yi - I/ 2 I < c implies 2/2 G T. So if |(xi,yi) - ( x 2i y 2 )\sxT < c, then it 
follows that (* 2 , 2 / 2 ) G S x T, so (* 1 , 2 / 1 ) G Int(5 x T). 
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Exercise VI. 5.4 Let S,T be subsets of a normed vector space. Prove the 
following: 

(a) d(SUT)cdSUdT. 

(b) d(SnT)cdSUdT. 

(c) Let S — T denote the set of elements x E S such that x £ T. Then 
d(S — T)cdS\J dT. [Note: You may save yourself some work if you use 
the fact that dS c = dS where S c is the complement of S, and use properties 
like S — T = S H T c , as_well as (SHT) C = S c UT C .) 

(d) d(S x T) = (< dS x T) x (5 x dT). 

Solution, (a) Let x E d(S U T). For every e > 0, the open ball B e (x) 
contains points of S c and T c because ( S U T) c = S c fl T c . If x is not a 
boundary point of S or T, then there exists e 0 > 0 such that B €0 (x)n(S\JT) 
is empty. Contradiction. 

(b) Every open ball centered at a point of d(S fl T) intersects S and T. 
Since ( S fl T) c = S C \JT C we conclude that every open ball centered at a 
point of d(S fl T) intersects S c or T c . Conclude. 

(c) We have 

d(S -T) = d(SnT c )cdSudT c 
but dT 0 = dT , so the result drops out. 

(d) Suppose (x,y) E d(S x T). Then since every open ball centered at 
(x, y) intersects S xT the definition of the sup norm implies that igS 
and y E T. If S and T are subsets of E we see that 

(S x T) c = ( S c x E) U (E x T c ), 

so we have d(S_x T) C (dS xT) x (S x dT). Conversely, if (x,y) belongs 
to dS x T or S x dT , then by the definition of the sup norm we see that 
(x,y) ed(SxT). 

Exercise VI.5.5 Let S be a subset of a normed vector space E. An element 
v of S is called isolated (in S) if there exists an open ball centered at v 
such that v is the only element of S in this open ball An element x of E 
is called an accumulation point ("or point of accumulation ) of S ifx 
belongs to the closure of the set S - {x}. 

(a) Show that x is adherent to S if and only if x is either an accumulation 
point of S or an isolated point of S. 

(b) Show that the closure of S is the union of S and its set of accumulation 
points. 

Solution, (a) Suppose x is adherent to S. If there exists e > 0 such that 
the only point of B e (x) in S is x, then x is an isolated point. If no such e 
exists, then every open ball centered at x contains points ^ x that lie in S. 
Hence x is adherent to S — {x} and is therefore a point of accumulation of 
S. Conversely, if x is isolated, then it is adherent to S by definition. If x is 
a point of accumulation of S, then every open ball centered at x contains 
points of S - {x}, thus x is adherent to S. 
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(b) If x belongs to S> then either x € S or x is a point of accumulation 
of S because every open ball centered at x intersects S. Conversely, if x 
belongs to S', then x € S and if x is a point of accumulation of S, then x 
is adherent to S. 

Exercise VI. 5. 6 Let U be an open subset of a norrned vector space E, 
and let v G E. Let U v be the set of all elements x + v where x € U. Show 
that U v is open. Prove a similar statement about closed sets. 

Solution. Let w € U v . Let B be the open ball centered at w — v and 
contained in U. Then B v is contained in U v . 

If U is closed, then U v is closed because (E — U) v = E -U v . 

Exercise VI.5.T Let U be open in E. Let t be a number > 0. Let tU be 
the set of all elements tx with x eU. Show that tU is open. Prove a similar 
statement about closed sets. 

Solution. Let w = tx where x € U. There exists r > 0 such that B r (x) is 
contained in U. Then B tr (x) is contained in tU. 

If U is closed, then tU is closed because t(E — U) = E — tU. 

Exercise VI. 5.8 Show that the projection Rx R — ► R given by (x, y) x 
is continuous. Find an example of a closed subset A of R x R such that 
the projection of A on the first factor is not closed. Find an example of an 
open set U in R 2 whose projection is closed , and U ^ R 2 . 

Solution. The projection map is continuous because 

|x — x 0 | < || (a: - xo,y - jfo)ll- 

Let A = {(a:, y) e R 2 : y = 1/x with x € (0,1]}. Then A is closed in R 2 
and the projection of A is (0, 1], which is not closed in R. 

Let U = {(x, y) € R 2 : y > 0}. Then U is the upper half plane which is 
open in R 2 , and the projection of U is R which is closed. 

Exercise VI.5.9 Prove the remark before Theorem 5.6. 

Solution. First suppose that S is open in E. Suppose X is open in S. Then 
there exists an open set U in E such that X = S fl U. The intersection of 
open sets is open, so X is open in E. Conversely, if X is open in E, note 
that X = SnX and therefore we can take U = X in the definition, thereby 
proving that X is open in S. 

Now suppose S is closed in E. Suppose that X is closed in E. Then there 
exists a closed set Z in E such that X = S fl Z. The intersection of two 
closed sets is closed, so X is closed. Conversely, if X is closed in E, we note 
that X = Sr I X so that we can take Z = X in the definition, therefore X 
is closed in E. 
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Exercise VI.5.10 Let U be open in a normed vector space E and let V 
be open in a normed vector space F . Let 

f:U—*V and g:V-+U 

be continuous maps which are inverses of each other , that is 

fog = \dy and gof = idu , 

where id means the identity map . Show that ifU\ is open in U, then f(U\) 
is open in V , and that the open subsets of U and V are in bisection under 
the association 

Ui^f(Ui) and Vi~g(Vi). 

Solution. Since / and g are inverses of each other, }{U\) = g~ l (U\) so 
the continuity of g guarantees that f(U\) is open whenever U\ is open. 

The existence of the inverse map of / implies that U\ f(U\) is injec- 
tive. Indeed, if f(x) = f(y) we compose with g to conclude that x = y. 
Therefore, U\ *— ► f(U\) and V\ •-> f(V [) are bijective and inverses of each 
other. 

Exercise VI.5.11 Let B be the closed ball of radius r > 0 centered at the 
origin in a normed vector space. Show that there exists an infinite sequence 
of open sets U n whose intersection is B. 

Solution. Let U n be the open ball of radius r + 1/n centered at the origin. 
Then B is contained in H^Li Conversely, if x G HnLi then |x| < 
r + 1/n for all n, hence |xj < r which shows that x G B. This proves that 

oo 

B = p| U n . 

n=l 

Exercise VI.5.12 Prove in detail that the following notions are the same 
for two equivalent norms on a vector space: (a) open set ; (b) closed set ; (c) 
point of accumulation of a sequence ; (d) continuous function; (e) boundary 
of a set; and (f) closure of a set. 

Solution. Consider two norms | • |i and | • I 2 such that 

Ci\v\i < \v\ 2 <C 2 \v\ 1 . 

(a) Suppose U is open with respect to | • |i. Let x belong to U. Then for 
some e > 0, the open ball B\(x) with respect to | • |i is contained in U. 
So the open ball Bq i€ (x) with respect to | • I 2 is contained in B\(x) and is 
therefore also contained in U. 

(b) Suppose that C is closed with respect to | • |i. The complement of C is 
open with respect to | • |i, so by (a) the complement of C is also open with 
respect to | • I 2 , and therefore C is closed with respect to | • I 2 . 
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(c) Suppose that a; is a point of accumulation of the sequence {x n } for | • j 1 • 
Let c > 0, then for some m we have |x - x m \i < e/C 2 so \x — x m \2 < e, 
hence x is a point of accumulation of {x n } for | • | 2 . 

(d) Suppose / is continuous at xo with respect to | • 1 1 • Let e > 0, then there 
exists 6 > 0 such that |/(x) — /(xo)|i < e/C 2 whenever |x — xo|i < 6/C\. 
Then, if |x — X 0 I 2 < S we immediately conclude that |/(x) — /(xo )|2 < €, 
so / is continuous at xo with respect to | • | 2 . 

(e) By Exercise 3, dS = S — Int (S) and by (a) and (b) we know that the 
closure of S is the same with respect to equivalent norms and similarly for 
the interior of S, so the boundary of S is also the same with respect to 
equivalent norms. 

(f) By Exercise 3, if follows that the closure of a set is the same set with 
respect to equivalent norms. 

Exercise VI.5.13 Let | • |i and | • | 2 be two norms on a vector space E, and 
suppose that there exists a constant C > 0 such that for all x G E we have 
|x|i < C|x 2 |. Let fi(x) = |x|i . Prove in detail : Given e, there exists 6 such 
that ifx,y G E, and \x — y | 2 < 6, then |/i(x) — fi(y)\ < e. [Remark. Since 
fi is real valued , the last occurrence of the signs | • | denotes the absolute 
value on K.] In particular , f\ is continuous for the norm | • | 2 . 

Solution. Given e > 0, let 6 = e/C . Then |x — y\ 2 < 6 implies |x — y\i < c. 
The triangle inequality for the norm implies |x|i — |y| 1 < |x — y\i and 
Mi - Mi < |x - y|i so ||x|i - Mi| < |x - y|i and therefore 

l/i (®) - fi(y)\ < \x -J/Ii < e, 

as was to be shown. 

Exercise VI. 5. 14 Let BS denote the space of all sequences of numbers 

X — (xi, x 2 , . . . , x n , . . .) 

which are bounded, i.e. there exists C > 0 (depending on X) such that 
\x n \ < C for all n G Z+. Then BS is a special case of Example 2 of §i, 
namely the space of bounded maps B( Z + , R). For X G BS, the sup norm 
is 

ll-Xll =sup|x„|, 

n 

i.e. ||X|| is the least upper bound of all absolute values of the components. 

(a) Let Eo be the set of all sequences X such that x n = 0 for all but a finite 
number of n. Show that Eo is a subspace of BS. 

(b) Is Eo dense in BS? Prove your assertion. [Note. In Theorem 3.1 of 
Chapter VII, it will be shown that BS is complete.] 

Solution, (a) Addition and scalar multiplication is defined componentwise. 
Suppose X and Y belong to E 0 , and that p and q are the number of nonzero 
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elements in X and V, respectively. Then X + Y has at most p + q nonzero 
elements, hence X+Y belongs to Eq. Similarly, aX belongs to Eo whenever 
a G R and X G Eq. Clearly, (0,0, . . .) belongs to Eo, hence we conclude 
that Eo is a subspace of BS. 

(b) We contend that Eo is not dense if BS. Let X = (1,1,1,...). Then 
we see that for all Y E Eo the vector X — Y has at least one component 
equal to 1. In fact, X-Y has only finitely many components ^ 1, therefore 
\\X — Y || > 1 and this proves our contention. 



VII 

Limits 


VII. 1 Basic Properties 

Exercise VII. 1.1 A subset S of a normed vector space E is said to be 
convex if given x,y € S the points 

(1 — t)x + ty, 0 < t < 1, 

are contained in S. Show that the closure of a convex set is convex . 

Solution. Suppose x and y are adherent to S and let {x n } and {y n } be 
sequences of points in S converging to x and y, respectively. Then for each 
0 < t < 1, (1 — t)x n + ty n belongs to S and converges to (1 — t)x + ty 
as n — ► oo. This implies that for every 0 < t < 1, the point (1 — t)x -f ty 
belongs to the closure of S . 

Exercise VII. 1.2 Let S be a set of numbers containing arbitrarily large 
numbers (that is, given an integer N > 0, there exists x e S such that 
x > N). Let f: S — ► R be a Junction. Prove that the following conditions 
are equivalent: 

(a) Given e, there exists N such that whenever x,y 6 S and x,y>N , then 

!/(*) - f(y) I < 


(b) The limit 


lim fix) 

x— >oo 


exists. 
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(Your argument should be such that it applies as well to a map f : S — ► F 
of S into a complete normed vector space.) 

Solution. Condition (b) implies (a) because if w is the limit in (b), and we 
choose N such that x > N implies |/(x) —w\< e/2, then for all x,y > N 
we have 


I /(*) - f(v) I < I /(*) ~ f(w ) I + 1 f(w) - f{y)\ < e. 

Conversely, assume (a) and choose a sequence of points {x n } such that 
x n > n. Then {/(x n )} is a Cauchy sequence because if n,m > N , then 
| /(x n ) - /(x m )| < e. The completeness of R (or F) implies that {/(x n )} 
converges to a limit point, say w. Then for all x > TV and x n so large that 
x n > N and |/(x n ) — w\ < e we have 

l/(*) - H < |/(x) - f(x n ) I + |/(* n ) - w\ < 2e. 

Exercise VII. 1.3 Let F be a normed vector space. Let E be a vector space 
(not normed yet) and let L : E —+ F be a linear map , that is satisfying 
L(x-\-y) = L(x) + L(y) and L(cx) = cL(x) for all c E R, x,y E E. Assume 
that L is injective. For each x e E, define |x| = |L(x)|. Show that the 
function x »-► |x| is a norm on E. 

Solution. Since L is injective, L(x) = 0 if and only if x = 0, so |x| = 0 if 
and only if x = 0. Clearly, 

|ox| = |Z-(ax)| = |oL(x)| = |a||L(x)| = |a||z|. 

Finally we check the triangle inequality 

I* + y\ = \l(x + s/)l = \U?) + Hv)\ < l i (*)l + l^(i/)l = 1*1 + M> 

and this concludes the proof. 

Exercise VII. 1.4 Let P 5 be the vector space of polynomial functions of 
degree <5 on the interval [0, 1]. Show that P 5 is closed in the space of all 

bounded functions on [0, 1] with the sup norm. [Hint: If f(x) = a 5 x 5 H h 

ao is a polynomial f associate to it the point (as, . . . , 00 ) in R 6 , and compare 
the sup norm on functions , with the norm on R 6 ./ 

Solution. Consider the association /(x) = a 5 x 5 H f ao «-> (as, . . . , ao) 

and define a new norm on R 6 to be the sup norm of the associated polyno- 
mial. This new norm is equivalent to the euclidean norm (Theorem 4.3). If 
{P n } converges, it is a Cauchy sequence for the sup norm, so the associated 
sequence of points in R 6 is a Cauchy sequence for the euclidean norm and 
by completeness we conclude that {p n } converges to a polynomial of degree 
<5. 
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Exercise VII. 1.5 Let E be a complete normed vector space and let F be 
a subspace . Show that the closure of F in E is a subspace . Show that this 
closure is complete. 

Solution. The element 0 belongs to the closure. If x, y lie in the closure of 
F, choose sequences {x„} and {y n } of points in F that converge to x and 
2 /, respectively. Then, x + y = lim n ^ 00 (x n + y n ), so x + y belongs to the 
closure of F. Similarly, cx = lim n _oo cx n so cx belongs to the closure of F. 
This proves that the closure of F is a subspace. 

A Cauchy sequence in the closure of F is a Cauchy sequence in F, so 
by completeness, this sequence converges in E. Since the closure of F is 
closed, the result follows at once. 

Exercise VII. 1.6 Let E be a normed vector space and F a subspace. As- 
sume that F is dense in E and that every Cauchy sequence in F has a limit 
in E. Prove that E is complete. 

Solution. Let {x n } be a Cauchy sequence in E. For each positive integer n 
choose y n E F such that \x n —y n \ < 1/n. Then using the triangle inequality 
we see that 


\yn-y m \ < \yn — X n \ + |x n — x m \ + |x m — y m \ 

^ 1 , ,1 

^ ~h \X n X m + 

n m 

so {y n } is a Cauchy sequence. Let y be its limit. Then {x n } converges to y 
because ^ 

I X n ~y\< | X n ~ Pn | + \Vn ~ y\ < - + \Vn “ V\- 

n 

VII.2 Continuous Maps 

Exercise VII.2.1 (a) Prove Theorem 2.4(a). 

(b) Prove Theorem 2.4(b). [Hint: Given e, and two points x,y e E with 
|x - y\ < e, there exists v e S such that \x - v| < d(x, S) + e. Then 

d(y , S) < d(y , v) < d(x, S) + 2e. 

Take it from here.] 

(c) Let SjT be two non-empty closed subsets of E, and assume that they 
are disjoint , i.e. have no points in common. Show that the Junction 

f ( \ = d(S,v) 

} d(S,v) + d(T,v) 

is a continuous function , with values between 0 and 1, taking the value 0 
on S and 1 on T. 

(For a continuation of this exercise , cf. the next chapter , §2.) 
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Solution, (a) Suppose v lies in the closure, then there exists a sequence 
of points in S converging to v thus d(S, v) = 0. Conversely, if d(5, v) = 0, 
then some points of S come arbitrarily close to v, proving that v is in the 
closure of S. 

(b) FYom the hint we find that d(y ) S) — d(x, S) < 2e. There exists a vector 
w in S such that \y — w\ < d(y , S) + e. Then we have 

d(x , S) <\x-w\ <\x -y\ + \y-w\< d(y , S) | + 2e 

so that d(x , S) — d(y, S) < 2e. Hence \d(x, S) — d(y , 5)1 < 2e. 

(c) Since both subsets are closed, their closures are disjoint, so the denom- 
inator of / is never 0 which together with (b) implies the continuity of /. 
Since d(S, v) + d(T, v) > d(S , v) the function / takes values between 0 and 
1. On 5, the numerator is 0. On T, the numerator and denominator are 
both non-zero and they are equal. 

Exercise VII.2.2 (a) Show that a function f which is differentiable on 
an interval and has a bounded derivative is uniformly continuous on the 
interval 

(b) Let f(x) = rr 2 sin(l/a; 2 ) for 0 < x < 1 and /( 0) = 0. Is f uniformly 
continuous on [0, 1] ? Is the derivative off bounded on (0, 1)9 Is f uniformly 
continuous on the open interval (0, 1)9 Proofs? 

Solution, (a) By the mean value theorem we have \f(x)-f(y)\ < M\x—y\, 
where M is a bound for the derivative. 

(b) Since \x 2 sin(l/x 2 )| < \x 2 \ we see that / is continuous at 0. Hence / 
is continuous on [0, 1] and therefore uniformly continuous on this interval 
because [0, 1] is compact. The derivative is unbounded on (0, 1) because 

f f (x) = 2xsin(l/x 2 ) - (2/x)cos(l/x 2 ) 

and if x n = l/y/^ir n, then x n — > 0 and |/'(x n )| = 2y/2wn — > oo as n — > oo. 
However, the function / is uniformly continuous on (0,1) because it is 
uniformly continuous on the larger interval [0, 1]. 

Exercise VII.2.3 (a) Show that for every c > 0, the function f(x) = 1/x 
is uniformly continuous for x > c. 

(b) Show that the function f(x) = e~ x is uniformly continuous for x > 0, 
but not on R. 

(c) Show that the function sinx is uniformly continuous on R. 

Solution, (a) For x,y>c we have 

(b) For x > 0, the function / has a bounded derivative and is therefore 
uniformly continuous. To see why / is not uniformly continuous on R, 
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suppose that given e there exists 6 > 0 such that \x — y\ < 6 implies 
\e~ x — e~ y \ < e. Let x = y — S/2. Then \x — y| < 6 and 

|/(z) - f(y)\ = \e-y +s ' 2 e-v\ = e"V /2 - 1|- 


This last expression tends to oo as y tends to — oo which gives the desired 
contradiction. 

(c) The mean value theorem implies | sin x — sin y\ < \x — y\ for all x, y G R. 

Exercise VII.2.4 Show that the function f(x) = sin(l/x) is not uni- 
formly continuous on the interval 0 < x < n, even though it is continuous. 

Solution. For n > 0, let x n = l/(n7r -f 7r/2). Then |x n +i — x n \ — ► 0 as 
n — ► oo and 

l/O^n+l) “ f( x n ) I = 2, 

so / is not uniformly continuous. 


Exercise VII.2.5 (a) Define for numbers 


f(t, x) = if 0, /( 0, x) = x. 


Show that f is continuous on R x R. [Hint: The only problem is continuity 
at a point (0, b). If you bound x, show precisely how sin tx = tx + o(tx).] 
(b) Let 


f(x,y) 


if(x,y) ± (0,0), 
1 if(x,y) = (0,0), 


Is f continuous at (0,0)? Explain. 


Solution, (a) Taylor’s formula at the origin implies that sin(z) = z + R(z) 
with the esimate \R(z)\ < |j2?| 2 /21. So for x bounded we have \R(tx)\/t — ► 0 
as t — ► 0, therefore 


lim 


sin (tx) 
t 


lim x -h 

(t,*)— >>(0,6) 


R(tx) 

t 



which proves the continuity of / at the point (0, b). 

(b) The function / is not continuous at (0,0) because lim a _ >0O /(a 2 , a) = 0. 

Exercise VII.2.6 (a) Let E be a normed vector space. Let 0 < r\ < r*. 
Let v G E. Show that there exists a continuous function f on E, such that: 
f(x) = 1 if x is in the ball of radius r\ centered at v, 
f(x) = 0 if x is outside the ball of radius r 2 centered at v. 

We have 0 < f(x) < 1 for all x. 

[Hint: Solve first the problem on the real line , and then for the special case 
v = o.y 

(b) Let v,weE and v ^ w. Show that there exists a contiuous function f 
on E such that f(v) = 1 and f(w) = 0, and 0 < f(x) < 1 for all x G E. 
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Solution, (a) The function defined by 

{ 1 if x e B ri (v), 

r2 ~-r7 ! if r l < I® - «| < r 2 , 

0 if X ^ B r3 (v), 

satisfies all the conditions. Note that we can also apply Exercise 1(c) with 
T the closed ball of radius r\ centered at v, and S the complement of the 
open ball of radius 7*2 centered at v. 

(b) Let n = \v - w\/3 and rz = 2\v — w\/3. The function / defined in part 
(a) satisifes the desired conditions. 

Exercise VII. 2. 7 Let S be a subset of a normed vector space E, and let 
f : S — ► F be a continuous map of S into a normed vector space . Let S' 
consist of all points v e E such that v is adherent to S and 

lim fix ) exists . 

x— xG«S 

Define f(v) to be this limit . IfxeS, then f(v) = f(v) by definition , so 
f is an extension of f to 5'. For simplicity one may therefore write f(v) 
instead of f{v). Show that f is continuous on S". [Hint: Select v G S'. You 
have to consider separately the estimates 

l/(*)-/(«)| and \f(v')-f(v)\ 

for x e S and v' G S'. You thus run into a 2 e-proof] 

In Exercise 7, the set S' is contained in S essentially by definition, but is 
not necessarily equal to S . The next exercise gives a condition under which 
S' = S. 

Solution. Let vo G S' and let e > 0. Select 6 > 0 such that if x belongs to 
S and \x - uq| < 6> then 


1/0*0 - /(«b)| < «• 

Suppose x' belongs to S' and \x' - t/o| < S/2. Select y in S near x' with 
| y — vo\ < 6/2 and | f(y) — f(x')\ < e. Then we have 

l/OO - /(« 0 )| < l/OO - m\ + \f(y) - /(«b) I < 2e 

thus the extension of / is continuous on S'. 

Exercise VII. 2. 8 Prove Theorem 2.6. [Hint: Show that the uniform con- 
tinuity condition implies that for every v G S, the limit lim*-*,, f(x) exists. 
Define f(v) to be this limit.] 
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Solution. Given e > 0, pick 6 > J) such that | /(x) — f(y)\ < e whenever 
|a; — y| < 26 and x,y € S. If Vo € S , then for all x,y e S and \x — vo| <6, 
| y — Vo| < 6 we have 

l/( x ) - f(y)\ < 

Theorem 1.2 implies the existence of linix-^ /(x), x G S. 

Exercise VII.2. 9 Let S, T be closed subsets of a normed vector space , 
and let A = SUT. Let f : A — ► F be a map into some normed vector space . 
Show that f is continuous on A if and only if its restrictions on S and T 
are continuous . 

Solution. Suppose / is continuous on A. Let x € S and let {x n } be a se- 
quence in S converging to x . Then since {x n } is a sequence in A converging 
to x it follows that lim/(x n ) = /(x), thereby proving that / is continuous 
on S. A similar argument proves that / is continuous on T. 

Conversely, suppose that / is continuous on S and T. Let x € A and let 
e > 0. If x ^ T, then x is not adherent to T, so we can choose a ball of small 
radius centered at x which does not intersect T. This ball is contained in 

5 so we see that / is continuous at x. Similarly if x £ S. Now if x € SnT, 
then choose 6 i and 62 such that 

\f(ys) - /( x )| < e and \f(y T ) - f(x)\ < e 

whenever |ys - x| < £i, ys G S and \yr — x| < 62 , yr € T. Then put 

6 = min(6i,^2) In the definition of continuity. 

Continuous Linear Maps 

Exercise VII. 2. 10 Let E, F be normed vector spaces , and let L : E — ► F 
be a linear map . 

(a) Assume that there is a number C > 0 such that \L(x)\ < C |x| for all 
x € E. Show that L is continuous . 

(b) Conversely , assume that L is continuous at 0 . Show that there exists 
such a number C. [Hint: See §i of Chapter X.] 

Solution, (a) Given e > 0, let 6 = e/C because 

|L(x) - L(y) | = | L(x - y)| < C\x - y\. 

(b) Choose 6 > 0 such that |x| < 6 implies |L(x)| < 1. Then for all v £ E, 
v^Owe see that |£v/|v|| = 6 } so 

|£(*»/M)I < 1 

which implies \L(v)\ < C\v\ where C = 1/6. 

Exercise VII.2. 11 Let L: R* — » F be a linear map of R* into a normed 
vector space. Show that L is continuous. 
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Solution. For 1 < j < k, let ej = (0, 0, . . . , 0, 1, 0, . . .) be the vector with 
all entries 0 except 1 at the j- th entry. If v = (ai, . . . , a*), then 

|i(«)l < |oi||L(e 1 )|+..- + |a n ||i(e„)| 

< HR*(|i(ei)| + --- + |L(c„)|), 

where | • Ir* is the sup norm on R fc . Exercise 10 implies the continuity of 
L. 

Exercise VII. 2. 12 Show that a continuous linear map is uniformly con- 
tinuous. 

Solution. Let e > 0. There exists 6 > 0 such that \L(v)\ < e whenever 
M < 6. If \x — y\ < 6 , then | L(x) — L(y ) | = \L(x — y)\ < e. This proves the 
uniform continuity of L. 

Exercise VII.2.13 Let L : E —> F be a continuous linear map. Show that 
the values of L on the closed ball of radius 1 are bounded. If r is a number 
> 0, show that the values of L on any closed ball of radius r are bounded. 
(The closed balls are centered at the origin.) Show that the image under L 
of a bounded set is bounded. 

Because of Exercise 10, a continuous linear map L is also called bounded. 
If C is a number such that \L(x)\ < C\x\ for all x G E, then we call C a 
bound for L. 

Solution. Since L is continuous at 0, there exists a number C > 0 such 
that \L(x)\ < C\x\ for all x e E. If \x\ < r, then \L(x)\ < C\r\ which proves 
that the values of L on the closed ball of radius r centered at the origin are 
bounded. 

Given a bounded set S , there exists a closed ball such that S is contained 
in the closed ball. Therefore, the values of L on S are bounded. 

Exercise VII. 2. 14 Let L be a continuous linear map, and let \L\ denote 
the greatest lower bound of all numbers C such that \L(x)\ < C\x\ for all 
x e E. Show that the continuous linear maps of E into F form a vector 
space, and that the function L »-> \L\ is a norm on this vector space. 

Solution. The sum of continuous linear maps is continuous and linear, and 
cL is continous and linear whenever L is continuous and linear and c is a 
scalar. It is easy to verify that all the properties of a vector space hold, so 
the space of continuous linear maps is a vector space. 

We must show that | • | is a norm on the vector space of continuous linear 
maps. First note that 0 < \L\ < oo because L is continuous. If L = 0, then 
\L\ = 0. Conversely, suppose \L\ =0. Then for each x the inequality 

|L(x)| < e|x| 

holds for every c > 0. Letting e — ► 0 shows that L = 0. The second property 
of a norm holds because 
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|aL(a;)| = \L(ax)\ < C\ax\ = C|a||a;| 

and therefore C is a bound for L if and only if \a\C is a bound for aL. 
Finally, we prove the triangle inequality. Suppose \L{(x)\ < Ci\x\ for i = 
1,2, then 

\L!(x) + L 2 (x ) | < |Li(*)| + \L 2 (x)\ < Ci\x\ + C 2 \x\ = (Ci + C 2 )|*| 
and therefore |Li + L 2 \ < \Li \ + |L 2 |. 

Exercise VII.2.15 Let a < b be numbers , and let E = C°([a, 6]) be the 
space of continuous Junctions on [a, 6]. Let 1%: E — » R be the integral. Is 
I ^ continuous: (a) for the L l -norm; and (b) for the L 2 -norm on E? Prove 
your assertion. 


Solution, (a) Let f,g e E, and let e > 0. Suppose that |/ - p|i < e, then 


\I b a(f ) - I b a(9)\ < \I b (f ~9)\<f a I /(*) - 9(x)\dx = 1/ - gh < e, 

whence 1% is continuous for the Li-norm. 

(b) The integral is also continuous for the L 2 -norm because the Schwarz 
inequality gives 


l/-3li = / I f(x)-g(x)\dx 

J a 

< (/ 1 <tej \f(x) - g(x)\ 2 dx^j 


< C\f-g\ 2 . 


Exercise VII.2. 16 Let X be a complete metric space satisfying the semi- 
parallelogram law. (Cf. Exercise 5 of Chapter VI, §4-) Let S be a closed 
subset, and assume that given x\,x 2 G S the midpoint between x\ and x 2 
is also in S. Let v G X. Prove that there exists an element w G S such that 
d(v,w) — d(v,S). 

Solution. Let d = d(v, S). We assume that v £ S, otherwise choose v = w. 
Let {x n } be a sequence of points in S such that d(y,x n ) converges to d. 
We now show that { x n } is a Cauchy sequence. Let z mn be the midpoint of 
x m and x n . Applying the semiparallelogram law with x = v we get 

^ 2d(3Jyyi, v) H“ 2 d{xn^v) ^di^Zffixi , v) . 

By assumption, z mn G S so 4 d(z mn ,v) 2 > 4 cP and therefore 

d{x m ,x n ) < 2d(x m , v) + 2d(x n , v) —Ad , 

whence {x n } is Cauchy. Since X is complete, and S is closed, the sequence 
{x n } converges to an element w G S which verifies d(v,w) = d(v ) S). 
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VII.3 Limits in Function Spaces 

Exercise VII.3.1 Let / n (a ;) = x n /(l + x n ) for x > 0. 

(a) Show that f n is bounded . 

(b) Show that the sequence {f n } converges uniformly on any interval [0,c] 
for any number 0 < c < 1. 

(c) Show that this sequence converges uniformly on the interval x >b if b 
is a number > 1, but not on the interval x>\. 

Solution, (a) For x > 0, we have x n < 1 + x n so 0 < / n (x) < 1. 

(b) The sequence converges uniformly to 0 because 


x 


,n 


1 + X n 


< \x n \ < c n 


1 


1 


and c n — ► 0 as 7i — ► oo. 

(c) If x > b > 1 we estimate 

\fn( x ) ~ !| ~ j 1+x „| - j x jn _ 1 - b n - i 

so the sequence {/ n } converges uniformly to 1. 

For all x > 1 we have lim^oo fn(x) = 1 and /„( 1) = 1/2 for all n so the 
sequence {/ n } does not converge uniformly for x>l. 

Exercise VII.3. 2 Let g be a function defined on a set S f and let a be a 
number > 0 such that g(x) > a for all x G S. Show that the sequence 

- ng 
9n ~ l + rtff 

converges uniformly to the constant function 1. Prove the same thing if the 
assumption is that |p(x)| > a for all x e S. 

Solution. We prove the stronger result when |p(x)| > a > 0. The uniform 
convergence follows from the fact that for all large n we have 

l0n(z) 1| |i + n 0( x )| - n|p(x)| - 1 “ no- I* 

Exercise VII.3.3 Let f n (x) = x/(l -h nx 2 ). Show that {f n } converges 
uniformly for x e R, and that each function f n is bounded . 

Solution. For x > 0, x < 1 -h nx 2 (separate cases x < 1 and x > 1), and 
each f n is odd, so |/ n (^)| < 1 for all x and all n. 

By symmetry we can reduce the proof of uniform convergence for x > 0. 
We then have 

f ( x \ = 1 ~ na;2 

Jn() (1 + nx 2 ) 2 ’ 

so f n attains its maximum 1/(2 y/n) at x = l/y/n, thus |/ n (®)| < 1/(2 y/n) 
proving that the sequence converges to 0 uniformly on R. 
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Exercise VII.3.4 Let S be the interval 0 < x < 1. Let f be the function 
defined on S by f(x) = 1/(1 — x). 

(a) Determine whether f is uniformly continuous . 

(b) Letp n (x) = 1+aH \-x n . Does the sequence {p n } converge uniformly 

to f on S ? 

(c) Let 0 < c < 1. Show that f is uniformly continuous on the interval 
[0,c], and that the sequence {p n } converges uniformly to f on this interval 

Solution, (a) The function / is not uniformly continuous because if it were, 
then there would exist 0 < 6 < 1/2 such that | f(x) — f(y) | < 1 whenever 
\x -y\ < 6. Let y = 1 - 6 and suppose y < x < 1. Then for values of x 
close to 1 we see that \f(x) — f(y)\ > 1. 

(b) We know that p n (x) = (1 — x n+1 )/(l — x) so 

!»»<*> - 'Ml - 

For fixed n we have |x| n+1 /|l — x\ — > oo as x — > 1 so the sequence {p n } 
does not converge uniformly to / on S . 

(c) On [0,c], the function / has a bounded derivative, so / is uniformly 
continuous. Furthermore, we have the estimate 

r n+ 1 

|p« 0*0 - /0*0I < ; — -> 

1 — c 

so {p n } converges uniformly to / on [0,c]. 

Exercise VII.3.5 Let f n (x) = x 2 /{l+nx 2 ) for all real x. Show that the 
sequence {/ n } converges uniformly on R. 

Solution. For each n > 0 the function f n is even, positive, and differen- 
tiable on R with 

f ' ( x ) - 2x 

JnK) (1+ na; 2 ) 2, 

and f n (x) tends to 1/n as x — > ±oo. Therefore |/ n (x)| < 1/n which proves 
that {f n } converges uniformly to 0 as n — ► oo. 

Exercise VII.3.6 Consider the function defined by 

f(x) = lim lim (cosra!7ra;) 2n . 
m—*oo n— kx) 

Find explicitly the values of f at rational and irrational numbers . 

Solution. Suppose x = p/q , then for large m, m > 2|qf|, hence mlirx = 2irk 
for some k eZ thus f(x) = 1. 

If x is irrational, then | cos(m!7rx)| < 1 for all positive integers m so 

/(*) = o. 
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Exercise VII.3.7 As in Exercise 5 of §2, let 


' \l (.,»)- (0,0). 


Is f continuous on R 2 ? Explain , and determine all points where f is con- 
tinuous. Determine the limits 


lim lim fix, y) and lim lim fix, y). 

x — >0 y —+0 y —*0 x —*0 

Solution. The function / is continuous on R 2 - {0}. The only problem is 
at the origin and we have shown in Exercise 5, §2, that / is not continuous 
at the origin. However, lim y _ 0 /(x, y) = 1 and lim x _*o /(x, y) = 1 so 

lim lim f(x.y) = lim lim f(x.y) = 1. 

Exercise VII.3.8 Let S, T be subsets of a normed vector spaces. Let f : 
S — ► T and g: T —> F be mappings , with F a normed vector space. Assume 
that g is uniformly continuous. Prove: Given e, there exists 6 such that if 
f\: S —>T is a map such that ||/ - /i|| < 6, and pi : T — > F is a map such 
that || g - gill < e, then \\gof-gxo f x \\ < 2e. 

In other words , if f\ approximates f uniformly and g\ approximates g 
uniformly , then g\ o f x approximates go f uniformly. One can apply this 
result to polynomial approximations obtained from Taylor' s formula , to re- 
duce computations to polynomial computations , within a given degree of 
approximation. 

Solution. For x € S the triangle inequality gives 

1 9 ° f(x) - gi o /i(x) | < |p o /(x) -go /i(x)| + \g o f x (x) - pi o f x (x)\. 

Pick 6 such that if y,y\ € T and |y - yi | < 6, then |p(y) - p(yi)| < e. Apply 
this with y = /(x) and y\ = fi(x). Then the first term on the right is < c 
and the second term is also < e by the hypothesis that ||p — pi || < e. 

Exercise VII.3.9 Give a Taylor formula type proof that the absolute value 
can be approximated uniformly by polynomials on a finite closed interval 
[ — c, c]. First, reduce it to the interval [-1, 1] by multiplying the variable by 
c orc~ l as the case may be. Then unite |t| = Select 6 small, 0 < 6 < 1. 
If we can approximate (t 2 + 6) 1 / 2 , then we can approximate Vt 2 . Now to 
get (t 2 -I- 6) 1 / 2 either use the Taylor series approximation for the square 
root function, or if you don't like the binomial expansion, first approximate 

log (t 2 -I- 6) 1/2 = i log(t 2 + S) 

by a polynomial P. This works because the Taylor formula for the log con- 
verges uniformly for 6 < u < 2A — 6. Then take a sufficiently large number 
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of terms from the Taylor formula for the exponential function , say a poly- 
nomial Q, and use QoP to solve your problems. Cf Exercise 7 of Chapter 
V,§3. 

Solution. Given e, uniform continuity implies that there exists 6 which we 
select small such that for all t e [0, 1] we have 

|\Zt* — \/t 2 +8\ < 6. 

By the estimates given in Chapter 5, we see that the Taylor polynomial 
of y/l + X converges uniformly on— 1 + <5<X<<5. We then substitute 
X = t 2 + 6- 1. 

We can use Exercise 8, with / = | log, g = exp, and fi,gi their respective 
Taylor polynomials. The detailed proof runs as follows: by uniform conti- 
nuity on a closed and bounded interval [— C, C] where C is large positive, 
we see that there exists such that if \a—b\ < ci, then \e a — e b \ < e. By the 
uniform convergence of the Taylor polynomial for the log on [<5, 6 + 1] we see 
that given e\ there exists a polynomial P such that | ^ log X — ~P(X)\ < c\ 
(we have in mind X = t 2 + £). Thus 

e^iogx _ e |p(X)| <£ (VII.1) 

Similarly, the uniform convergence of the Taylor polynomial for the expo- 
nential on an arbitrarily large closed interval containing the origin, guar- 
antees the existence of a polynomial Q such that \e Y — Q(Y)\ < e. So 

e hP(x) _ Q(lp(X)) < e. (m2) 

Ji 

Combining equations (VII.1) and (VII.2) and subsituting X = t 2 + 8 we 
get 

V?+S ~ Q{\p(t 2 + S)) <2e. 

Exercise VII.3.10 Give another proof for the preceding fact, by using the 
sequence of polynomials {P n }, starting with Po(t) = 0 and letting 

Pn + l(t) = Pn(t) + l(t-P n (t) 2 ). 

Show that {P n } tends to \ft uniformly on [0, 1], showing by induction that 


0 <Vt-P n (t)< 


2y rt 

2 -f n\ft' 


whence 0 < y/t — P n (t) < 2 /n. 
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Solution. We prove by induction the inequalitites and the fact that P n (£) > 
0. Since 0 < y/t — 0 < y/t and Po(t) = 0 the assertion is true when n = 0. 
Assume the assertion is true for an integer n. Since 

Vt - Pn+l(t) = (Vt~ P»(t)) (l - \(Vt + P n (t))j 

and P n (t) < y/t we have 


i(v/£ + P n (0)<>/t<l, 

so 0 < y/t — P n +i(t). Furthermore, if P„(t) > 0, then 0 < P^(t) < t which 
implies P n +i(t) > 0. Finally, for the second inequality note that 

l-j(Vi+Pn(i>)<l-^, 

so 

But 

2 Vt / _ Vt\ _ 2 Vt 2(2 + n\ft) — (n + l)t 

2 + ny/t \ 2 / 2 + (n + l)\/t 2(2 + n\/i) 


so the inequality drops out. 



VIII 

Compactness 


VIII. 1 Basic Properties of Compact Sets 

Exercise VIII. 1.1 Let S be a compact set Show that every Cauchy se- 
quence of elements of S has a limit in S . 

Solution. Let {x„} be a Cauchy sequence. This sequence has a subsequence 
{x„ fc } which converges to some x in S . Given e > 0, there exists positive 
integers N and M such that for all n,m > N we have \x n — x m \ < e and 
such that for all A; > M we have \x nts —x\ < e. Select k such that k > M 
and nk > N. Then for all n> N we have 


\x n #| ^ \x n #njfe| l^nfc %\ ^ 2c. 

Exercise VIII. 1.2 (a) Let Si, , S m be a finite number of compact sets 
in E. Show that the union Si U • • • U S m is compact 
(b) Let {Si}ie/ be a family of compact sets . Show that the intersection 
Hie/ Si ™ compact- Of course , it may be empty . 

Solution, (a) We prove the result for two sets. Let S be an infinite subset 
of S 1 US 2 . Assume that SflSi is infinite (if not, then SflS 2 must be infinite 
and the argument is the same) so that S O Si has a point of accumulation 
in Si. Therefore S has a point of accumulation in Si US 2 . By induction we 
conclude that Si U • • • U S m is compact. 

(b) Let S be any member of the family. Then Hie/ Si is a closed subset of 
S and is therefore compact by Theorem 1.2. 
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Exercise VIII. 1.3 Show that a denumerable union of compact sets need 
not be compact 

Solution. Each interval I n = [— n, n] is compact but the union |J„ I n is 
unbounded and therefore not compact. 

Exercise VIII. 1.4 Let {x„} be a sequence in a normed vector space E 
such that {a; n } converges to v . Let S be the set consisting of all x n and v . 
Show that S is compact 

Solution. Let {v*} be a sequence in S . If there are infinititely many fc’s 
such that Vk is equal to the same element of S , then {vk} has a converging 
subsequence in S . If one element of S is not repeated infnitely many times 
in {vk}> then we can find a subsequence of {vk} which is a subsequence of 
{x n } and which therefore converges to v in S. 


VIIL2 Continuous Maps on Compact Sets 

Exercise VIII.2.1 Let S CT be subsets of a normed vector space E. Let 
f :T — ► F be a mapping into some normed vector space . We say that f is 
relatively uniformly continuous on S if given e there exists 6 such that 
whenever x e S, y e T, and \x - y\ < 6, then \f(x) - f(y)\ < e. Assume 
that S is compact and f is continuous at every point of S . Verify that the 
proof of Theorem 2.3 yields that f is relatively uniformly continuous on S. 

Solution. Suppose that / is not relatively uniformly continuous on S. Then 
there exists an e > 0 and for each positive integer n there exists x n G S and 
y n € T such that \x n — y n \ < 1/n but \f(x n ) — f(y n ) | > e. There exists an 
infinite subset J\ of Z+ and a v e S such that x n — > v as n — > oo, n € J\. 
The inequality 

|v — y«| < |v-Zn| + |a:„-y„| 

implies that y n — > v as n — ► oo, n £ J\. Then the continuity of / at v 
implies that \f(x n ) — f(y n ) | approaches 0 as n — ► oo, n G Ji, which gives 
us the desired contradiction. 

Exercise VIII.2.2 Let S be a subset of a normed vector space. Let f : S — ► 
F be a map of S into a normed vector space. Show that f is continuous on S 
if and only if the restriction off to every compact subset of S is continuous. 
[Hint: Given v e S, consider sequences of elements of S converging to v.] 

Solution. Suppose the restriction of / to every compact subset is con- 
tinuous. Let v e S and consider a sequence {x n } which converges to v. 
Then the subset T = {v,xi,...,x n ,...} of S is compact and therefore 
lim n _>oo f(x n ) = f(v). This proves that / is continuous on S. 

The converse is clear. 
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Exercise VIII.2.3 Prove that two norms on R n are equivalent by the 
following method . Use the fact that a continuous function on a compact set 
has a minimum . Take a norm to be the function , and let the compact set 
be the unit sphere for the sup norm . 

Solution. Suppose that we want to show that the norm | • |i is equivalent to 
the sup norm | • |oo. Equip R n with the sup norm. The function f(v) = Mi 
is continuous because 


IMi - |j/|i| < |x - yh < C \x - y\oo, 


where C = ]C£=i l c »|i- The unit sphere is compact for the sup norm, there- 
fore / attains its minimum and maximum, say at x and y, respectively. 
Then 

Mi < Mi < Mi. 


Given any v G R n , v^Owe have |v/Moo|oo = so ^ we = Mi an d 

Ci = |y|i we obtain 


Ci< 


v 

Moo 


<c 2 

1 


which implies 


ClMoo - l v ll ^ C 2 \v\oo 


Exercise VIII.2. 4 (Continuation of Exercise 1, Chapter VII \ §2). Let 
E = K k and let S be a closed subset of R fc . Let v G R fc . Show that there 
exists a point w G S such that 


d(S,v) = \w - v\. 

[Hint: Let B be a closed ball of some suitable radius , centered at v, and 
consider the function xh \x — v\ for x G B fl S.] 

Solution. Consider a closed ball centered at v of radius large enough so 
that B D S is not empty. Since E = R fc , and B fl S is closed and bounded, 
we conclude that BC\S is compact. The function defined by f v (x) = \x — v\ 
is continuous, and therefore f v has a minimum on Bn S. 

Exercise VIII.2.5 Let K be a compact set in K k and let S be a closed 
subset of H k . Define 


d{K, S) = glb x6ifi „ 6S |x - y| . 

Show that there exist elements xq e K and yo G S such that 


d(K, S) = |x 0 - l/o|- 


[Hint: Consider the continuous map x t— > d(S, x) for x 6 K.] 
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Solution. The function defined by f(x) = d(x, S) is continuous (Exercise 
1, §2, of Chapter 7) and Theorem 2.2 implies that for some Xo G K, the 
function / attains its minimum. Exercise 4 implies that there exists yo £ S 
such that f(x o) = |xo - l/o|- Then d(K,S) = \xo - yo|- Indeed, < 

\x - y\ for all x G K and y G S, thus f{x o) < d(K, S ) and the reverse 
inequality, d(K, S) < f(x o) is obvious. 

Exercise VIII.2.6 Let K be a compact set , and let f : K — ► K be a 
continuous map. Suppose that f is expanding, in the sense that 

\f(x) - f(y)\ > \x - y\ 


for all x,y G K. 

(a) Show that f is injective and that the inverse map f~ l : f(K) — ► K is 
continuous. 

(b) Show that f(K) = K. [Hint: Given xo G K, consider the sequence 
{/ n (a?o)}, where f n is the n-th iterate of f. You might use Corollary 2.3.] 

Solution, (a) If f(x) = f(y), then 0 > \x — y\ so x = y. The inverse 
function is continuous because 

I* ■ - v\ = I fif-H*)) - f{r\y))\ > I r\x) - r\y)V 

(b) Suppose there exists x G K such that x £ f{K). Since f{K) is com- 
pact, Exercise 5 implies that d(f(K),x) = d > 0. Let Xo = x and define 
the sequence {x n } by x n +i = /(x n ). Since K is compact, there exists a 
subsequence {x nfc } which converges in K. So there exists m G N such that 
l x n m +i — x„ m | < d/2. We can write x„ m+1 = x p and x„ m = x q for some 
positive integers p , q with p> q. Then 

|*n m+1 -XnJ = \f(x p -l) - /(a:,_i)| > \x p -i - 
and therefore repeating the process we obtain 

|#n m +i — ®n m | ^ l^p-l — x q- 1| ^ * * * ^ \ x p-q ®o| ^ d, 

and the last inequality holds because x p - q belongs to f{K). We get a 
contradiction which proves that f(K) = K. 

Exercise VIII.2.7 Let U be an open subset of R n . Show that there exists 
a sequence of compact subsets Kj of U such that Kj C Int(/fj+i) for all 
j, and such that the union of all Kj is U. [Hint: Let Bj be the closed 
ball of radius j, and let Kj be the set of points x G U fl B j such that 
d(x,dU) > 1/j.] 

Solution. Define Kj as in the hint. Let f(x) = d(x, dU) so that / is a con- 
tinuous function on R n . Since [1/j, oo) is closed, it follows that /" 1 ([l/j, oo)) 
is closed, namely, the set of all x G R n such that d(x,dU) > 1/j is closed. 
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Hence its intersection with the closed and bounded set U D Bj is compact, 
so Kj is compact. As for various inclusions, we have 

Kj C {xeUDBj+i such that d(x,dU) > l/(j + 1)} (VIII.l) 
C {xeUHBj+i such that d(x,dU) > l/(j + 1)} (VIII.2) 
= K j+l . (VIII.3) 

Again, since / is continuous, the set on the right of the first inclusion is 
open because it is the intersection with U D Bj + 1 with the inverse image 
under / of the open interval (l/(i -I- l),oo). Hence (VIII.l) shows that 
Kj C Int(f7) and (VIII.2) shows that Kj C Int^+i). Finally we show 
that the union of all the Kj is equal to U . Observe that every point of U 
is at distance > 0 from the boundary of U because the boundary is closed. 
Pick j such that 1/j < d(x,dU) and |x| < j, so by definition we have 
x e Kj, which concludes the proof. 


VIII.4 Relation with Open Coverings 

Exercise VIII.4. 1 Let {U \, . . . , U m } be an open covering of a compact 
subset S of a normed vector space . Prove that there exists a number r > 0 
such that if x,y G S and \x — y\ < r, then x and y are contained in Ui for 
some i. 

Solution. Suppose that such a number r does not exists. Then for each n 
there exists a point x n € S such that Bi/ n (x n ) is not contained in Ui for 
any i. There exists a subsequence {x nfc } of {x n } which converges to x. Pick 
m' such that x € U m t. Since U m > is open, there exists a positive integer N 
such that Bi/ n (x) C U m >. We can find p such that for all A; > p we have 
\ x n k — x\ < 1/2 AT. Then for k > max(p,2AT) we have Bi/ nk (x nk ) cC/^.a 
contradiction. 

Exercise VIII.4.2 Let be a family of compact subsets of a normed 

vector space E. Suppose the intersection f| i€ j Si is empty. Prove that there 
is a finite number of indices i \, . . . , i n such that 

Si x H • • • H Si n is empty. 

This is the “dual” property of the finite covering property. 

Solution. Let S be one member of the family. Let Ui = Sf, so that Ui 
is open. Then by hypothesis, the family {Ui} covers S, whence a finite 
number Ui x ,..., Ui n covers S by Theorem 4.2, that is S C Ui x U • • • U Ui n . 
Taking complements shows that Si x fl • • • H Si n C S c , so the intersection 
S fl Si x fl • • • fl Si n is empty, as was to be shown. 
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Exercise VIII.4.3 Let S be a compact set and let R be the set of contin- 
uous real valued functions on S . Let I be a subset of R containing 0, and 
having the following properties : 

(i) If f,ge I, then f + gel. 

(ii) If f e I and he R, then hf e /. 

Such a subset is called an ideal of R. Let Z be the set of points x e S such 
that f(x) = 0 for all f el. We call Z the set of zeros of I . 

(a) Prove that Z is closed , expressing Z as an intersection of closed sets . 

(b) Let f e Rbe a function which vanishes on Z , i.e. f(x) = 0 for all x eZ. 
Show that f can be uniformly approximated by elements of L [Hint: Given 
e, let C be the closed set of elements x e S such that \ f(x)\ > e. For each 
x £ C, there exists gel such that g(x) ^ 0 in a neighborhood of C. Cover 
C with a finite number of them , corresponding to functions g \ y . . . ,£ r . Let 

g = g\-\ h g%- Then gel . Furthermore , g has a minimum on C , and 

for n large , the function 

f rig 
1 1 + ng 

is close to f on C , and its absolute value is < e on the complement of C 
in S. Justify all the details of this proof] 

Solution, (a) Given / e /, let X/, n = {x e S : \f(x)\ < 1/n}. Since 
/ is continuous Xf yH is closed. So Z(f) = dowel and Z = 

n /G/ Z{f) is also closed. 

(bj If x e C, then x ^ Z, so we can find a function gel such that g(x) ^ 0. 
By continuity, g is non-zero in a neighborhood V x of x. Then Uxec V» is 
an open covering of C from which we can select a finite subcovering of 
C because C is compact. Let gu • • • , 9r be the functions corresponding to 

the finite subcover, and let g = g\ H 1 - g*. The function g belongs to I 

because of properties (i) and (ii). Furthermore, g is continuous on C, it is 
> 0 and nowhere 0, otherwise g\(y) = • • • = g r (y) = 0 for an element y E C 
where y belongs to one of the sets of the subcover. This is a contradiction. 
The function g attains a minimum a > 0 on C. Consider the function 

ng 

1 4- ng 

This function belongs to I and Exercise 2, §3, of Chapter 7 implies that 
ng/(l -|- ng) tends uniformly to 1 on C. Thus 

f ng 
1 1 + ng 

which belongs to / tends uniformly to / on C, so for all large n we have 


f-f 


ng 

1 + ng 


< €. 
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On the complement we have the estimate 


f-f 


ng 

1 + ng 


< 1/1 + 


f ng 

1 1 + ng 


< 2e. 
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Series 


IX.2 Series of Positive Numbers 

Exercise IX.2.1 (a) Prove the convergence of the series £ l/n(logn) 1+c 
for every e > 0. 

(b) Does the series 53 1/nlogn converge? Proof? 

(c) Does the series 53 l/n(logn)(loglogn) converge? Proof? What if you 
stick an exponent of 1 + e to the (log log n) ? 

Solution, (a) We have / 2 °° l/x(log x) 1+e dx < oo because 



1 

x(logx) 1+c 


dx = 



> 


so the series J3 l/rc(logn) 1+c converges. 

(b) The integral test shows that the series diverges. Indeed, 



1 

a: log a: 


dx = [log log x]B = log log B — log log 2 


00 


as B — ► oo. 

(c) Again, the integral test shows that the series diverges, 



1 

a;(loga;)(logloga;) 


dx = [log log log x]f = log log log B — log log log 3 


and this last expression — ► oo as B — ► oo. 
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For any e > 0, the series ^ l/n(logn)(loglogn) 1+c converges because 

Js *(loga:)(logloga:) 1+6 ^ a: — [ 7( loglogx ) 3 ’ 

Exercise IX.2.2 Let ^ a n be a series of terms > 0. Assume that there ex- 
ist infinitely many integers n such that a n > 1/n. Assume that the sequence 
{a n } is decreasing. Show that ^ a n diverges. 

Solution. Let E = {n € N : o n > 1/n}. Then E is unbounded. Let no = 1 
and let rij+i be the smallest integer in E such that nj + 1 > 2 nj. Then using 
the fact that {a n } is decreasing we conclude that for every positive integer 
m we have 

n m m i m .. 

X! 0fc - H 1 - o- 

k=l j=l n i j = 1 L 

But nj — ► oo as j — ► oo whence the partial sums are unbounded, and the 
series diverges. 

Exercise IX.2.3 Let a n be a convergent series of numbers > 0, and 
let {61,62,63 ,...} be a bounded sequence of numbers. Show that 5^a n 6 n 
converges. 

Solution. Let B be a bound for the sequence {6 n }. Given e > 0, there exists 
a positive integer N such that for all n > m > N we have 0 < J2k= m + 1 ak — 
e/B. Furthermore, we have |a n 6 n | < B|a n |, so for all n > m > N we have 

n n 

y akh < < e • 

fc=m+l k=m + 1 

Thus the partial sums of 5^o n 6 n form a Cauchy sequence, as was to be 
shown. 

Exercise IX. 2. 4 Show that J^(log n)/n 2 converges. If s > 1, does 
XX log n) 3 /n a converge ? Given a positive integer d } does ^ (log n) d /n a con- 
verge? 

Solution. Let s = 2 in the text. Now we prove the general result. Let d be 
a positive integer, and write s = 1 + 2e with e > 0. Then 

(log n) d _ 1 (log n) d 

n 1+2c n 1+c n c * 

and for all large n we have (log n) d < n e whence we conclude that the series 
J](log n) d /n 8 converges. 

Exercise IX.2.5 (a) Let n\ = n(n — l)(n — 2) • • • 1 be the product of the 
first n integers. Using the ratio test , show that ^ 1/n! converges. 

(b) Show that J^l/n n converges. For any number x, show that £ x n /n\ 
converges and so does J^x n /n n . 
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Solution, (a) Let a n = 1/n!. For all n > 1, a n +i < \a n because 

Qn+i = l/(n + l)! _ 1 

a n 1/n! n + 1 ' 

(b) Since n n > n! the comparison test implies that J2 l/n n converges. 

Suppose x > 0 and let a n = x n /n\. Then a n +i/a n = x/(n + 1) which 
tends to 0 as n —► oo, so the ratio test implies the convergence of the series 
I> n /n!. 

If x < 0, let a n = |x| n /n! and b n = (— l) n . Exercise 3 implies the 
convergence of the series ^2 x n /n\. 

Finally, if x = 0, then ^ x n jn\ = 0. 

Note that for x > 0, the series ^2 x n /n n converges, and this result also 
holds for x < 0. 


Exercise IX.2.6 Let k be an integer > 2. Show that 

£ 1/n 2 < l/(fc - !)• 

n=k 

Solution. Using an upper sum estimate, as in the integral test, we find 
that 

_1_ f°° dx _ 1 

n 2 < J k _ x x 2 k - 1* 

We could also argue as follows. For each n > 2 we have n 2 > n(n — 1), so 
for all m > k we obtain 



m 1 m - m 1 1 

1 ^ 1 1 1 

h k n ( n - x ) = h ^ ” » 


n=fc n=fc 

Letting ra — ► oo we see that 


JL 

A: — 1 m‘ 



Suppose that for some A, this last inequality is an equality. Then we have 


OO 1 OO 1 

^ n 2 ^ n(n — 1) ’ 

n=k n=k v 7 


which implies 


But l/n(n — 1) - 1/n 2 > 0 for all n, so we get a contradiction. We conclude 
that the inequality is always strict, that is 



y ( 1 — 

“\n(n— 1) n 2 

n=k N v 7 
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£s> <>/(*-!), 

n=fc 

for all k > 2. 


Exercise IX.2.7 Lei £ a 2 and 22 &n converge, assuming a n > 0 and b n > 
0 for all n. Show that 22 a n 6 n converges . [Hint: Use the Schwarz inequality 
but be careful: The Schwarz inequality has so far been proved only for finite 
sequences] 

Solution. For each integer m > 0, consider the m-tuples (oi, . . . , a m ) and 
(&i , . . . , b m ). The standard inner product in R m and the Schwarz inequality 
imply 



so the partial sums are bounded. 


Exercise IX.2.8 Let {a n } be a sequence of numbers > 0, and assume that 
the series 22 a n /n 8 converges for some number s = Sq. Show that the series 
converges for s > So. 

Solution. If s > so, then 1/n 9 < l/n 9 ° so ^a n /n a converges by compar- 
ison with 22 a n/ n9 °- 

Exercise IX.2.9 Let {a n } be a sequence of numbers > 0 such that 22 a n 
diverges. Show that: 

diverges. 

- converges. 

sometimes converges and sometimes diverges. 

(d) £ sometimes converges and sometimes diverges. 

Solution, (a) Suppose the series 22 ■ffSl converges. There is some no such 
that for all n > no we have 


(a)22 


On 


WEril 


0< 


On 

1 -h a„ 



Since a n = b n / (1 — b n ) we conclude that for all n > no, 0 < a n < 2b n which 
implies the convergence of 22 a n- This gives us the desired contradiction, 
(b) The series 22 i+?3an conver 6 es because 


0 




a n 


-|-n 2 an < n 2 ’ 


(c) If we put a n = 1, then 22 Tfnd diverges. Suppose a n = 1 whenever 
n is a perfect square, i.e. y/n e Z+ and a n = 0 otherwise. Then 22 i+na ^ 
converges. 
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(d) If we put o n = 1, then ^ diverges. Choose a number c > 1 and 
let o n = c n . Then 

an < 1 _ 1 

1 + a£ “ O n C n * 

so 2 T+a? converges by comparision to the geometric series. 

Exercise IX.2.10 Let {o n } be a sequence of real numbers > 0 and assume 
that lim o n = 0. Let 

n 

IK* + a k) — (1 -I- ai)(l + 02 ) • • • (1 + a n ). 
k= 1 

We say that the product converges as n — > 00 if the limit of the preceding 
product exists, in which case it is denoted by 

00 

JJ(l + afc). 
k= 1 

Assume that ^ a n converges . Show that the product converges. [Hint: Take 
the log of the finite product, and compare log(l + a*) with a* . Then take 
exp./ 

Solution. Taking the log of the partial product we obtain J2k = 1 log(l+afc). 
But log(l + a* ) < ak, so El°g(l + a*) converges. The exponential map is 
continuous and 


exp (ii io s( i + o *)) =n( i +°fc). 

\fc=i / fc=i 

so the infinite product converges. 

Exercise IX.2.11 (Decimal Expansions) (a) Let a be a real number 
with 0 < a < 1. Show that there exist integers a n with 0 < a n < 9 such 
that 

00 

y- On_ 

Z-j l 0 n 

The sequence ( 01 , 02 ,...) or the series ^o n / 10 n is called a decimal ex- 
pansion of a. [Hint: Cut [0, 1] into 10 pieces, then into 10 2 , etc.] 

(b) Let a = £fel m afc/10* with numbers o* such that (a*! < 9. Show that 

H < i/io^ 1 ” 1 . 

(c) Conversely, let {a*} be integers with |a*| < 9, a k ^ ±1 for all k. Let 
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Suppose that \a\ < 1/10^ for some positive integer N. Show that ak = 0 
for k = 1, . . . ,N — 1. 

(d) Let ot = YlkLi a k/l® k = £fcLi W10* with integers ai^bk such that 
0 < a* < 9 and 0 < 6* < 9. Assume that there exist arbitrarily large k such 
that ak ^ 9 and similarly bk ^ 9. Show that ak = bk for all k. 

Solution, (a) Cut up the interval [0, 1] in 10 equal segments of length 1/10, 
namely, let 



Pick j such that a G Ij , and let ai = j. Then |a — ai| < 1/10. Then cut 
up the interval in 10 , namely consider 

j2 = [ai . 3 £i , i + t ] 

j [lO 10 2 ’ 10 10 2 J 

for j = 0, . . . , 9. Pick j such that a G / 2 , and let 02 = j. Then 


a — + 

V10 


0>2 

10 2 


)i* 


1 

10 2 * 


Proceeding by induction we get a sequence ( 01 , 02 , . . .) such that 0 < a n < 9 
and such that 

m 

a-Y 

IQn 

n=l 



Hence a = ^a n /10 n . 

(b) The inequality follows from 


00 


k=m 


9 

io m 



and the fact that YlkLo 1/10* = 10/9. 

(c) Write a = YlkLm °fc/ 10* with a m ^ 0 and m < JV — 1. Then 

|om|<|10 m a-o m | + |10 m a|. 


On the one hand, we have 

<• l°m+fcl < 9 1 _ , 

“ 10 * - 10 1 - 1/10 

and on the other hand, we have 


|10 m c* - Oml = 


OO 

k=l 


io fe 


|10 m a| < lO^-^aj < 
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Hence \a m \ < 1 -f 1/10 and since a m ^ ±1 by assumption, we conclude 
that a,k = 0 for k = 1 , . . . , N — 1 . 

(d) We prove the result by induction. The assumption implies that for 
arbitrarily large k we have \ak — bk\ < 9 so 


a l ~~ &i 
10 


oo 

E 

h = 2 


Ofc — h 


10 fc 


V'-L = 1 

< ^ 10 * 10 


k=2 


and therefore, |oi — 6i| < 1 which implies a\ =b\. Suppose a* = 0 for all 
0 < k < n, then 


a n +l “ &n+l 


00 u 

a k ~ f>k 

00 

< E 

k=n+2 

9 

1 

10 n+1 


u n 10 fc 

k=n+2 

10* “ 

' 10 n + 1 


and therefore a n . n = 6 n +i- 

Exercise IX.2. 12 Let S be a subset of R. We say that S has measure 
zero if given e there exists a sequence of intervals {J n } such that 

oo 

y^length(J n ) < e, 

n= 1 


and such that S is contained in the union of these intervals. 

(a) If S and T are sets of measure 0 , show that their union has measure 0. 

(b) If Si, S 2 , • • • is a sequence of sets of measure 0 , show that the union of 
all 

Si(i = 1,2,...) 

has measure 0. 


Solution, (a) Special case of (b). 

(b) For each z, we can find a sequence of intervals {Ji >n }%Li which cover 
Si and such that £~ =1 lJi.nl < c/2 4 . Then (J~i l£Li Kn covers (J~i 
Moreover, 

00 00 00 

i=l n=l i=l 

Conclude. 


Exercise IX.2. 13 (The Space t 2 ) Lett 2 be the set of sequences of num- 
bers 

X = (# 1 , &2) • • • ) • • •) 


such that 


00 



n=l 


converges. 
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(a) Show that t 2 is a vector space . 

(b) Using Exercise 7, show that one can define a product between two ele- 
ments X and Y = ( 2 / 1 , 2 / 2 , • • •) by 


(X,Y) = 

n=l 

Show that this product satisfies all the conditions of a positive definite scalar 
product , whose associated norm is given by 

IWIl = E4. 

(c) Let Eo be the space of all sequences of numbers such that all but a finite 
number of components are equal to 0 , i.e. sequences 

X = (xi,x 2 ,...,x n , 0,0,0,...). 

Then Eo is a subspace oft 2 . Show that Eo is dense in t 2 . 

(d) Let {A*} be an P-Cauchy sequence in Eq . Show that {A*} is t 2 - 
convergent to some element in t 2 . 

(e) Prove that t 2 is complete. [Cf. Exercise 6 of Chapter VII, §i./ 

Solution, (a) In t 2 define addition and scalar multiplication component- 
wise. If A, Y £ E, then X + Y € E because the Schwartz inequality implies 

m m 

0 < + J/„) 2 = ^4 + yl +2x n y n 

n=l n=l 

< + E* ■ *■ 2 (E*)' 1 / 2 (E^) V2 < »• 

and clearly, cX e E. The zero element is simply 0 = (0, 0, . . .) and belongs 
to E and A + (—A) = 0, so we conclude that E is a vector space. 

(b) The product (*,•): E x E — > R is well defined because by Exercise 7 we 

know that if x n 2 2 in converge, then so does |® n ||2/n|- We contend 

that this product is a positive definite scalar product. The linearity prop- 
erties follows from standard properties of the real numbers and because of 
the theorems on limits. If A = 0, then clearly, (A, A) = 0, and conversely, 
if (A, A) = 0, then x\ = 0 which implies x n = 0 for all n hence A = 0. 
So the scalar product is postitive definite. The associated norm is given by 

prill = <*.*> = £4- 

(c) It is clear that Eq is a subspace of t 2 . We contend that this subspace 
is dense in t 2 . Let A = (xi,X 2 , . . .) G fi and let c > 0. The series 
converges, so for some N we have 

E 4<- 

n=JV+ 1 
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If we let Y = (zi,a;2,...,a;jv,0,0, ...), then Y € Eo and \\X - Y\\ 2 < e. 
This proves our contention. 

(d) Let X n = {x n j}j^i. Then given e > 0, there is a positive integer N 
such that for all n, m > N we have \\X n — X m \\2 < e. This implies that for 
each j, the sequence of real numbers {a; n ,j}£L i is Cauchy and therefore, it 
converges to a real number which we denote by yj. Let Y = {yj}JLv We 
contend that Y G and that X n converges to Y in the ^ 2 -norm. For each 
positive integer M and all n, m > N we have 

M 

^ ] I x nJ ~ XmJ | 2 < £ 2 1 
3 - 1 


so letting m — ► oo we get 


M 

j-i 

Therefore, for all n > iV we get that ||X n — F||2 < e. Moreover, 
k k 

yi bil 2 ~ 1%’ ” 

j=l j=l 

k 

< \\X n - Y || 2 + ||X n || 2 + 2^ | Vi - X nii ||x n>i | 

j=i 

so Exercise 7 implies that Y e£ 2 . 

(e) Immediate consequence from (d) and Exercise 6, §1, of Chapter 7 (al- 
though you should note that (d) applies directly because we never assumed 
that { X n } was in i?o-) 

Exercise IX.2.14 Let S be the set of elements e n in the space £ 2 of Ex- 
ercise 13 such that e n has component 1 in the n-th coordinate and 0 for all 
other coordinates. Show that S is a bounded set in E but is not compact. 

Solution. For all n we have ||e n ||2 = 1, so the set S is bounded. However, 
if n 7^ m, then ||e n — e m \\ 2 = 2 so the sequence {e n } has no converging 
subsequence. Thus S is not compact. 

Exercise IX.2. 15 (The Space t l ) Let i l be the set of all sequences of 
numbers X = {a; n } such that the series 

f>«i 

n=l 

converges. Define ||X||i to be the value of this series. 
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(a) Show that £ l is a vector space . 

(b) Show that X •-+ ||X||i defines a norm on this space . 

(c) Let Eq be the same space as in Exercise 13(c ) . Show that Eo is dense 
in £ l . 

(d) Let { Xi } be an £ l -Cauchy sequence in Eo . Show that {X*} is £ l - 
convergent to an element of £ l . 

(e) Prove that £ l is complete . 

Solution, (a) Define addition and scalar multiplication componentwise. 
The triangle inequality and the theorems on limits imply that if X, Y E i 1 , 
then X + Y E £ l and if c is a scalar, then cX E £ l . Hence E is a vector 
space. 

(b) The function || • ||i is a norm. Indeed, ||0||i = 0 and if ||X||i - 0, 
then 2l x n| = 0 which implies x n = 0 for all n, hence X = 0. Clearly, 
||cX||i = |c|pf||i. For the triangle inequality we simply have on the partial 

sums ^ n N 

£ l*» + Vn\ < £ l*»l + E \Vn\ Z ll^lll + ll y lll- 

n=l n= 1 n=l 

Letting N —> oo gives the desired inequality, and we conclude that || • ||i is 
a norm on £ l . 

(c) Given e > 0 and X E £ x , there exists N such that Y1™==n+i \ x n\ < e, 

so if we let Y = (rri,a; 2 , • • • 0, . . .) we get \\X — Y\\i < e. Thus Eo is 

dense in £}. 

(d) Suppose X n = {x n j}JLi 1S a Cauchy sequence. Then given e > 0, there 
is a positive integer N such that for all n,m> N we have \\X n — X m ||i < e. 
This implies that for each j, the sequence of real numbers {x n jKJL i Is 
Cauchy and therefore converges to a real number which we denote by yj. 
Let Y = {yj} < ^ =1 . We contend that Y E £ l and that X n converges to Y in 
the £ 1 -norm. For each positive integer M and all n,m> N we have 

M 

y! I x n t j — Xm,j | < €, 

i= i 

so letting m — ► oo we get 

M 

y I x n,j ~ Uj I ^ c - 
i= i 

Therefore, for all n > iV, we get that \\X n — Y\\i < e. Moreover Y E £ l 
because 

MM M 

E Iwl £ E \Vi - X »j\ + E M * W X » ~ y lll + ll^nlll, 

i= i i= i 3 - 1 

for all M > 1. 

(e) Immediate from (d) and Exercise 6, §1, of Chapter 7. 
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Exercise IX.2.16 Let {a n } be a sequence of positive numbers such that 
^2 a n converges . Let { a n } be a sequence of seminorms on a vector space E . 
Assume that for each x € E there exists C(x) > 0 such that a n (x) < C(x) 
for all n. Show that 52 a n&n defines a seminorm on E. 

Solution. Let a(x) = 52 a n^n(x). For each x € E we have cr(x) = 
C(x)52 a n so a(x) is well defined. Since a n (x) > 0 for all x and all n 
we see that <j(x) > 0 for all x € E. Furthermore 

M M 

^2(a n a n (x + y)) < ^(a n < r„(x) + a n a n (y)) < a(x) + a(y) 

71= 1 71=1 

so letting M — > oo we obtain the triangle inequality. Finally, the property 
a(cx) = \c\<j(x) follows from 

MM M 

'Y^a n a n [fix) = ^o„|c|<r n (x) = |c| ^o n <r„(x) 

71=1 71=1 71=1 

and letting M — ► oo. 

Exercise IX.2.17 (Khintchine) Let f be a positive function , and as- 
sume that 

oo 

£/<«> 

9=1 

converges. Let S be the set of numbers x such that 0 < x < 1, and such 
that there exist infinitely many integers q,p > 0 such that 

x- p - <M. 

Q Q 

Show that S has measure 0. [Hint: Given c, let qo be such that 

/(«) < e - 

Q>Qo 

Around each fraction 0/q , 1 /q , . . . , q/q consider the interval of length f(q)/q. 
For q > qo, the set S is contained in the union of such intervals....] 

Solution. Given e, let qo be such that 52 q > qo f(o) < e - For each q > qo 
consider the intervals of length 2 f(q)/q centered at 0/q, 1/q, . . .,q/q. Let 
U be the union of all such intervals. Then, given any x € S y there exist 
q > qo and an integer p with 0 < p < q, such that 
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so S' is contained in 17, and the sum of the length of the intervals is bounded 

by 

2 ( g + l)M<£4 9 M <4e . 

Q>Qo ^ Q>Qo Q 

Exercise IX.2.18 Let a be a real number . Assume that there is a number 
C > 0 such that for all integers q > 0 and integers p we have 




> 


C 

q' 


Let ip be a positive decreasing function such that the sum V>( n ) con ' 
verges . Show that the inequality 



<rp{q) 


has only a finite number of solutions . [Hint: Otherwise , ip(q) > C/q for 
infinitely many q. Cf Exercise 2 .] 

Solution. Suppose that the inequality \a— p/q\ < ip(q) has infinitely many 
solutions. Then C/q < | a — f | < ^(q) f° r infinitely many q. Exercise 2 
implies that the series ^2ip(q)/C diverges, a contradiction. 


Exercise IX.2.19 (Schanuel) Prove the converse of Exercise 18. That 
is, let a be a real number. Assume that for every positive decreasing function 
ip with convergent sum ^2ip(n), the inequality \a — p/q\ < %p(q) has only 
a finite number of solutions. Show that there is a number C > 0 such that 
\a — p/q\ > C/q for all intergers p, q with q > 0. [Hint: If not, there exists 
a sequence 1 < q\ < q 2 < • • • such that 




Let 


</,(*) = 


Solution. Suppose the conclusion of the exercise is false. Then for each 
integer i > 1, there exists a pair of integers with > 0 such that 


\ot — Pi/ q.\ < 1/(2**). 


We now show that we can choose the q^s such that 1 < qi < < * • *• To 

do so, it suffices to prove the following lemma: 

Lemma. For each i, there is infinitely many choices of q > 0 such that 
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a 


P 

Q 


< 


2V 


for some p (which depends on q). 

Proof. Suppose that for some i, there is only finitely many choices. Then, 
since a is irrational, there exists 6 > 0 such that if \a — p/q\ < 6 , then 


P 

a 

Q 


2 V 


Select k such that k > i and l/2 fc < 6. By assumption, there exists p\q f 
with q[ > 0 such that 


q' 


<2V< 5 ’ 


so |a — p r /q*\ > 1/(2* q'). We choose k > i so 

1 


2 i q t 


„ P' 

(X 

q' 


l l 
< 2 k q' < 2V 


and this contradiction proves the lemma, and shows that for each i we can 
find a pair (Pi,q%) with Qi > 0 such that 


l« -Pi/qA < 1 /(2’ft) and 1 < qi < 92 < 


Now let 

ip{t) = f' 

Then ^( t ) < e^(l/2*) < oo, -0 is positive and decreasing because t »-> e~ l 
is decreasing. Furthermore, 




6 C -H/H = ^ 

2 j qj 2 iqj 


for all j, and the series £ ^( n ) converges because 


= J L_ 

^ 2^ 2*® 1 - e- 1 /* ’ 


and for all small x we have the inequality, e 1 < 1 — |x so for all large qt 
we get 

1 1 < 2 % 

2% 1 - e- 1 /* ~ 2 i q i ’ 

and therefore, 2 V’W < oo. This contradiction concludes the exercise. 
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Exercise IX.3.1 Let a n > 0 for all n. Assume that a n converges . Show 
that ^2y/a^/n converges . 

Solution. Since J]l/n 2 and converge, Exercise 7, §2, implies the 
convergence of y/a^/n. 


Exercise IX.3.2 Sftoit; for x real , 0 < rr < 27T, 
Conclude that 



sin n® 
n 


and 



cos no; 
n 


Ee inx /n 


converges. 


converge in the same interval. 


Solution. If 0 < x < 27T, then e tx ^ 1. We estimate the sum G(k) = 
e ix H h e* ix , using the standard formula for a geometric series, namely 


|G(fc)| = 


gix _ e (fc+l)ix 

< 2 

1 — e ix 

“ |l-c ix 


Since x 1/x decreases to 0 as x — ► oo, summation by parts implies the 
convergence of the series ^e mx /n. 

A sequence of complex numbers { Zn } converges to z, if and only if the 
real sequences (Re(z ri )} and {Im( 2 n )} converge to Re ( 2 ) and Im(;z), re- 
spectively. But e tnx = cos(nx) + i sin(nx) so the series 

E sinrur , ^cosnx 
~V~ and ^ n 

converge. 

Exercise IX.3.3 A series of numbers ^ a n m said to converge abso- 
lutely if^2\a n \ converges. Determine which of the following series con- 
verge absolutely , and which just converge. 

(&)E(-l) n5i ^ 

[Hint for (b): Show that among three consecutive positive integers , for at 
least one of them , say n, one has | sinn| > 1/2-7 

(d)E^ 

(e)E^- (f)U- l) n 2^5 
(9)E^4- WEsRSSfr 
^E(-I) n i5^- (i)E(-i) n H4^ 

Solution, (a) For large n, n l ^ n < 2 so n 1+1 / n < 2 n hence the series is not 
absolutely convergent. 

(b) Given any three consecutive positive integers at least one must verify 
|sinn| >1/2 because 
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{x > 0 : | sinx| < 1/2} C |J + kn, - + kn ] . 

ke z+ L 


So for each j € Z+ , 


a 3j+i + a 3 j +2 + a 3j+3 > + 3J * 


We conclude that ^ \ a n\ diverges. 

(c) Since 

yfn + T— 1 ^ 1 

n n(\/n + 1 + y/n) ~~ ny/n * 

the sum ^ |a n | converges. 

(d) Since a n +i/a n — > 1/2 the ratio test implies the convergence and abso- 
lute convergence of Y a n- 

(e) The series converges absolutely because for all n, 2n 2 — n > n 2 , thus 

X) m ^ X) V” 2 - 

(f) For all large n, 2n 3 < 2n 3 + n — 5 < 3n 3 , so 

I n 2 ^ n 2 4n ^ 2 

3n 3n* “ 2n 3 + n-5 an 2n 3 + n-5 “ n 2 ’ 


thus Y l a n | diverges. 

(g) For all large n we have 2 n + 1 < 2 n+1 and 3 n — 4 > 3 n /2 so 

2 n_|_i 2 n 

< 4 — . 

3 n __ 4 - 3 n 

Since 2(2/3) 2 converges we conclude that Y a n converges absolutely. 

(h) For all large n we have n 5 — n 3 + 1 > n 5 / 2 so that 

ncosn 2 

n 5 — n 3 + 1 ” n 4 * 


Thus Y \ a n\ converges. 

(i) Since log n<n we conclude at once that Y \ a n\ diverges. 

(j) Put e = 1 in Exercise 1, §2, to prove that 2J a n| converges. 

Exercise IX.3.4 For which values ofx does the following series converge? 

x n 

x 2n -1’ 

Solution. If — 1 < x < 1 the series converges because Y xU converges and 
x 2n — > 0 as n — ► oo. 
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Assume that x > 1. Then for all large n we have x 2 " — 1 > x 2 " / 2 and 
2 n > 2n. This implies that for all large n we have 

x n x n 2 

. < o < _ 

x 2 "-l “ x 2 " - x"’ 

so if x > 1 the series converges. This convergence is also true for x < — 1 
as one sees from putting absolute values. 

We conclude that the series converges for x G R - {1, -1}. 

Exercise IX.3.5 Let { a n } be a sequence of real numbers such that Yl a n 
converges . Let {6 n } be a sequence of real numbers which converges mono- 
tonically to infinity . (This means that {6 n } is an unbounded sequence such 
that 6 n + 1 > b n for all n.) Show that 


1 N 

J im r~y] a n 6 n = 0. 

TV— mx) 0/v 

n=l 


Does this conclusion still hold if we only assume that the partial sums of 
53 a n are bounded? 

Solution. Given c > 0, select a positive integer no such that for all m > no 
we have 1 5Z£L no +i a n\ < e and a no > 0. Then for N > no splitting the 
sum we obtain 



< 



+ 


bjsf 


TV 

} ^ a nb n • 
n=n 0 +l 


The first sum will be < e for all large N. For the second sum we use 
summation by parts to obtain, after some elementary computations, 


TV TV-1 

53 - 4„o) - 53 ( Ak ~ A rio)( b k+l - bk), 

n=n 0 +l fc=n 0 +l 


where A n = °fc are ^e partial sums. Therefore by the triangle in- 
equality, the fact that \Ak — A no \ < e for all k > no and that {bk} increases 
we get 

I tv I 



a n b n 


< |&Tv|c + €(6 jv - 6^), 


|n=n 0 +l 


hence for all large N we have 


JL_ 

6tv 


TV 

53 anbn 

n=no+l 


< 3e 


which concludes the proof. 
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If we only assume that the partial sums of Y a n are bounded we cannot 
conclude that the limit is 0. Indeed, let a n = (— l) n and b n = 2 n . Then 

1 A 1 —2 — (— 2) JV+1 -2 2x(-l) iV 

hN 2^ ann ~2 N 1 + 2 ~Zx2 N+ 3 

n~l 

and the above expression does not have a limit as N — ► oo. 

Exercise IX.3.6 (The Cantor Set) LetK be the subset of[ 0, 1] consist- 
ing of all numbers having a trecimal expansion 

oo 

E O>n 

3 n * 

n = 1 

where a n = 0 or a n = 2. T/iis set is co/Zed the Cantor set 

(a) Show that the numbers a n in the trecimal expansion of a given number 

in K are uniquely determined . 

(b) Show that K is compact 

Solution. The two lemmas will show that Y°n/ 3 n with Cn = 0,2 or —2 
is close to 0 if and only if c n = 0 for n = 1 , . . . , N with N large. 

Lemma 1 Let 7 = YkLm °k/3 k wit/i Ck = 0, 2 or -2. Then |^y| < l/S 171 ” 1 . 

Lemma 2 Suppose that 7 = Y°n/ 3 n Cn = 0, 2 or —2. J/ I7I < 
l^ 1 , then c k = 0 for 1 < k < N - 1. 

In Exercise 11, §2, we proved the analogue results for decimal expansions. 
The proofs of the above lemmas are an e-variation of the proofs given in 
Exercise 11, §2. 

(a) Let a = Yin Li a n/ 3 n and P = &n/3 n and suppose that a = /3. 

Let 7 = a - P = c n /3 n . Then 7 = 0 and c n = 0, 2 or -2 so by 
Lemma 2 it follows that Cn = 0 for all n. 

(b) We first show that K is closed. Let {ctj} be a Cauchy sequence in the 
Cantor set, with a* = Y a in/ 3 n , where a* n = 0 or 2. By Lemma 2, if 
| a.i — otj | < 1/3 n+1 , then ain = fljn forn = 1, . . . , iV — 1. Hence for each n, 
lim^oo ai n exists, say a n . Then a n = 0 or 2. Let a = Y a n/ 3 n . Then a is 
in the Cantor set and a* — > a as i — » 00, because given e > 0, we can find 
an integer n such that Y^Ln+i < e, and then 





+ e 


and the right-hand side can be made < e for all large i. Hence K is closed. 
The Cantor set is contained in the compact interval [0, 1] and is therefore 
compact. 
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Exercise IX.3.7 (Peano Curve) Let K be the Cantor set. Let S = [0, 1) 
x [0, 1] be the unit square. Let f : K — » S be the map which to each element 
^2 a n / 3 n of the Cantor set assigns the pair of numbers 


&2n±l y h2n\ 

2 n ’ 2s 2 n / ’ 

where b m = am/ 2. Show that f is continuous , and is surjective. 
Solution. We first prove surjectivity. Let (x, y) € [0, 1) x [0, 1] and write 




Vn 


2 n 

where x n and y n take on values of 0 or 1. Let 


2 n 


= 2 (s^ + l^)- 


Then ce K and /(c) = (x, y). 

For continuity, suppose a = £a n /3 n and ol = £a^/3 n are elements of 
K which are close together. Let 7 = a - a'. Then Lemma 2 of the previous 
exercise shows that a n =a f n for n = 1, . . . , N — 1 with large N, so if 

*° d '<«'> = 

then 6 m = 6 ^. By the analogue of Lemma 1 of the previous exercise for 
binary expansions it follows that |/(a)— /(a')| is small, and we even directly 
proved the uniform continuity of /. 


IX.5 Absolute and Uniform Convergence 

Exercise IX.5.1 Show that the following series converge uniformly and 
absolutely in the stated interval for x. 

(*) f°r0<x. (b) E ^ for all x. 

(c) J^x n e nx on every bounded interval 0 < x < C. 

Solution, (a) Since l/(n 2 -h x 2 ) < 1/n 2 , the uniform convergence of the 
desired series follows at once. 

(b) |sinnx|/n 3 / 2 < 1 /n 3 / 2 and J^l/n 3 / 2 < 00 . 

(c) For all x > 0, x/e x < 1/e, so x n e~ nx < (l/e) n . 

Exercise IX.5.2 Show that the series 


l-l-x n 

converges uniformly and absolutely for 0 < |x| < C , where C is any number 
with 0 < C < 1. Show that the convergence is not uniform in 0 < x < 1 . 
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Solution. The inequalities 0 < \x\ n < C n < C < 1 imply 

x n < m b < i»r ^ g n 

l + x n - l-|*| n - l-C - 1-C' 

so the convergence of the series is absolute and uniform on [— C, C]. The 
convergence is not uniform on [0, 1) because 

V — > t V," = 1 X 

" 1+X” “ 2^-f 21 

n—K n=k 


and x k /(l — x) —> oo as x — > 1 and x < 1. 


Exercise IX.5. 3 Let 


/(*) = X) 

n=l 


1 

1 -b n 2 x * 


Show that the series converges uniformly for x > C > 0. Determine all 
points x where f is defined , and also where f is continuous . 


Solution. The inequality 1 + n 2 x > 1 + n 2 C whenever x > C > 0 implies 
the uniform convergence of the series for x > C > 0. 

Let S = {y € R : y = — 1/n 2 for some n € N*} U {0}. The function 
/ is defined for all x G R — S because the series ^2 1/n 2 converges. The 
convergence is uniform for x < C < — 1 and on every closed interval not 
intersecting S because 


1 1 1 1 1 
|1 +n 2 x| n 2 |l/n 2 +x| ” n 2 ||x| - l/n 2 | , 


whence the function / is continuous on R — S. 


Exercise IX.5.4 Show that the series 

y l 

^ n 2 — x 2 

converges absolutely and uniformly on any closed interval which does not 
contain an integer . 


Solution. The distance between a closed interval not containing any in- 
teger and the set of integers is strictly positive. Therefore, if x belongs to 
a closed interval not intersecting the set of integers, there exists a num- 
ber C > 0 such that for all integers n and all x in the interval, we have 
|1 - x 2 /n 2 1 > C. Then 


1 


1 



152 


IX. Series 


Exercise IX.5.5 (a) Show that 



nx 2 

n 3 +x 3 


converges uniformly on any interval [0, C\ with C > 0. 
(b) Show that the series 


£(-i) 


x 1 2 -bn 
ri 2 


converges uniformly in every bounded interval, but does not converge abso- 
lutely for any value of x. 


Solution, (a) For all x in the interval [0, C], the following inequality holds 


nx 2 ^ C 2 


which proves the uniform and absolute convergence of the series on [0, C\ 
with C > 0. 

(b) Let C be a number and assume that |x| < C. Then for all n> C 2 we 
have 

x 2 -bn C 2 12 

n 2 ” n 2 n ” n 

By the tail-end estimate given in Theorem 3.3, we conclude that the series 
converges uniformly in every bounded interval. However the inequality 


1 < x 2 -bn 
n ~ n 2 

shows that the series does not converge absolutely for any value of x. 

Exercise IX.5.6 Show that the series £ e* nx /n is uniformly convergent 
in every interval [6, 2n — tf] for every 6 such that 


0 < 6 < 7T. 


Conclude the same for ^(sin nx)/n and £(cos nx)/n. 

Solution. There exists a number C > 0 such that if x € [6, 27 v — 6\, then 
\1 — e ix \ > C. We then have the following estimate 


| e *naf e i(n+l)x _| ^ e imx \ 


ginx __ gi(m+ 1)® 

1 - e ix 


< 


2 ^ 

C 


which combined with summation by parts implies 
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This tail-end estimate of the series ^ e inx /n proves its uniform convergence 
in every interval [£, 2tt — 6] for every 6 such that 0 < 6 < n. 

Since 


E 


e ikx 

T 


> 


E 


cos kx 
k 


and 



E 


sin kx 
k 


» 


we conclude the same for the series (sin rax) /ra and ^(cos nx)/n. 

Exercise IX.5.T Let £ l be the set of sequences a = {a n }, a n G R, such 
that 

E Kl 

n — 1 

converges . This is the space of §2, Exercise 15, with the £ l -norm ||a||i = 

EKI. 

(a) Show that the closed ball of radius 1 in £ l is not compact . 

(b) Let a = {a n } be an element of £ l , and let A be the set of all sequences 
P = {6 n } in £ l such that |6 n | < |a n | for all ra. Show that every sequence of 
elements of A has a point of accumulation in A, and hence A is compact 


Solution, (a) Consider the sequence {e n } in £ l where e n = (0,0,..., 
0, 1, 0, . . .) has components all 0 except for 1 in the ra-th coordinate. Then 
II e n — e m ||2 = 2 whenever ra ^ m so the sequence {e n } has no converging 
subsequence. Thus the closed unit ball in i 1 is not compact. 

(b) Consider a sequence {fi n } in A where p n = {bn,j}'jL\- Then for all ra 
and all j we have \b n j\ < \aj\. From {6 n> i} we can extract a subsequence 
si = {&ni,i)Si which converges to a limit b\ (Bolzano- Weierstrass). Call 
mi the first index of s\. Then from the truncated sequence of second terms 
{& ni ,2}iSi extract a subsequence S 2 which converges to a limit 62. Call m2 
its second index. Continue this process, find a converging subsequence s^+i 
of the subsequence {b n ,j+\}n indexed by Sj and call bj + i its limit, and 
raij+i its j + 1 index. Then ft = {61, 62, . . .} belongs to A and we contend 
that this sequence is a point of accumulation of {/? n }- Indeed, given e > 0 
choose k such that l a n| < e - Then choose N such that j > N 

implies 


|^mj,l “ ^l| ^ l^mj,2 “ ^2| <€/&,..., \b m . t h — 6fe| < e/k. 

Then for all j > N we have | /3 mj — P\ < 3e. This concludes the exercise. 

Exercise IX. 5.8 Let F be the complete normed vector space of continuous 
functions on [0,27t] with the sup norm. For a = { a n } in £ l , let 
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L(ot) = ^ a n cos nx. 

n= 1 

Show that L is a continuous linear map of i 1 into F, and that ||L(a)|| < 
||a||i for all a € < 1 . 

Solution. Since | cosnx| <1 we have 

Wa)ll<El“nl = Hi- 

If P = {6 n } € ^ and c is a number we get 

oo 

L(a + /3) = ^ Q n cos nx -f b n cos nx 

n=l 

oo oo 

= Q n cosna; -f ^ 6 n cos nx 

n— 1 n=l 

= L(a) + L(/?) 

and 

oo oo 

L(ca) = ^ ca n cosna; = c ^ a n cos nx = cL(a). 

n=l n=l 

So L is linear. Finally, L is continuous because 

||L(a)-L(^)|| <110-011!. 

Exercise IX.5.9 For z € C (complex numbers) and \z\ ± 1; show that the 
following limit exists and give the values: 

f(z) = lim 

v ’ n-oo ^” + 1/ 

Is it possible to define f(z) when \z\ = 1 in such a way to make f contin- 
uous ? 


Solution. Suppose \z\ < 1, then 


z n -l 
z n + 1 


(- 1 ) 



2z n 


* n +i 


0 


as n — ► oo, so f(z) = -1. If \z\ > 1, then 


z n -l 
z n + 1 



2 

|* n + 1| 


-►0 


as n — ► oo, so f(z) = 1. From these results we see that we cannot define 
f(z) when \z\ = 1 so as to make / continuous. 
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Exercise IX.5. 10 For z complex , let 


y n 


f(z) = lim - 

71— KX) 1 


+ z n 


(a) What is the domain of definition off , that is for which complex numbers 
z does the limit exist? 

(b) Give explicitly the values of f(z) for the various z in the domain of f. 

Solution. If \z\ < 1, then z n — ► 0 as n — ► oo so f(z) = 0. If \z\ > 1, then 
f(z) = 1 because 




Z n + 1 


~1 


0 


\z n + 1| 

as n — * oo. 

We now investigate what happens on the unit circle. Let z = e 10 with 
0 < 0 < 27r. Then 1 + z n = 1 + e ni0 , so if 0 = 0 we immediately get 
/(l) = 1/2. If 0^0, then 


/(*) = 


-niO 


1 + e 


niO 


1 -b e~ ni0 ' 


and since e~ nt0 goes around the circle, we cannot define / at the points 
z = e iG with 0 ^ 0. So the domain of definition of / is the set z € C such 
that \z\ ^ 1 or z = 1. 

Exercise IX. 5. 11 (a) For z complex f show that the series 

00 v n — 1 


E7T3 


“ (1 - 2")(1 - *"*') 


converges to 1/(1 — z) 2 for \z\ < 1 and to l/z(l—z) 2 for \z\ > 1. [Hint: This 
is mostly a question of algebra . Formally , factor out 1/z , then at first add 1 
and subtract 1 in the numerator , and use a partial fraction decomposition } 
pushing the thing through algebraically , before you worry about convergence. 
Use partial sums.] 

(b) Prove that the convergence is uniform for \z\ < c < 1 in the first case , 
and \z\ > b > 1 in the second. 

Solution, (a) Let U n = z n /{ 1 — z n )(l — z n+1 ) and let D(z) = (1 — z n )( 1 — 
z n+l ). Then 


U n = 


z n (l-z) 
D(z)( 1 - z) 


1 


1-z 

1 

1-z 

1 

1-z 


yTl 1 *| 


D(z) 

fa - 1) + (i - z^y 
(1 -z n )(l -z n+1 ) 

1 1 


+ 


1 - z n+1 1 - z n 
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We get a telescopic sum, whence 

_1 1 

1 - z 1 - z n+l 



and therefore 


A z k ~ l i i 1 

“ (1 — z k )(l — z k+l ) z(l — z) 1 — z 1 — z 

iy — 1 


y fc- i 


-n+l 


If |^| < 1, then 1/(1 - z n+1 ) — ► 1 as n — ► oo and therefore SnW — » 
1/(1 — 2 2 ) as n — ► oo. If \z\ > 1, then 1/(1 — 2 n+1 ) — ► 0 as n — ► oo so 
S n (z) -> 1/*(1 -* 2 ). 

(b) Suppose |«| < c < 1. A little algebra and part (a) imply that 


Sn(») - 


1 


1 

2 n+1 

(1 - zf 


*( 1 - 2) 

1 - 2 n+1 


But |1 — z n+l \ > 1 — | 2 | n+1 > 1 — c n+1 so we get the estimate 


Sn(*) - 


(1 - z ) 2 


nXi 


~ 1 - c 1 - c n+1 


for all 2 : in the region \z\ < c < 1. Now c n — ► 0, hence the convergence is 
uniform in the region \z\ < c < 1. 


If \z\>b> 1, then 
\Sn(z) ~ 


1 


1 

1 

^ 1 1 

2(1 - 2) 2 


2(1 - 2) 

1 - 2 n+1 

~ b(b - 1) fr n+1 — 1 


and 6 n+1 — > oo, so the convergence is uniform in the region \z\>b> 1. 


IX.6 Power Series 

Exercise IX.6.1 Determine the radii of convergence of the following power 
series . 

(a) £>a; n . (b) £> 2 a; n . (c) £ 

(9) E ( n g+ 2 n) * (b) E(sin ri7r)x n . 

Solution, (a) The radius of convergence is 1 because n 1 /* 1 — ► 1 as n — ► 00 . 

(b) The radius of convergence is 1 because n 2 / n — ► 1 as n — ► 00 . 

(c) The radius of convergence is 1 because 1 /n l / n — ► 1 as n — ► 00 . 

(d) The radius of convergence is 00 because 1/n — ► 0 as n — ► 00 . 

(e) The radius of convergence is 1/2. 
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(f) The radius of convergence is 2. 

(g) The radius of convergence is 1 because n 2 / n (l+2/n) 1 / n — > 1 as n — * oo. 

(b) The radius of convergence is oo because sin(n7r) = 0 for all n hence the 
series is identically zero. 

Exercise IX.6.2 Determine the radii of convergence of the following se- 
ries . 

(a) E(logn)z". (b)Z lj ^x n . 

( C ) E ^n® n - (d) E n T lo g nP ^"- 

(eJExSrrr (WE^IJ!*-. 

Solution, (a) The radius of convergence is 1 because 1 < (logn) 1 /* 1 < n l / n 
for n > 3. 

(b) The radius of convergence is 1 because (log n) 1 / 71 — > 1 and n 1 / 71 — ♦ 1 as 
n — > oo. 

(c) The radius of convergence is 1 because 



as n — ► oo. 

(d) The radius of convergence is 1 because (log n) 1 / 71 — ♦ 1 and n 1 / 71 — > 1. 

(e) The radius of convergence is oo because of Example 1 in the text and 
the inequality 1/(4 n — 1)! < 1/n!. 

(f) The radius of convergence is oo because for any r > 0, 

2 n+i r n+i ( 2 n + 7)! 

(2(n + l) + 7)! 2 n r n 

as n — > oo. 

Exercise IX. 6.3 Suppose that^a n z n has a radius of convergence r > 0. 
Show that given A > 1/r there exists C > 0 such that 

|<z n | < CA n for all n. 

Solution. Since A > 1/r = limsup \a n \ l ^ n the inequality lanl 1 ^ < A holds 
for all but finitely many n. Hence |a n | < A n for all but finitely many n so 
we can choose C so large that \a n \ < CA n for all n. 

Exercise IX.6.4 Let {a n } be a sequence of positive numbers , and assume 
that lima n+ i/a n = A > 0. Show that limay n = A. 

Solution. Suppose first A > 0 for simplicity. Given e > 0, let no be such 
that A - e < a n+ i/a n < A + e if n > n 0 . Without loss of generality, we can 
assume e<^4soi4 — e>0. Write 


a n 


n 0 — 1 

n 


*:= i 


a k+i 

a>k 


n 


^fc-H 

0>k 
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then by induction, there exists constants Ci(e) and such that 
C7i(e)(A - e) n " n ° < o n < C7 2 (e)(A + e) n ~ n °. 

Put C[(e) = Ci(e)(A - e) _n ° and C£(e) = C 2 (e)(A + e)“ n «. Then 
Cl(e) 1/n (A — e) < o‘/ n < C5(e) x ^ n (A + e). 

There exists TV > no such that for n > TV we have 

= 1 + 6j(ra) where |«i(n)| < e/(A - e) 

and similarly 

C^e) 1 /* 1 = 1 + 62 (n) where |^ 2 (^)| < e/(-A + e) 


Then 

A — e + 6i(n)(A — e) < a l ^ n < A + e + fefaXA -f e). 

This shows that \a l ^ n — A\ < 2e and concludes the proof when A > 0. If 
A = 0 one can simply write the terms on the left of the inequalities as 0 
throughout. 

Exercise IX.6.5 Determine the radius of convergence of the following se- 
ries . 

(a) £&*"• WEgl**. 

Solution, (a) By Chapter IV, we know that n! = n n e n for n — ► 00 , where 
a n = b n means that there exists a sequence {u n } such that b n = u n a n and 
lim ul/ n = 1. See Exercise 18, §2, of Chapter IV. So 


lim 

n— kx> 



1/n 


= \im(e- n ) l/n 

n—too 



and the radius of convergence of the series is e. Note that we can also use 
Exercise 4 because 


(n + 1)! n n 1 1 

(n + l) n+1 n! ~ (1 + I) n e* 

(b) In Exercise 18, §2, of Chapter IV, we proved that (3n)! = (3n) 3n e -3n 
so that 

/ (nf) 3 \ 1/n _ ( n 3n e _3n \ 1/n 1 

n^o 1, (3n )! ) (3n) 3n e -3n ) ~ 27' 

Hence the power series has a radius of convergence equal to 27. 
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Exercise IX.6.6 Let {a n } be a decreasing sequence of positive numbers 
appoaching 0. Prove that the power series a n z n is uniformly convergent 
on the domain of complex z such that 

\z\ < 1 and \z — 1| > 6> 

where 6 > 0. Remember summation by parts . 

Solution. Let T n (z) = o a k zk and S n (z) = J2k=o zk - The summation 
by parts formula gives 


n— 1 

Tniz) = a nSn(z) ~ ^ ^ &k(z)(ak + 1 “ a fc)» 

fc =0 

hence if n > m some straightforward computations show that the difference 
Tn(z) — T m (z) is equal to 

n— 1 

an(S n (z) - S m (z)) + £ (Sk(z) - S m (z))(a k - a k+1 ). (IX.1) 

k=m+l 

Summing a geometric series we find S n (z) = (z n+1 — 1 )/(z — 1), so using 
the assumption that \z\ < 1 and \z — 1| > 6 we get the uniform bound 
< 2/6 for all n. Therefore \S n (z) - S m (z)\ < 4 /6 for all m and n. 
Putting absolute values in (IX. 1), using the triangle inequality and the fact 
that {a n } is positive, and decreasing we get 

4 4 ^ ^ 

\T„(z) - T m (z)\ < a n - + - ^2 (a k -a k+ i) 

k=m+l 

4 4 

= an ~6 + — 

4 

Since a m — ► 0 as m — ► oo we conclude that the series a nZ n is uniformly 
convergent in the domain \z\ < 1 and \z — 1| > 6 of the complex plane. 

Exercise IX.6.7 (Abel’s Theorem) Let ]T^Li a n z n be a power series 
with radius of convergence > 1. Assume that the series a n converges . 
Let 0 < x < 1. Prove that 


oo oo 



Solution. Let /(x) = Sfcli a kX k , A = i a * and A » = J2k=i a k- 
Consider the partial sums 



160 IX. Series 


k= 1 

We first prove that the sequence of partial sums (s n (x)} converges uni- 
formly for 0 < x < 1. For m < n, applying the summation by parts 
formula, we get 

n 

5 n(^) — 8m(%) == ) ^ X^dk 

k=m+l 

n— 1 

= x"(A, - A„ +1 ) + X (^-A m+1 )(x fc -x fc+1 ). 

A:=m+1 

There exists TV such that for A;, m > N we have |Afc — A m +i| < e. Hence 
for 0 < x < 1 and n ) m>N we have 

n— 1 

l«n(x) - s m (x)| < e + e X (z* -a: fc+1 ) 

fc=m+l 

= e + c(x m+1 — x n ) 

< 3c. 

This proves the uniform convergence of {s n (^)}> 

Now given c, pick N as above. Choose 6 (depending on N) such that if 
\x — 1| < 6, then 

I Sn(x) - An | < c. 

By combining the above results we find that 

\f(x)-A\ < |/(x)-s n (x)|-|-|sn(a:)-sjv(a:)| + |«iv(a:)-Aiv| + |Ajv-A| 

< |/(x) — s n (x)| + 5c 

for all n > N and \x — 1| < 6. For a given x, pick n so large (depending on 
x!) so that the first term is also < c, to conclude the proof. 


IX.7 Differentiation and Integration of Series 


Exercise IX.7.1 Show that if f(x) = J ^l/(n 2 + x 2 ), then f'(x) can be 
obtained by differentiating this series term by term. 

Solution. Let / n (x) = l/(n 2 + x 2 ). Then for all |x| < C we have 


i/;(*)i = 


— 2x 


(n 2 +x 2 ) 2 


<4. 


so fn( x ) converges uniformly on every compact interval. Clearly, £ / n (x) 
converges absolutely for each x, thus /'(x) = J2f n (x). 
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Exercise IX.T.2 Same problem if f(x) = ^ 1 /(n 2 — x 2 ), defined when x 
is not equal to an integer . 

Solution. In Exercise 4, §5, we prove that the series converges absolutely 
and uniformly on any closed interval not containing an integer. The derived 
series is simply £ —2 x/(n 2 — x 2 ) 2 which converges absolutely and uniformly 
on every compact interval not containing an integer. The argument is the 
same as the one given in Exercise 4, §5. We conclude that /'(x) = /n(x) 

whenever x is not an integer. 


Exercise IX.T.3 Let F be the vector space of continuous functions on 
[0, 27 r] with the sup norm . On F define the scalar product 

{ft 9) = / f(x)g(x)dx. 

Jo 

Two Junctions /, g are called orthogonal if (/, g) = 0. Let 


ip n (x) = cosnx and V*n(x) = sin nx. 

(Take n > 1 except for ipo(x) = 1.^ Show that the Junctions tpo i <p n , , 'Pm are 
pairwise orthogonal . [Hint: Use the formula 

sinnx cos rax = ^[sin(n 4- m)x 4- sin (n — m)x) 
z 

and similar ones,] Find the norms of <Pn,<Po,ipm- 
Solution. For all n > 1 we have 

|*27T 


(POiPn) = / cosnxdx = — [sinnx] 27r = 0 
Jo n 

and 

/*27T 

(tpo^n) = / sinnxdx — [cosnx]^ = 0. 

Jo n 

Since sinO = 0 we also find that (v?o,V>o) = 0. Furthermore, 


pZTT J M7T 

(y? n > ipm) = / cos nx sin mxdx — - I sin(n 4- m)x 4- sin (n — m)dx = 0 

Jo 2 Jo 

so the functions tpo ^ n ^ip m are pairwise orthogonal. 

For the norms, we have ||^o|| 2 = (<Po»^o) = 27r and for all n > 1, 

/»27T ^ p2n 

llv^nll 2 = (^n, (fn) = / cos 2 nxdx = - / 1 4" COS 2 nxdx = 7T, 

Jo 2 Jo 


and 


/»2tt 2 /* 27T 

||^n|| 2 = (ipn,ipn) = / sin 2 nxdx = - / 1 — cos 2 nxdx = 7r. 

Jo 2 Jo 
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Exercise IX. 7.4 Let {a n } be a sequence of numbers such that £a n con- 
verges absolutely . Prove that the series 

f(x) = ^ a n cos nx 

converges uniformly . Show that 


(/. <Po) = o, (f, ip m ) = 0 for all m, (f, <p k ) = va k . 

Solution. The series converges uniformly because |a n cosna;| < |a n | and 
^2 |a n | < oo. Theorem 7.1 implies 


/»2t r 


a n cos nxdx = 0. 


Since the series J2 a n cos nx sin nx converges uniformly we have 

r2n 

(/> ipm) = ^2J 0 a " cos nx sin nxdx = ^a n (ip„,ip m ) = 0 . 
Similarly, we have 

p2n 

(f,<Pk) = 'E2J a n cob nxcmfcxdx = '^2 a n(<Pn,V>k) = o fc ||y)fc|| 2 = a k ir. 

Exercise IX. 7. 5 Let {a n } be a sequence of numbers . Show that there ex- 
ists an infinitely differentiable function g defined on some open interval 
containing 0 such that 

<7 (n) (0) = a„. 

I Hint : (Tate) Given n > 0 and e, there exists a function f = / n>€ which is 
C°° on — 1 < x < 1 such that: 


(1) /( 0) = /'( 0) = • • . = /( n-1 )(0) = 0 and /<">( 0) = 1. 

(2) |/W(x)| < e for k = 0, . . . , n — 1 and |x| < 1. 

Indeed , let ip be a C°° function on (—1, 1) such that: 

ip(x) = 1 if III < e/2, 

0 < ip(x) < 1 if e/2 < |x| < e, 
ip(x) = 0 if e < |x| < 1. 

Integrate ip from 0 to x f n times to get f(x). Then let e n be chosen so that 
5> n |c n converges . Put 


oo 

9 ( x ) = ^o„/„ i€b (x). 


n=0 


For k > 0 the series 
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£ a n D k f n , (n 

n=0 

converges uniformly on \x\ < 1, as one sees by decomposing into the sum 
from 0 to A; and from k + 1 to oo, because for n> k we have 

\a n D k f n> e n ( x )\ ~ l^nl^n*] 


Solution. We construct the C°° function as follows: Let a = e/2 and b = e, 
and let h be the function (bump function) defined to be equal to 0 if t < a 
or t > b and 

h(t) = 

otherwise. Then h is a C°° function (Exercise 6, §1, of Chapter IV) with 
all derivatives equal to 0 at both a and b. Let 


g(x) = 1 - C f 

J — OO 


h(t)d£, 


where 1/C = f* h(t)dt. Then g(a) = 1 ,g(b) = 0, 0 < g(x) < 1, and g is 
C°° with all derivatives equal to 0 at both a and 6. For 0 < x < 1 define 


<p(x) = 


1 if 0 < x < e/2, 
g(x) if e/2 < x < e, 
0 if e < x. 


For — 1 < x < 0 define ip by ip(x) = <p(— x). 

To get /, let -00 (z) = <p{%) and tpk+i(x) = Jq 0fc(t)dt. Then let / = 0 n . 
If e n = l/(n 2 |a n | 4- 1), then X) |a n |e n converges. Finally, let 

oo 

n=0 

For A; > 0, the series d n D k f n ^ n converges uniformly on |x| < 1 because 
as we split the sum 

£a n D fc /n, en = £flnU fc /n, e „+ £ a n D k f n , tn 
n<k n>fc+l 

and if n > k + 1, we have |-D fc / n , €n | < c n by construction. Hence 

D k 9 (x) = '£a n D k f n>en . 

When A; < n we have D k (f nj€n ) = 0 by (1) in the hint and if A; > n, then 
we also have D k f Ui€n { 0) = 0 because is locally constant near the origin. 
Since L> n / n ,e n ( 0) = 1 we see that D k g(x) = a*, as was to be shown. 
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Exercise IX. 7.6 Given a C°° function g : [a, 6] — * R from a closed in- 
terval f show that g can be extended to a C°° function defined on an open 
interval containing [a, b ] . 

Solution. Let a n = g^(a) and b n = g( n \b). Then by the previous ex- 
ercise we can extend g is some open neighborhood of a and in some open 
neighborhood of b such that this extension is C°° on an interval containing 

[a,b). 

Exercise IX. 7. 7 Let n > 0 be an integer. Show that the series 

( 1 \k~n-\-2k 

Jn = ^ 2"+ 2 *ifc!(n + Jfc)! 

converges for all x. Prove that y = J n {x) is a solution to BesseVs equation 

Solution. The absolute value of the fc-th term is < \x\ n+2k /k\ so the se- 
ries converges absolutely for every x and the convergence is uniform on 
every closed and bounded interval. A similar argument shows that we can 
differentiate term by term to get y ' and y". Let 

(~l) fc 

fc 2 n+2fc fc!(n + fc)!’ 

Then the coefficient of the term x n+2k ~ 2 in the sum 

»" + ^ + ( i -S) ! ' =o 


is equal to 

afc(n 4- 2k)(n + 2A: - 1) + afc(n -h 2fc) + ak-i - n 2 a k = (4fcn + 4 k 2 )ak +a fc “ 1 . 

But ak-x/ak = — 4A;(n + k) so we conclude that y = J n (x) is a solution to 
Bessel’s equation. 
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The Integral in One Variable 


X.3 Approximation by Step Maps 

Exercise X.3.1 If f is a continuous real valued function on [a, 6], show 
that one can approximate f uniformly by step functions whose values are 
less than or equal to those of /, and also by step functions whose values 
are greater than or equal to those of f. The integrals of these step functions 
are then the standard lower and upper Riemann sums . 

Solution. Let e > 0. Choose a partition of [a, 6] as in Theorem 3.1, that is, 
a partition of size < 6 where 6 is chosen so that | f(x) — f(y) | < e whenever 
\x — y\ < 6. If ai-i < t < ai let 

g(t) = max f(t) and h(t) = min /(£), 

ai-i<t<ai a.i-i<t<ai 

and lit = ai for some i let 

g(t)= max /(*) and h(t) = min/(t). 

a<t<b a<t<b 

Then g and h are step maps which approximate / uniformly and for all t 
we have h(t) < f(t) < g(t). 

Exercise X.3.2 Show that the product of two regulated maps is regulated . 
The product of two piecewise continuous maps is piecewise continuous . 

Solution, (i) Suppose that f,g € Reg([a,6],G), and let M be a common 
bound for / and g. Given e > 0, choose step maps /i and g\ such that 



166 


X. The Integral in One Variable 


11/ — /i|| < e and \\g — pi|| < e. Considering a refinement of the partitions 
associated to f\ and g\ , one sees at once that f\g\ is a step map. We then 
have 

II /d - fi9i II = 11 fg- fi9 + fi9 - /lSi II ^ llsll 11/ - /ill + ll/i II lid - Si II 

< Me + (||/i — /|| + ||/||)e 

< e(2 M + e). 

(ii) Given two piecewise continuous functions / and g with their partitions, 
consider a refinement of both partitions. Since the product of continuous 
functions is continuous we conclude that the product fg is also a piecewise 
continuous function. 

Exercise X.3.3 On the space of regulated maps f : [a, b] — ► C, show that 
|/| is regulated , and define 


i/ii = /V 

J a 

Show that this is a seminorm (all the properties of a norm except that 
ll/ll l > 0 but ||/|| i may be 0 without f itself being 0). 

Solution. Given c > 0 choose a step map h such that ||/ — h|| < c. Then 
|h| is also a step map and the inequality 

ll/(*)l - IMOII < 1/(0 - MOI, 

implies that |||/| -|/i||| < eso |/| is regulated. From this analysis we extract 
the fact that |/| can be uniformly approximated by positive step maps, so 
that 

n/iii = r\/\>o. 

Jo 

Furthermore, if we consider the step map which is 0 on (a, b] and 1 at a, 
then its norm is 0. If c is a number and {/i n } is a sequence of step maps 
converging to /, then the sequence {|hn|} converges to |/| and the sequence 
{|ch n |} converges to |c/|. The integral of step maps is a linear function so 

/a 6 (l<*»l) = |C|/ 0 6 (M) 

hence ||c/||i = |c|||/||i. Finally, if / and g are regulated and {/ n }, {p n } are 
sequences of step maps converging to / and p, respectively, then {/ n +Pn} 
converges to / + g and {|/ n + p n |} converges to | / + g\. Since 

\fn(t) + gn(t)\<\f n (t)\ + \g n (W 

we conclude that ||/ + p||i < ||/||i + ||p|| l9 thus || • ||i is a seminorm. 
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Exercise X.3.4 Let F be the vector space of real valued regulated functions 
on an interval [a, 6]. We have the sup norm on F . We have the seminorm 
of Exercise 3. It is called the L 1 -seminorm. Prove that the continuous 
functions are dense in F, for the L 1 -seminorm. In other words , prove that 
given f G F, there exists a continuous function g on [a, b] such that \\f — 
g\\i < e. [Hint: First approximate f by a step function. Then approximate a 
step function by a continuous function obtained by changing a step function 
only near its discontinuities.] 

Solution. Given a regulated function / G F there exists a step function ip 
such that ||/ — (p\\ i <e (cf. Exercise 6). 

Now approximate ip by a continuous function g in the following way. We 
may assume after changing the values of ip(a) and <p(b) that ip is continuous 
at a and b. Let a\ < 0 % < - • • < a n be the points where ip is discontinuous, 
and let ao = a and a n +\ = b. Let 6 > 0 be a number such that 

6 < min (aj+i — aj )/ 2 and 6 < e/(2 Bn), 

0<j<n 


where B is a bound for \<p\. For 1 < j < n let 



a j 2 * a - i 



Then on each interval Ij replace ip by the line segment having the same 
values as ip at the end points of the interval. 



Define g to be equal to these linear functions on the intervals Ij and equal 
to ip otherwise (i.e. on [a, b] — (J^ Ij)- Then g is continuous and on Ij we 
have \\ip — y|| < 2 B. On the complement, [a, b] — |Jj Ij we have g = ip by 
construction. Thus 



< 2 Bn6 y 
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which implies \\ip — g\\i < e because of our choice for 6. Putting everything 
together we get ||/— p||i < 2c, thereby proving that the continuous functions 
are dense in F for the L 1 -seminorm. 

Exercise X.3.5 On the space of regulated functions as in Exercise 4t de- 
fine the scalar product 

(f,9)= [ f(x)g(x)dx. 

Ja 

The seminorm associated with this scalar product is called the ^-semi- 
norm. (Cf. Exercise 11 of Chapter VI, §2.) Show that the continuous func- 
tions are dense in F for the L 2 -seminorm. 

Solution. Given a regulated function /, and c > 0 there exists a step 
function (p such that ||/ — (p\\ 2 < c (see Exercise 6). Then we argue as in 
Exercise 4 with 6 < e 2 /4B 2 n instead of 6 < e/2Bn. The resulting continu- 
ous function g satisfies 

\<p- g\ 2 <4 B 2 nS < e 2 , 
so that \\y - f || 2 < e. Then ||/ - g\\ 2 < 2c. 

Exercise X.3.6 The space F still being as in Exercise 4 or 5, show that the 
step functions are dense in F for the L 1 -seminorm and the L 2 -seminorm. 

Solution. Given a regulated function / and c > 0 there exists a step map 
(p such that 

Wf-<P\\ <e/(b-a). 

Then 

11/ - ¥>lli <(b- a) ||/ - <p\\ < e. 

So the step functions are dense in F for the L 1 -seminorm. 

To prove that the step maps are also dense for the L 2 -seminorm, choose 

a step map such that 

IIZ-V’ll < e/V6 - a. 

Then 

[ b \f-<p\ 2 <(b-a)\\f-<pf<f, 

Ja 

and therefore ||/ - ip\\ 2 < e. 

Exercise X.3.T Let F be the space of regulated functions on [a, b] once 
more. Let C°° = C°°([a,b]) be the space of infinitely differentiable real val- 
ued functions on [a, b\. Prove that C°° is (a) L l -dense and (b) L 2 -dense in 
F. I Hint : First approximate by step functions, then smooth out the comers 
using bump functions which are 0 in a 6-interval around a comer and 1 
outside a 26 -interval around each comer. Pick 6 sufficiently small.] 




X.3 Approximation by Step Maps 169 


Solution. We give two methods of smoothing out the corners. The first 
method follows the hint and is important, for example, in the context of 
Stokes’ theorem with singularities. The second method is the one we use 
in Exercise 1, §2, of Chapter V. 

(a) We use the same notation as in Exercise 4. We approximate / by a 
step function ip and again, we let B be a bound for \tp\. Now we use bump 
functions to smooth out the corners on Ij. 

Method 1 . We multiply ip on Ij by the bump function which is 0 on 
[cij — <5/4, aj 8/ 4] and 1 outside [dj — 8/ 2 , dj -f <5/2], so that we get the 
following picture: 



Let g be the function resulting from modifying ip on each Ij. By con- 
struction, g is in C°° and the same estimate as in Exercise 4 shows that 
ll<? -Sill < e. 

Method 2. Let dj be a discontinuity point of ip. We assumed that a < 
dj < b. Pick 8 as in Exercise 4. Then choose a C°° function gj which is 
defined on Ij and which has the following properties: 
gj is equal to p(dj — 8/2) on [dj — 8/ 2, dj — 8/ 4]; 
gj is monotone on [dj — <5/4, dj 4- <5/4]; and 
gj is equal to p(dj 4- 8/2) on [dj -f 8/ 4, dj 4- 8/2]. 

To do so, use Exercise 6, §1, of Chapter IV (multiply and translate if 
necessary). We have the following picture: 
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Let g be the function resulting from modifying ip on each Ij. By con- 
struction, g is in C°° and the same estimate as in Exercise 4 shows that 

llv’-fflli <e- 

(b) The argument is the same as in part (a) except that we use the notation 
and estimates of Exercise 5. We conclude that C°° is L 2 -dense in F. 


X.4 Properties of the Integral 

Exercise X.4.1 Let a <t <b be a closed interval and let 

P = {a = to < t\ < • • • < t n ] 
be a partition of this interval By the size of P we mean 

size P = max(£fc+i — t k )- 

k 

Let f be a continuous function on [a, 6], or even a regulated function . Given 
numbers c k with 

tk<c k < 

form the Riemann sum 

n— 1 

S(P,c,f) = J2f(ck)(t k+ i-t k ). 


k = 0 


Let 


L= f f(t)dt. 

J a 

Show that given e > 0, there exists 6 such that t/size (P) < 6, then 

\S(P,c,f)-L\<e. 
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Solution. Given e > 0 and a regulated function /, choose a step function 
ip such that 

e 


11/ - vll < 


b — a 


so 


[ I f-<p\<e. 
J a 


Then we have 
cb 


S(P,c,f)~ f f < S(P,c,f)~ [ (/-¥>)- [ tp < S(P,c,f)- [ tp 

J a J a J a J a 




Now we estimate the term 1 5(P, c, /) — f a tpy Let a = ao < a\ < • • • < a p = 

b be a partition associated to (p . Let P = {a = to < £i < • • • < £ n = 6} be 
a partition of [a, 6] and let B be a bound for / which is also a bound for tp. 
By linearity of the integral we can write 


n — 1 


S(P,c,f)~ [ tp = J2f(c k )(t k+1 -t k ) - f tp 

Ja k=0 Jt « 

/(cfc) ~ 


n_1 "tk+1 


; U 

For each k (k = 0, . . . ,n — 1), look at the interval [£*,£*.+ 1 ], If no a* (i = 
0, . . . ,p) belongs to [£*, £*+i], then tp is constant on this interval and we get 


I 1 

\Jt k 


f(c k ) - <p(t)dt 


b -r a 


(tk + 1 — £&)• 


If for some integer i (i = 1, . . . ,p) the point a* belongs to [£*, £*+i], then 

IvK*) - /(c fc )| < 2B 

for all £ € [£/k,£/k+i] and therefore 


1 / 

Jt k 


f(ck) - y?(£)d£ 


< 2Z?(£*+i - £*) < 2Bsize(P). 


Since each a* belongs to at most two intervals [£*, £*+ 1 ] we conclude that 

rb 


S(P,c,f)~ [ tp 
Ja 


< e + 4 B(p + l)(size P). 


Let 6 = e/(4 B(p -f 1)). Then if size P < 6, we see that 

|S(P,c,/)-L|<3£ 


and the proof is complete. If / is continuous, we can also argue as in the 
next exercise with h(x) = x. 
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Exercise X.4.2 (The Stieltjes Integral) Let f be a continuous func- 
tion on an interval a < t < b. Let h be an increasing function on this 
interval , and assume that h is bounded . Given a partition 

P={a = t 0 <ti<---<t n =b} 

of the interval , let c* be a number , tk < c* < tk+i, and define the Riemann- 
Stieltjes sum relative to h to be 

n— 1 

S(P,c,f) = £ f(c k )[h(t k+ 1 ) - h(t k )}. 

k = 0 

Prove that the limit 

L = lim 5(P,c, /) 

r'jC 

exists as the size of the partition approaches 0 . T/iis means t/iat there exists 
a number L having the following property . Given e there exists 6 such that 
for any partition P of size <6 we have 

\S(P,c,f)-L\<e. 

I Hint : Selecting values for c* such that f(ck) is a maximum (resp. mini- 
mum) on the interval [£*,£*+ 1 ], use upper and lower sums , and show that 
the difference is small when the size of the partition is small] The above 
limit is usually denoted by 


L = 



Solution. Given a partition P of [a, 6] we define the upper Riemann- 
Stieltjes sum to be 


n— 1 

S(P,f) = 'Ef(c k )[h(t k+1 )-h(t k )}, 

k=0 

where c* = ma Xt k <t<t k +i /(*)• Similarly, we define the lower Riemann- 
Stieltjes sum to be 


S(P, f) = 5Z /(<4)[A(tfc+i) - h(t k )], 


k=0 


where d k = min t fc <t<t fc+1 f{t). Clearly, we always have 


S(P,f)<S(P,f). 


In fact, if P' is a refinement of P, that is, if P' is obtained from P by 
adding finitely many points, we see that 



X.4 Properties of the Integral 173 


S(P, f) < S(P f) < S(P /) < S(P, /). 

This is obvious when P' is obtained by adding one point, hence the above 
inequalities follow by induction on the number of points added to P. Now 
if Pi and P 2 are partitions of [a, 6], then 

S(Pi,/)<S(P 2 ,/) 

because if P' is a refinement of both Pi and P 2 , then 

S(Pi, /) < S(P\ f ) < 5(P / , /) < S(P 2> /). 

This proves that 


inf (5(P,/)} and sup{5(P,/)} 

P p 

exist, where the infimum and supremum are taken over all partitions of 
K b}. 

Let B be a bound for h. Given e > 0 choose a positive number a such 
a that 2 Ba < e. Since / is uniformly continuous, there exists 6 > 0 such 
that \x — y\<6 implies | f(x) — f(y)\ < a. If the size of P is < 6, then 

S(PJ)-S(P,f)<2Ba<e. 


Together with the results obtained above we conclude that both limits 
lim S(Pyf) and lim £(P,/) 

P, size(P)— ►() P, size(P)— >0 


exist, and that they are equal, say to a number L. Then, given any partition 
P of size < 6 we have 


S(P,f) < S(P,c,f) < S(P,f) 

so that 

\S(P,c,f)-L\<e. 

Exercise X.4.3 Suppose that h is of class C l on [a, b], that is h has a 
derivative which is continuous. Show that 

[ b fdh= [ b f(t)h’(t)dt. 

J a Ja 

Solution. Let / = / fl b /(t)h'(t)dt and J = f* fdh . The integral I exists 
because fh f is continuous. Using the notation of Exercises 1 and 2, given 
e > 0 choose a partition P = {a = to <••*< t n = b} of size < 6. By the 
mean value theorem we know that 


ti(c k )(tk+i -tk) = h(t k +i) - h(t k ), 
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for some Ck G [Jfc+1,4]- So, with this choice of c, we get 

n— 1 n— 1 

Srs(P, c,/) = E f(c k )(h(tk+i) - h(h)) = J2 f(ck)h'(c k )(t k+1 - t k ) 

k=0 k=0 

= S*(P,c,//i'), 

where and Sj* denote the Riemann-Stieltjes sum and the Riemann 
sum, respectively. We also have as a consequence of our choice the following 
inequalities 

I S RS (P, c,f)—J\<e and | S R (P, c, Jh!) - 1\ < e. 

Thus 

\I-J\<\I- S R (P, c, fh')\ + 1 J- S RS (P, cj) | < 26. 

Since this is true for all c > 0 we conclude that I = J. 

Exercise X.4.4 (The Total Variation.) Let 

/ : [a, 6] — ► C 

be a complex valued function . Let P = {to < t\ < • • • < t n } be a partition 
o/[a,6]. Define the variation Vp(f) to be 

vpU) = \ m+i) - /(* fc )i- 

k=0 

Define the variation 

V(f) = sup Vp(/), 

P 

where the sup (least upper bound if it exists , otherwise 00 ) is taken over all 
partitions . If V (/) is finite , then f is called of bounded variation. 

(a) Show that if f is real valued , increasing , and bounded on [a, 6], then f 
is of bounded variation , in fact bounded by f(b) — f(a). 

(b) Show that if f is differentiable on [a, b] and /' is bounded , then f is of 
bounded variation . This is so in particular if f has a continuous derivative . 

(c) Show that the set of functions of bounded variations on [a, b] is a vector 
space , and that if f,g are of bounded variation , so is the product fg. 

Solution, (a) Under the assumptions of (a) we have 

n— 1 

VpU) = E /(**+ 1) - /(<*) = /(<») - /(* 0) = /(&) - /(a). 

fc =0 

(b) Let 5 be a bound for /'. By the mean value theorem, there exists for 
each k a number c* which belongs to [£*,£*+ 1 ] and which verifies 
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/(£fc+l) /(£&) — / ( c &)(£fc+ 1 tk)t 

so that ^ 

Vp(/) = £ |/'(c k )(ffc+i - * k )l < B(b - a), 

fc = 0 

whence V(f) is finite. 

(c) Suppose that / and g are of bounded variation on [a, &]. Since 

n— 1 

Vp(/ + 0) = l/(*fc+i) +P(fe+l) “ fM - 0(4)1 

fc =0 

we see that 


n— 1 n— 1 

Vp(f + 9) < J2 l/ftn-l - /(**)l + £ ^ ^(/) + Vto), 

fc =0 fc =0 

hence / -f g is of bounded variation on [a, 6]. If c is a scalar, then 
Vp(cf) = 1 cf(t M ) - ef(t k ) | = |c|Vp(/) < |c|F(/) t 

fc =0 

so cf is of bounded variation on [a, 6], and we see that the set of mappings 
of bounded variation on [a, b] forms a vector space. 

In order to show that if / and g are of bounded variation on [a, 6], then 
so is the product /p, we first prove that / and g are bounded. For / we 
have 


l/(*)l < |/(o)| + |/(*)-/(o)| 

< |/(a)|+|/(*)-/(o)| + |/(*)-/(6)| 

< l/(o)| + V(/), 

so / is bounded, and a similar argument shows that g is bounded. Then 
since 

f{x)g(x) - f(y)g(y) = f(x)g(x) - f(x)g{y) + f(x)g(y) - f{y)g(y) 
putting absolute values and using the triangle inequality we obtain 
\f(x)g(x) - f{y)g(y)\ = ||/|||ff(*) - g(y)\ + I /(*) - /(y)|||ff(y)||, 
where || • || denotes the sup norm. Consequently 

Vp(fg) < ||/||Vp(y) + Vp(/)|p| < ||/||V(y) + V(/)||y|| 


which proves that fg is of bounded variation whenever / and g are of 
bounded variation. 
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The notation for the variation really should include the interval, and we 
should write 

V(f,a,b). 

Define 

V / (x) = V(f,a,x), 

so Vf is a function of x, called the variation function of /. 

Exercise X.4.5 (a) Show that Vf is an increasing function . 

(b) If a <x <y <b show that 

V(f,a,y) = V(f,a,x) + V(f,x,y). 

Solution, (a) Suppose x < y, and let P be a partition of [a,x]. Then 
consider the partition, P' = P U {y} of [a, y]. Then 

Vp(f,a,x) < Vpt(f,a,y), 


so Vf(x) < V f (y). 

(b) Let P\ be a partition of [a, x] and P 2 a partition of [x, y]. Then 

Vpi (/> x) + Vp 2 (/, x, y) = V PlU p 2 (/, a, y) < V (/, a, y). 

So V(f,a,x) + V(f,x,y) < V(f,a,y ). It suffices to prove the reverse in- 
equality. If P is a partition of [a, y] we consider the refinement P' obtained 
by including the number x to P . Then the triangle inequality implies 

Vp(f,a,y) < V P '(f,a,y) 

so if Pi and P 2 are the restrictions of P' to [a, x\ and [x, y] we get 

V P (f, a , y) < V Pl (/, a, x) + Vp 2 (/, x, y) < V (/, a, x) + V (/, x , y) 

hence V (/, a, y) < V (/, a,x) + V (/, x, y), as was to be shown. 

Exercise X.4.6 Theorem. If f is continuous, then Vf is continuous . 
Sketch of Proof: By Exercise 5(b), it suffices to prove (say for continuity 
on the right) that 

lim V(f,x,y) = 0. 

y—*x 

If the limit is not 0 (or does not exist), then there exists 6 > 0 such that 

V(f,x,y) > 6 

fory arbitrarily close to x, and hence by Exercise 5(b), such that 

V(f,x,y)>6 


for all y with x < y < y\ with some fixed y \ . Let 
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p = {z 0 = X < X\ < • • • < Xn = 2/1 } 

be a partition such that Vp(/) > 6. By continuity of f at x, we can select 
y 2 such that x < 2/2 < and such that 7 ( 2 / 2 ) is very close to f(x). Replace 

/Tip term 

|/(zi)-/(x)| by |/(xi)-/(j/ 2 )| 

in the sum expressing Vp(f). Then we have found 2/2 such thatV(f, 2 / 2 , 2 / 1 ) > 
<5. TVotu repeat this procedure , with a descending sequence 


••• < 2/n < 2/n-l <•••<!&. 

C/sinp Exercise 5(b), we find that 

V(f, X, 2/l) > V r (/,2/n,2/n-l)H-V r (/,2/n-l,yn-2)-|-“-H-V r (/,2/2,2/l) 

> (n — 1)^. 

This is a contradiction for n sufficiently large, thus concluding the proof 

Solution. We justify some details in the almost complete proof. We can 
choose a partition P because of the definition of the sup. Then we can write 
V P (f) = 6 + e for some e > 0. Then we select 2/2 such that x < 2/2 < xi and 
l/(jfe) - fix) I < e/2. Then 

+ l/(*i) - /OOI < l/(*i) - /(*)l - I/(j^) - /(*)l < l/(*i) - /( 1 / 2)1 

80 € 

5 < 6 + e— - < V(f,y 2 ,yi). 

Exercise X.4. 7 Prove the following theorem. 

Theorem. Let f be a real valued function on [a,b], of bounded variation . 
Then there exist increasing functions g, h on [a, b] such thatg(a) = h(a) = 0 
and 


f(x)-f(a) = g(x)-h(x), 

Vf{x) = g(x) + h(x). 

[Hint: Define g,h by the formulas 

2 g = V f +f-f(a) and 2h = V f - / + /(a).] 

Solution. Define the functions g, h as in the hint. Then we have 2 g(a) = 
2h(a) = 0 because V(f, a, a) = 0. We also have 

(2 (g - h)) = 2 (/ - /(a)) 


and 
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2(g + h) = 2V f . 

The function g is increasing because if a < x < y < 6, then part (b) of 
Exercise 5 implies 

2(ff(y) - = V(f,x,y) + f(y) - f(x). 

But the simple partition { x < y) of [x,y\ shows that 

V(/.*. v)>\f(x)-f(y)l 

so g is increasing. Similarly for h we have 

2(Mv) - M*)) = V(/, X, y) - /(y) 4- /(*) > 0 
and therefore h is also increasing. 

Exercise X.4.8 Let f be a real valued function of bounded variation on 
[a, 6]. Let c € [a, 6]. Prove that the limits 

lim f(c + h) and lim/(c + /i) 

h -*0 h —*0 

h > 0 fc <0 

ex»5t i/c ^ a, 6. Ifc = a or c= b, then one has to deal with the right limit 
with h > 0, respectively , the left limit with h < 0. [Hint: First prove the 
result if f is an increasing function.] 

Solution. Suppose / is increasing and c e (a, 6). We prove that the first 
limit exists. By assumption, /(c) < /(c + h) for all h > 0, hence 

«-tof{/(c + fc)} 

exists. We contend that a is the desired limit. Given e > 0, there exists 
hi > 0 such that 0 < f(c 4- hi) — a < e. But / is increasing, so 0 < h < hi 
implies f(c + h) < f(c 4- hi), so for all 0 < h < hi we have 

0 < /(c-|-h) - a < e, 

which proves our contention, namely 

lim f(c 4- h) = a. 

h — »0 

h >0 

The same argument with 


a' = sup{/(c 4- h)} 
h<0 


shows that 
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lim /(c + ft) = a'. 

h—*Q 

h< 0 

If c is one of the end points of the interval [a, b] we only have to investigate 
the limit which makes sense and the same argument shows that in all cases, 
the desired limit exists. 

Finally, Exercise 7 implies that the same result is true for a function of 
bounded variation. Indeed, using the notation of Exercise 7, we know that 
the result is true for g and ft. Hence the limit exists for g and —ft, and 
therefore the limits also exist for /. 

X.6 Relation Between the Integral 
and the Derivative 

Exercise X.6.1 Let J be an interval and let f : J — ► C be a complex 
valued differentiable function. Assume that f(t) ^ 0 for all t € J. Show 
that 1/f is differentiable , and that its derivative is —f'/f 2 as expected. 

Solution. Let g = 1/f. Then 

g(t 0 4- ft) - g(t 0 ) _ l/f(tp + ft) - l//(*o) 
ft ft 

Multiply the numerator and denominator by f(tp + h)f(tp) to obtain 

g(tp + ft) - fl(*p) = /(tp + ft) -/(t 0 ) 1 

ft ft /(to-f ft)/(t 0 )* 

Letting ft — ► 0 shows that g is differentiable and that g' = — /'// 2 . 

Exercise X.6.2 Let f : [o,6] — > E be a regulated map. Let X : E -+ G be a 
continuous linear map. Prove that A o / is regulated. Prove that 



Solution. We must show that A o / can be uniformly approximated by 
step maps. Since A is continuous, there exists a number C > 0 such that 
|A(x)| < C\x\ for all x. Given e > 0, there exists a step map ip on [a, 6] 
such that ||/ - ip\\ < e/C. Then A o ip is also a step map on [a, b] and for 
all x G [a, b] we have 

|A o f(x) - A o <p(x) | < C\f(x) - <p(x ) | < e, 

so ||A o / - A o ip\\ < c, thereby proving that A o / is regulated. 

Consider a sequence {<p n } of step maps which converges uniformly to /. 
Then 
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and since A is continuous we get 



We have shown that {A o <p n } also converges uniformly to A o / so 



Furthermore, if 


pb m-1 

/ V’n = u ’i(°i + 1 “ °*)> 

Ja i= 0 


then 

rb 


/ b m— 1 f m—1 

A ° = 53 - Oi) = A 53 M'i(Oi+l - Oi) 

i=0 t=0 


= A( / 


because A is linear. So 


(r~H 


Ao /. 


Therefore we conclude that 




/ . 


as was to be shown. 


Exercise X.6.3 Prove: Let f be a regulated real valued function on [a, 6] . 
Assume that there is a differentiable funtion F on [a, b] such that F f = /. 
Prove that 


f 


f = F(b) - F(a). 


[Hint: For a suitable partition (ao < a\ < • • • < a n ) use the mean value 
theorem 


F(ai + i) ~ F( a i) = F'(ci)(a i+ i - Of) = /(c < )(o i+ i - a f ) 

and the fact that f is uniformly approximated by a step map on the parti- 
tion.] 
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Solution. Given e > 0 there exists a step map <p such that ||/ — <p\\ 
e/(b— a). Then 



< e. 


< 


Moreover, if P = {a = ao < oi < • • • < a n = 6} is the partition associated 
to <p and W{ is the value of ip on (a*, cti+i) we have 


L 


5 n — 1 n— 1 

<p - F(b) + F(a) = ^ Wi(a i+ i - a t ) - ^(F(o i+ 1 ) - F(oi)). 

i=0 i=0 


The mean value theorem implies that there exists Ci € (a*, a*+i) such that 
F(a i+ i) - F(a,i) = /(cj)(o i+ i - Oi), so 



- F(b) + F(a) 


n— 1 

< XI l Wi “ /(<*)! (°i+l - < c > 

i=0 


because |u»j - /(cf)| < e/(o - 6). Thus 


f b 


rb rb 


r b 

/ f-F(b) + F(a) 

< 

/ /-/ v 

+ 

/ ip-F(b) + F(a) 

Ja 


Ja Ja 


Ja 


and the formula / 0 6 / = F(b) - F(a) follows. 

Exercise X.6.4 Let f : [a, b] — ► E be a differentiable map with continuous 
derivative from a closed interval into a complete normed vector space E. 
Show that 

|/(6) - /(a) | < (6 - a) sup |/ / (t)|, 

the sup being , taken fort € [a, 6]. T/w's resu/£ can be used to replace estimates 
given by the mean value theorem . 


Solution. By Theorem 6.2 we have f(b) - f(a) = /', so we conclude 

that 


1/(6) - /(°)l = 



<(6-o)||/'l|, 


where ||/'|| = sup \f'{t)\. 


Exercise X.6.5 Let f be as in Exercise 4 • Let to € [o,6]. Show that 


1/(6) - /(o) - /'(to)(6 - a)| < (6 - a) sup | f'(t) - /'(to)|, 


the sup being again taken for t in the interval. [Hint: Apply Exercise 4 to 
the map g(t) = f(t) — f'{to)t. We multiply vectors on the right to fit later 
notation.] 
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Solution. Let g(t) = f(t) - f'(to)t. Then g'(t) = f'(t) - /'(to) because 

/'(*o )(* + h)~ /'(to )t _ , 

h 

Since g(b) — g(a) = f(b) — f(a) — f'(to)(b — a), Exercise 4 implies that 
!/(&)- /(a) -/'(*(>)(& -a) | < (b - a) sup\ f (t) - f’(t 0 )\, 


as was to be shown. 



XI 

Approximation with Convolutions 


XI. 1 Dirac Sequences 


Exercise XI. 1.1 Let K be a real function of a real variable such that 
K > 0, K is continuous , zero outside some bounded interval , and 


/ oo 

K{t)dt = 1. 

•oo 


Define K n (t) = nK(nt). Show that { K n } is a Dirac sequence . 

Solution. Suppose K is 0 outside [— c,c]. Clearly we have K n > 0. Since 
K is continuous, so is each K n and the change of variables formula t —>nu 
gives 

/ c pc/n aoo 

K(t)dt = / nK(nu)du = / K n (u)du. 

-c J—cJn J —oo 

Finally, we see that K n vanishes outside [— c/n, c/n] so given e, 6 > 0, select 
N such that |c|/iV < 6. Then for all n > N we have 


K n + 


K n = 0 < e. 


Exercise XI. 1.2 Show that one can find a function K as in Exercise 1 
which is infinitely differentiable (cf. Exercise 6 of Chapter IV, §1), even, 
and zero outside the interval [—1,1]. 


Solution. Let K{x) = e~ 1 /( x + 1 )( 1-x ), if a; € (—1, 1) and 0 otherwise. Then 
K satisifies all the desired properties. 
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Exercise XI. 1.3 Let K be infinitely differentiable , and such that K(t) = 
0 if t is outside some bounded interval. Let f be a piecewise continuous 
function, and bounded. Show that K * / is infinitely differentiable, and in 
fact , (K*f)' = K'*f. 

Solution. Suppose K is 0 outside [— c,c]. Then we can write 

ro>i+ i 

K * f(x) = f(t)K(x - t)dt. 

i = o Ja < 

We can make / continuous on each [a;, a*+i] without changing the value of 
the integral. Since K is C°°, we can differentiate under the integral sign, 
so it follows that K * / is C°° and 

Jzi r ai + 1 

(K * })'{x) = /(*)*'(* - t)dt = (. K ' * /)(*). 

*=0 Ja i 

Exercise XI. 1.4 Let f y g,h be piecewise continuous (or even continuous 
if it makes you more comfortable ), and bounded } and such that g is zero 
outside some bounded interval. Define 

/ oo 

f(t)g(x - t)dt. 


Show that (f * g) * h = f * (g * h). With suitable assumptions on /i, fa, 
show that (fi + / 2 ) * g = f\ * g + fi * g. Show that f * g = g * f. 

Solution. We assume for simplicity that /, g and h are continuous. Suppose 
g is 0 outside the interval [— c,c]. The change of variable formula implies 


(9*f) = J g(t)f(x-t)dt 

tX-C 

= / -g(x - u)f(u)du 

Jx+c 

= f f(u)g(x - u)du = f*g. 

J — OO 


We then have 


/ oo 

(/ * g)(x - u)h(u)du 

■oo 


/ oo roo 
■oo L*/ — oo 


f(t)g(x — u — t)h(u)dt 


du , 


and 
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f*(g*h)(x) = f f(t)(g*h)(x-t)dt 
J — OO 

/ oo r poo 
■oo L/-00 


eft. 


f(t)g(x — t — u)h(u)du J 

Interchanging integral signs we see that (f*g)*h=f*(g*h). Furthermore, 

(/1 + /2W = [ Ui + h){t)g(x-t)dtt 
J — OO 

= / fi(t)9(x ~ t)dt+ t h(t)g(x - t)dt 

J — OO J — OO 


= /l * 0(z) + /2 * 9(x). 


XI.2 The Weierstrass Theorem 


Exercise XI.2.1 Let f be continuous on [0, 1]. Assume that 

1 

f(x)x n dx = 0 

for every integer n = 0,1,2 Show that / = 0. [Hint: Use the Weierstrass 

theorem to approximate f by a polynomial and show that the integral of f 2 
is equal to 0.] 

Solution. Let B > 0 be a bound for |/| on [0, 1]. Given e > 0 there exists 
a polynomial P such that for all x € [0, 1] we have | f(x) — P(x) \ < e/B . So 

\f 2 (x) - f(x)P(x)\ = 1/(1) | [/(x) - P(x)\ < B J = e. 

But since P(x)f(x) = 0 we obtain 

f 2 (x)dx = [ f 2 (x) - f(x)P(x)dx < f | f 2 (x) - f(x)P(x)\dx < e. 
Jo Jo 

This is true for all e > 0 so f 2 (x)dx = 0. Since f 2 is continuous and 
> 0, we must have f 2 = 0 and therefore / = 0. 

Exercise XI. 2. 2 Prove that if f is a continuous function , then 

/ j vTxtfW* 1 * = */ ( o). 

h>0 

Solution. Suppose that / is continuous on [—1, 1]. Then we can extend / 
to a continuous and bounded function on R. Call this extension / again, 
and let M be a bound for /. Then Exercise 10, §3, of Chapter XIII implies 
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because 


isU-„iFh nx)dx=m ’ 

h> 0 00 


\ 7T h 2 4- X 2 ) 


h> 0 


is a Dirac family. To conclude the proof, it suffices to show that 

lim [ -rJr 2 f(x)dx = lim [ 2 f(x)dx = 0. 

h 2 + x 2 *-*<> Ji h 2 + x 2 


h>0 

The second limit follows from 

r£ 


h> O' 


l wh« x)dx s wh 

[B/h , 

= M I — 

Jl/h 1 + u 


(x/h) 2 
;dx 


dx 


= Af(arctan(J3/h) — arctan(l//i)). 


Let B — > 00 and then h — > 0 to conclude. 

Exercise XI.2.3 (An Integral Operator) Let K = K(x i y) be a con- 
tinuous function on the rectangle defined by the inequalities 


a <x <b and c<y<d. 

For f € C°([c, d\), define the function Tf = T K f by the formula 


Tif/(x)= [ K(x,y)f(y)dy. 
Jc 


(a) Prove that T K is a continuous linear map 

C°( M)^<7°(M), 


with the sup norm on both spaces . 

(b) Prove that Tk is a continuous linear map with the L 2 -norm on both 
spaces. 


Solution, (a) The linearity property of the integral implies at once that 
Tk is linear. We now show that Tk is continuous with the sup norm on 
both spaces. Since the function K is continuous on a compact set, it is 
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bounded, say by M. If / belongs to C°([c,d]), then for all x € [a, 6] we 
have 


\T K f(x)\ < £ \K(x,y)\\f(y)\dy 
< M(d — c)\\f\\. 


Hence ||Tk/|| < M(d — c)||/||, which concludes the proof of the continuity 
of the linear map T K in this particular case. 

(b) We now show that Tk is also continuous with the L 2 -norm on both 
spaces. We have 


WTk/WI = f \T K f(x)\*dx 

J a 


-(([ 


K(x,y)f(y)dyJ dx. 


■v 


Let M be a bound for K. Then the last expression is 

</(/ M\f(y)\dyj dx = M 2 (b - a) ^ |/(j/)|dj/^ . 

By the Schwarz inequality applied to the scalar product defined by the 
integral (Exercises 4 and 5, §2, of Chapter V) we see that 

l/(y)Mj/^ <(d-c)j' \f(y)\ 2 dy, 


f Vi prpfnrp 

\\T K f\\l<M 2 (b-a)(d-c)\\f\\l 

which proves the continuity of the linear map Tk in this case. 
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Fourier Series 


XII. 1 Hermitian Products and Orthogonality 

Exercise XII. 1.1 Verify the statements about the orthogonality of the 
functions Xn, and the functions ipo,<Pn,' l l>n- That is, prove (XmXm) = 0 
and (< p n , <Pm) =0 ifm^n. 

Solution. For the functions Xn we have 

<Xn,Xn>= [* e inx ~ inx dx = 2ir, 

J—TT 

and if n ^ to we have 

The orthogonality of the functions <p 0 > was studied in Exercise 3, §7, 

of Chapter IX. 

Exercise XII.1.2 On the space C n consisting of all vectors z = (z \, . . . , z n ) 
and w = (wi , . . . , w n ) where Zi,W{ € C, define the product 

{z,w) = z\W\ H h z n w n . 

Show that this is a hermitian product, and that (z, z) = 0 if and only if 
z = 0 . 
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Solution. The verification of all the properties is routine. We have 

n n 

(z,w) = = (w,z). 

i= 1 t=l 


Then we also have 

(u,v + w) = ^2 Ui(Vi + «*)-£ UiVi + £ UiWi = ( u ’ + w )’ 


and 

and also 


(cm, v) = ^2 au i v i = a ^2 UiVi = a ( u * v ) 
(u, cm) = ^ UiOtJi — ititJi = a(tt, v) . 


Finally, we have 

(«'»*') = £kl 2 >o. 


Now suppose (z,z) = 0. Then ^ \zi \ 2 = 0 so |zi| = 0 for all i, hence 2 ; = 0. 
Conversely, if z = 0, then it is clear that (z, z) = 0. 


Exercise XII. 1.3 Let l 2 be the set of all sequences {cn} of complex num- 
bers such that 2 1^1 2 converges . Show that l 2 is a vector space , and that 
*/{«n}> {Pn} are elements of l 2 , then the product 


({<*«},{/?«}) >-► £c*n/?n 


is a hermitian product such that (a, a) = 0 if and only if a. = 0. (Show 
that the series on the right converges , using the Schwarz inequality for each 
partial sum . Use the same method to prove the first statement.) Prove that 
l 2 is complete. 

Solution, (i) Suppose {a n },{/? n } are in l 2 . Then 


n 


n 


Ek+w 2 ^E 

i=l i= 1 


<*n 


| 2 + X>n| 2 +2£|a n ||/? n 

i= 1 i= 1 


The Schwarz inequality implies that 


E>«ii/?«i < (£>»i 2 ) 1/2 (£ia>i 2 ) 1/2 - 

i=l 

Letting n — ► 00 we conclude that {a n + /? n } £ Z 2 . If c is a scalar, then 
2|ca n | 2 = \c\ 2 ^2\a n \ 2 so {ca n } € Z 2 . We conclude that Z 2 is a vector 
space. 

(ii) First we show that the product makes sense. The Schwarz inequality 
implies that 
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n / n \ 1/2 / n \ V 2 .y 2 j yo 

E k/?»i < ^E w 2 J (E i&i 2 J ^ (E ki 2 ) (E i&i 2 ) 

so the series a nPn converges. We have verified in Exercise 2 that the par- 
tial sums verify the properties of a hermitian product. So these properties 
are also true for the product defined in this exercise. 

Now we prove that l 2 is complete. Let X n = {a n ,j}jEi and suppose 
{^n}^Li is a Cauchy sequence. Given 0 < e < 1 there exists a positive 
integer N such that for all n,m> N we have ||X n - X m \\ < c. Then for all 
n, m > iV we have 

EKj-a m ,i| 2< e 2 - 

3 

Hence, for each j, | a n j — a m ,j\ < e and therefore {anjJJJLa is a Cauchy 
sequence in C for each j. Let olj be its limit and let X = {a^}^. We 
assert that X belongs to l 2 and that X n — > X as n — ► oo with respect to 
the norm given by the hermitian product studied at the beginning of the 
exercise. For each positive integer M and all n,m> N we have 

M 

El«n,i - < e 2 , 

i = 1 


so letting m—> oo and then M — > oo we see that X belongs to l 2 and that 
||X n — X\\ < e for all n> N, thus proving our assertions. 

Exercise XII. 1.4 If f is periodic of period 2n, and a, 6 € R, then 

pb pb+2n pb—2n 

/ f(x)dx = / f(x)dx = / f(x)dx. 

J a J o + 2 tt J o — 2 tt 

(Change variables , letting u = x — 2tt, du = dx.) Also , 

/ 7T i»7T p7T-{-a 

f(x + a)dx = / f(x)dx = / f(x)dx. 

•7T */— 7T «/— 7T+a 

the integral over the bounds —n+a, —i r, 7r, ?r+a and use the preceding 
statement) 

Solution. The change of variable u = x — 2n and the periodicity of / imply 

/ pb— 2 tt pb—2ir 

f(x) = / f(u + 2n )du = / f(u)du. 

J a— 2tt J a— 2 tt 

The change of variable u = x + 2n and the periodicity of / imply 

pb pb+2ir |»6+27r 

/ /(*) = / /(« - 27r)du = / f(u)du. 

J a J a- f-27T «/ o4-27T 
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The change of variable u = x + a implies 


/ n rir+a 

f(pc + a)dx = / f(u)du . 

■tt J —7 r-fo 


Moreover we have 

rfl-f-a 


and 


so 


/ t r-fa t— 7r i»7r r7r-fa 

f(u)du = / f(v)du+ / f(u)du + / f(u)du, 

■7 r+a «/— 7rH-o «/— tt «/7r 

/ — 7T i*— 7T+27T |*7T+a 

/(u)du = / f(u)du = — I f(u)du 

■7T-| -a •/ — 7r4-o+27r •/ 7r 

/ 7T-fa i*7T 

/(«)d«= / f(u)du 

■7 r-fa «/— 7r 


as was to be shown. 


Exercise XII. 1.5 Let f be an even function (that is f(x) = f{—x)). Show 
that all its Fourier coefficients with respect to sin nx are 0. Let p be an odd 
function (that is g(—x) = —g(x) ). Show that all its Fourier coefficients with 
respect to cos nx are 0 . 

Solution. If h is odd, then h(x)dx = 0. To prove this, split the integral 
and change variables u = — x in the first integral, so that 


/ 7T i»0 t'K i»0 i*7T 

h(x)dx = / h(x)dx + / /i(x)dx = - / h(-u)du + / /i(x)dx 

■7T «/ — 7T «/0 «/7T «/0 

= j h(u)du + j h(x)dx = 0. 

J 7T «/0 


The exercise is a consequence of the following observations. If / is even, 
then the functions /(x) sin nx are odd, and if g is odd, then the functions 
p(x) cosnx are odd. 


Exercise XII.1.6 Compute the real Fourier coefficients of the following 
functions: (a) x; (b) x 2 ; (c) |x|; (d) sin 2 x; (e) |sinx|; and (f) |cosx|. 

Solution, (a) Since x i-» x is odd, Exercise 5 implies that ao = o,k = 0. 
Integrating by parts we find 

b n = ~ J xsin(nx)dx = [“~ cos ( nx )] + J c ° 8 ^ nx ^ c ^ x 

- (-!) n+1 ^ 

n 

(b) The function x »-* x 2 is even, so Exercise 5 implies that 6* = 0. We 
have 
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1 r* r x 2 1* 2 I* 

a n = — I x 2 cos (nx)dx = — sin (nx) / xsm(nx)dx 

7T J _7r 7TTI _ —tj- 7r 




rr 


(c) We find that the Fourier series of the function x »-> |x| is 

H- 5 -S( 


cos 3ar 
cos a: H ^ h 


3 2 


cos(2n + l)x 
+ - ~ H 


(2 n + 1) 2 




(d) A simple trigonometric identity gives 

. o 1 cos2x 

sin x = - — . 

2 2 


(e) 


(f) 


sinx[ 


= 1(1- 
7T \2 


cos 2x 


cos 2 nx 
4 n 2 


Jnx \ 

-i / 


|cosx| 


= 1(1 

7T \2 


cos 2x 
H h 


, , ,x„-iCOs2nx , 
+ (_1) 4^1 + 




Exercise XII. 1.7 Let f(x) be the function equal to (tt — x)/ 2 in the in- 
terval [0,27r], and extended by periodicity to the whole real line . Show that 
the Fourier series of f is £(sin nx)/n. 

Solution. We see that the function is odd, so a n = 0 by Exercise 5. Exercise 
4 implies 

1 /»2tt (- _ x \ 1 1 A 2tt 

b n = — / - — - — -sin (nx)dx = - I sin (nx)dx — — I xsin (nx)dx. 

tt Jo 2 2 y 0 2 tt 

The first integral is equal to 0 and the second integral is 


2n \ l n 


1 27T 

cos(nx) 


±[sinMt} = l. 


' 'Jo 

So the Fourier series of / is indeed 5^(sin nx)/n. 

Exercise XII. 1.8 Let f be periodic of period 2i r, and of class C 1 . Show 
that there is a constant C > 0 such that all Fourier coefficients Cn (n^O) 
satisfy the bound |cn| < C/\n\. [Hint: Integrate by parts.] 

Solution. Let C be a bound for /', and suppose that n ^ 0. Integrating 
by parts and using the fact that / is periodic we find that 

27rc„ = f f(x)e- in *dx = ^ [f(x)e~ inx Z n + 1 f f'(x)e~ in *dx 

J-ir in lTl J TT 

= J- r f'(x)e~ inx dx. 
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Hence the estimate 

2 ' ws R£ <7|e_, ” l<ic = W- 

Therefore |cn| < C/\n\ for all n ^ 0. 

Exercise XII.1.9 Let f be periodic of period 2n, and of class C 2 (twice 
continuously differentiable). Show that there is a constant C > 0 such that 
all Fourier coefficients Cn (n ^ 0) satisfy the bound |cn| < C/n 2 . General- 
ize. 


Solution. We prove the general result. Suppose / G C p , p > 1, and that 
/ is 2n periodic. Then /', /", . . . , /W are all 2ir periodic. Let n ^ 0. Then 
integrating by parts we get the following string of equalities 

^ = i £ - - <kf £ 


If B p is a bound for /M we get 


27r| Cn\ < 


2nB p 

\n\v 


and therefore |cn| < B p /\n\ p for all n ^ 0. 


Exercise XII. 1.10 Let t be real and not equal to an integer. Determine 
the Fourier series for the functions f(x) = cos tx and g(x) = sin tx. 

Solution, (i) Since / is even conclude that 6* = 0 for all k > 1. For the 
other coefficients we have 



f ■ 


cos (tx)dx 


2n 



sin(t7r) 

tn 


» 


and for n > 1, 

2 r* If* 

On = — / cos (tx) cos (nx)dx = — cos (tx + nx) -f cos(ta — nx)dx 
if J o ft Jo 

= — I — - — sinftn + nn) — — ^ — sin(t7r — nn) 

7r [t “h n t — n 

, lNn 2<sin(<7r) 

“ 1 ’ i r(* 2 -n 2 ) - 

So the Fourier series of / is 


sin(t7r) 

tn 


+ 


2 1 sin(t7r) 
n 


v'izDl 

n=l 


cos(na;). 
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(ii) The function g is odd, so o„ = 0 for all n > 0. The other coefficients 
are obtained by integration 

2 /* 7r i r 7r 

b n = — / sin(fcc) sin(nx)dx = — / cos (fcc — nrr) — cos (to + nx)dx 
n Jo n Jo 

* ^ ^ sin(t7T — 7i7r) — 7—77 sin(t7r + n7r) 


7r — n 

_ 

“ 1 ' 7T(f2_„2)- 

So the Fourier series of g is 

sin(t7r) 
7 r 


t — n 


00 


E(- 1 ) n 72?^ sin ( na: )- 


n=l 


t 2 — n 2 


Exercise XII. 1.11 Let E be a vector space over C with a hermitian prod- 
uct Prove the parallelogram law: For all v,w € E we have 

\\ v + w f + \\ v - w f = 2\\vf+2\\wf. 

Solution. Using the properties of the hermitian product we find 

||v + tt;|| 2 = (v + w, v + w) = (v,v) + (v,w) + (w,v) + (w,w) } 

and 


1 1 17 — w || 2 = (v — w,v — w) = (v, v) — (v,w) — (w, v) + (w,w), 

hence ||v + w\\ 2 + ||v — w\\ 2 = 2||v|| 2 -f 2||w|| 2 , as was to be shown. 

Exercise XII. 1.12 Let E be a vector space with a hermitian product which 
is positive definite , that is if ||v|| = 0, then v = 0. Let F be a complete 
subspace of E . Let v € E and let 

a = inf ||x — v||. 

x£F 

Prove that there exists an element x 0 € F such that a = \\v — x 0 ||. [Hint: 
Let {y n } be a sequence in F such that \\y n - v|| converges to a. Prove that 
{y n } is Cauchy , using the parallelogram law on 


Vn Vm = (y n -x)- (y m - *).] 

Solution. Let {y n } be a sequence in F such that \\y n — v|| — ► a as n — > 00 . 
The parallelogram law implies 

2||y« - v\\ 2 + 2||y ro - i>|| 2 = ||y„ - j/ m || 2 + \\y n + y m - 2vf. 


But 
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Ilv» +y m - 2w|| 3 = 4 
because F is a subspace. So 


\{y n + y m )-v 


> 4 a 2 


Ibn - y m \\ 2 < 2 II Vn - u|| 2 + 2||y m - v|| 2 - 4a 2 . 

Given e > 0 there exists N such that if n > N, then \\y n — v\\ 2 < o 2 + e. 
Then for all n, m > N we have 

bn - Vm || 2 < 4e, 


so the sequence {y n } is Cauchy and therefore has a limit xo E E. Since F 
is closed, xo E F, and ||a?o — v|| = a. 

Remark. In this exercise we assume that F is a subspace. From this as- 
sumption, we concluded that \{y n + y m ) E F whenever y n ,y>m in F. So if 
F is only assumed to be a closed convex set, the conclusion of the exercise 
still holds. For a similar result, see Exercise 16, §2, of Chapter VII. 


Exercise XII. 1.13 Notation as in the preceding exercise , assume that 
F ± E. Show that there exists a vector z E E which is perpendicular 
to F and z ^ 0. [Hint: Let v e E, v £ F. Let xq be as in Exercise 12, and 
let z = v — xo. Changing v by a translation, you may assume that z = v, 
so that 

\\z\\ 2 < \\z + x\\ 2 for all x E F. 

You can use two methods . One of them is to consider z -F tax, with small 
positive values of t, and suitable a E C. The other is to use Pythagoras ’ 
theorem.] 

Solution. We wish to show that z is perpendicular to all x in F. 

Method 1. Suppose ||x|| / 0 and let c be the component of z along x. 
Write z = z — cx + cx 80 by Pythagoras 

INI 2 = \\z - cx II 2 + ||cz|| 2 > ||* - cx|| 2 . 

By the choice of z we have ||^|| 2 < \\z + y || 2 for all y E F. Hence we obtain 

||*|| 2 = ||*- cs || 2 

which implies that ||cx|| 2 = 0 and therefore c = 0, as was to be shown. 

Method 2. Consider || 2 || 2 < \\z + tx || 2 for small values of t . Expanding 
yields 

(*> z) < (z, z) -|- 2 £Re( 2 , x) + t 2 (x , x) 

which implies 

0 < 2£Re(2,x) -I- t 2 (x,x). 

We pick t small of the opposite sign of Re (z, x) to get a contradiction when 
Re( 2 , x) / 0. Using ix instead of x proves that Im(z, x) = 0. This concludes 
the proof. 
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Exercise XII. 1.14 Notation as in Exercises 12 and 13, let A: E — ► C be 
a continuous linear map. Show that there exists y G E such that A(a:) = 
( x,y ) for all x e E. [Hint: Let F be the subspace of all x e E such that 
A(x) = 0. Show that F is closed. If F ^ E, use Exercise 13 to get an 
element z G E, z ^ F, z ^ 0, such that z is perpendicular to F. Show that 
there exists some complex a such that az = y satisfies the requirements, 
namely a — X(z)/\\z\\ 2 .] 

Solution. The subspace F is closed because if x n G F and x n — > x, then 
0 = X(x n ) — > X(x) by continuity, so X(x) = 0 and x e F. Supp ose F ^ E 
and choose z as in Exercise 13. Then let y = az where a = A(j 2 r)/||j 2 r|| 2 . Any 
x in E can be expressed as 


A(z) + A (z) 

But u = x — (X(x)/X(z))z belongs to F because 

A(u) = A(aj) - ^yA(^) = 0. 

So 

(aj, y) = (u + ^ 2 , az) = {z, z) = X(x). 

Exercise XII. 1.15 Let E be a vector space over C with a hermitian prod- 
uct which is positive definite. Let V\ , . . . , v„ be elements of E, and assume 

that they are linearly independent. This means: if c\V\ H \-CnV n = 0 with 

Ci e C, then Ci = 0 for all i. Prove that for each k = 1, . . . , n there exist 
elements W\,...,Wk which are of length 1, mutually perpendicular (that is 
(i Wj) = 0 ifi ^ j), and generate the same subspace as v i, . . . , Vk • These 
elements are unique up to multiplication by complex numbers of absolute 
value 1. [Hint: For the existence, use the usual orthogonalization process: 
Let 


ui = Vi, 

U 2 = V2 — C\V\, 


Uk = Vk - C k -lV k -i C\V\, 

where Ci are chosen to orthogonalize. Divide each Ui by its length to get Wi. 
Put in all the details and complete this proof] 

Solution. Let u\ = V\ and w\ = ui/||ui||. Then for k — 1 we see that 
||i£7i || = 1 and that {vi} and {wi} generate the same subspace. If w\ and 
w[ generate the same subspace and both have norm 1, then w\ = A w[ 
where |A| = 1. 
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Let u 2 = v 2 — c\W\ where c\ = {v 2 ,w\). Then 

(u 2i w x ) = (v 2 ,wi) - {v 2 ,w x ) = 0. 

The vector u 2 is non-zero for otherwise {v\,v 2 } are linearly dependent. Let 
w 2 = ^ 2/||^2 1| • The vectors w\ and w 2 are both linear combinations of v\ 
and v 2 . Conversely, v\ and v 2 are both linear combinations of W\ and w 2l so 
{v\,v 2 } and {w\,w 2 } generate the same space. The definition shows that 
this vector is unique up to multiplication by a complex number of absolute 
value 1. 

Now proceed by induction. For k > 2 we let 


u k = v k - cjfe-iWfc-i ciiui, 


where Cj = ( v kl Wj ). Then {u k , Wj ) = 0 for all i < j < k — 1. The vector u k 
is non-zero, otherwise the vectors, v\ , . . . , v k would be linearly dependent. 
Let w k = u k /\\u k \\. Here we see that w k is unique up to multiplication 
by a complex number of norm 1. The induction hypothesis implies that 
{wu . . . ,w k -i} and {t/i, . . . , v*_i} generate the same space. So w k is a 
linear combination of the vectors vi, . . . ,t/*, hence the space generated by 
{wi^.^Wk} is contained in the space generated by {^ 1 , . . . ,^}. Since 
{wi, . . . , w* } is a set of k linearly independent vectors we conclude that 
the space generated by {w \, . . . , w k } is the same as the space generated by 
{vi, . . . , v*}. This concludes the proof. 

Exercise XII.1.16 In this exercise , take all functions to be real valued , 
and all vector spaces over the reals . Let K(x,y) be a continuous function of 
two variables , defined on the square a <x <b and a <y <b. A continuous 
function f on [ 0 , 6 ] is said to be an eigenfunction for K, with respect to 
a real number A, if 

f K(x,y)f(y)dy = Xf(x). 

Ja 

Use the L 2 -norm on the space E of continuous functions on [a, 6 ]. Prove 
that if f \ y . . . , f n are in E, mutually orthogonal , and of L 2 -norm equal to 
1 , and are eigenfunctions with respect to the same number A ^ 0 , then n 
is bounded by a number depending only on K and A. [Hint: Use Theorem 
1.5.] 

Solution. Fix x with a<x <b. Let 


c k = 


(KJ k ) 

(fkj k ) 


(KJk). 


Theorem 1.5 implies that £3£ =1 \c k \ 2 < \\K\\ 2 so 


£ a 2 i/^)i 2 <ii*ii 2 - 

k=l 
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If B is a bound for K on the square [a, b] x [a, 6], we see that 

f> 2 |/*(s)| 2 <.B 2 (6-a). 

k = 1 

This last inequality is true for all x with a < x < 6, so integrating with 
respect to x and using the fact that ||/ fc ||| = 1, we get 

A 2 n<B 2 (b-a) 2 . 


XII.2 Trigonometric Polynomials as a Total 
Family 


Exercise XII.2. 1 Let a be an irrational number . Let f be a continuous 
function (complex valued , of a red variable) , periodic of period 1 . Show that 


lim 

N—+oo 


T]T/(na) = ^ f(x)dx. 


[Hint: First, let f(x) = e 2 ™ kx for some integer k. If k ^ 0, then you 
can compute explicitly the sum on the left, and one sees at once that the 
geometric sums 


N 


n=l 


n 2i rikna 


are bounded, whence the assertion follows . If k = 0, it is even more trivial . 
Second, prove that if the relationship is true for two functions, then it is true 
for a linear combination of these functions . Hence if the relationship is true 
for a family of generators of a vector space of functions, then it is true for 
all elements of this vector space. Third, prove that if the relationship is true 
for a sequence of functions {/fc}, and these functions converge uniformly 
to a function f, then the relationship is true for f .] 


Solution. Suppose f(x) = e 27rikx . First, suppose k ^ 0. Then since a is 
irrational, we see that 


1 N 
n=l 


a 2n ikna 


N 


e 2nika _ e 2ni(N+ l)ka 


1 _ g27 rika 


N |1 - e 2nika 


0 


as N — > oo. Since e 2nikx dx = 0, the formula holds. Suppose k = 0. Then 


1 N 

JE 1 - 1 - 


n= 1 



so in this case, the formula is also true. 
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If / and g verify the relationship, then so does af + bg for all complex 
numbers a and b because the integral is linear and 

N N N 

£ o /("°) + b s( na ) =4t /(”«) +4 ^ 9 ^ na ^ 

n=l n=l n=l 

Finally, suppose that {fk} is a sequence of continuous functions, of period 
1, which satisfy the formula and which converges uniformly to a function 
/. We contend that / verifies the formula. Given e > 0, choose k such that 
11/ — fk\\ < where || • || denotes the sup norm. Then 



< jj E \f(na) - f k (na)\ + 

n= 1 

+ f 1 1 fk - f\. 

Jo 


i N r 1 

iV n= 1 ^0 


The first and third term are < e for all N. For all large N the second term 
is < e, so for all large N we have 


N 



f 


K. 3e, 


thereby proving our contention. 

Now we give the concluding argument. The first and second step show 
that the relationship is true for all trigonometric polynomials. Since any 
continuous and periodic function is the uniform limit or trigonometric poly- 
nomials, the third step shows that the relationship is true for all continuous 
functions with period 1. 


Exercise XII.2.2 Prove that the limit of the preceding exercise is valid 
if f is an arbitrary real valued periodic (period 1) regulated function (or 
Riemann integrable function) by showing that given c, there exist continuous 
functions g,h periodic of period 1 , such that 


9 < f ond 



< e. 


In particular, the limit is valid iff is the characteristic function of a subin- 
terval of [0, 1] . In probabilistic terms, this means that the probability that 
2irka (with a positive integer k), up to addition of some integral multiple 
of 2ir, lies in a subinterval [a, b], is exactly the length of the interval b-a. 
This result provides a quantitative continuation of Chapter I, §^, Exercise 
6. It is also called the equidistribution of the numbers {fca} modulo Z. 


Solution. Gwen e > 0, tbeTe exists a step map tp such that fox x e\0,l\we 

have | f(x) — <p(x)| < e. We can assume <p(0) = <p(l) because / is periodic. 
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We extend ip on R by defining cp(x) = (p(x — n) if x € [n, n -I- 1], so that ip 
is now periodic of period 1, and the inequality | f(x) — <p(x)\ < e holds for 
all x . 

First, we build g and h on the interval [0, 1]. Suppose <p has discontinuities 
at the points of the partition 

0 = ao < ai < • • • < o n < 1. 

We call 6-intervals, intervals of length 2 6 centered at points of the partition. 
Suppose that a* is not an end point. If x is not in one of the 6-intervals, we 
set h(x) = ip(x)+e and g(x) = (p(x) — c. Let M be a bound for / and select 
B such that B > M+e. We now define h and g on the 6-intervals. Let h be 
the linear function having the value <p(a* — 6) + e at a* — 6 and B at a*. Let 
h have the value <p(aj+6) +c at a* + 6 and be linear on [a*, a* +6]. Similarly, 
for g , which is defined to be the linear function having value <p(di — 6) — e 
at a,i — 6, —B at a*, and <p(a* + 6) — e at a* + 6. We also modify the end 
points, so that #(0) = g( 1) and /i(0) = /i(l), so we can extend g and h to 
be periodic of period 1 on R. Then g and h are continuous, periodic, and 
9<f<h. 





Furthermore, 



< 2e + 2 nSB, 


hence we can choose 6 so that the integral is < 3e. Then we have 


N N N 

jf 1L ^( na ) ^ ^ Y, /H ^ Jj 


n=l 


n= 1 


n=l 


But by the previous exercise we know that 
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, N r l , N ,1 

— ^j 5 (na) -4 jf $ and — ^ /i(na) -> jf ft, 


and 



and 



h - g < 3e 


so we conclude that the desired limit exists and 


1 * /* 
lim V /(no) = / /. 

^ooN^ JK Jo 

Exercise XII.2.3 ^ Let P, Q be trigonometric polynomials . 5/ioiu t/iat 
P + Q and PQ is also a trigonometric polynomial. If c is a constant , then 
cP is a trigonometric polynomial. 

(b) Suppose a trigonometric polynomial P is written in the form 


n 

P(x) = oo + 5>* cos kx + bk sin kx). 

k=l 


If o n or b n ^ 0, define the trigonometric degree of f to be n. Prove that 
if f,g are two trigonometric polynomials , then 


trig deg (fg) = trig deg(/) + trig deg(g). 


Solution, (a) The only difficulty is to show that the product of two trigono- 
metric polynomials is also a trigonometric polynomial. This can be done 
using the product formulas for the sine and cosine which are 

sine* -sin 0 = ~ [cos(a — 0) — cos(a + 0)] , 

I 

sin e* • cos 0 = ~ [sin(a + /?) + sin(a - /?)] , 

I 

cos ol • sin (3 = i [sin(a + 0) - sin(a - 0 )] , 
i 

cos ol • cos 0 = ~ [cos(c* 4* 0) -I- cos(e* — 0)] . 


These formulas show that any expression of the form cos* x • sin* 7 x can be 
written as a linear combination of sine and cosine. 

(b) The fact that trig deg(/p) = trigdeg(/) + trigdeg(^) follows from the 
product formulas. 


Exercise XII.2.4 Let Cq 3 be the space of C°° functions with are periodic 
and vanish at —n, ir. Show that C q° ™ L 2 -dense in E (the space of piecewise 
continuous periodic functions). [Hint: Approximate the function by step 
functions, and use bump functions.] 
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Solution. The hint gives the proof away. Let ip be a step map that approx- 
imates /, that is ||/ — (fife < €. The C°° bump functions smooth out the 
corners and eliminate the singularities of <p. For the construction of such 
functions, see Exercise 6, §1, of Chapter IV and Exercise 7, §3, of Chapter 
X. Doing this construction at each discontinuity of p and making sure that 
at the end-points we let the bump function be equal to 0, we get a function 
g € Cq° which approximates p. We have the following pictures: 





The smaller 6, the better the approximation. Indeed, let n be the number 
points of the partition which defines the step map p. Then if B is a bound 
for p , we see that estimating the integral on the 6-intervals, we get 

llv> - fllli ^ 2(5 nB 2 . 

So for small 6, we will get ||/ — g\\\ < 2e. 


XII.3 Explicit Uniform Approximation 

Exercise XII.3.1 Let E be as in the text , the vector space of piecewise 
continuous periodic functions . If /, g € E, define 


f * ff(z) = [ f(t)g(x - t)dt. 

J — 7T 


Prove the following properties : 

(a) f*g = g*f. 

(b) IfheE , then f*(g + h) = f*g + f*h. 

(c) (f * g) *h = f * (g * h). 

(d) If a is a number , then (a/) * g = a(f * g). 
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Solution, (a) The change of variable u = x — t implies 


(/ * ff)(z) = [ f(t)g(x - t)dt = - f f(x- u)g(u)du 

J — 7 r J jc+7T 

= [ 9(,u)f(*-u)du = (g*f)(x). 

J — 7T 


(b) j The linearity of the integral implies that /* (<7 + /i) = /*£ + /* h. 

(c) Both (/ * g) * h(x) and / *(g* h)(x) are equal to 


/ / /(0Mu)<7(£ -t — u)dudt. 

J — TV J — 7T 


(d) This is an easy consequence of the linearity of the integral. 
Exercise XII.3.2 For 0 < r < 1, define the Poisson kernel as 


P(r, 0) = P r {0) = 

— OO 


Show that 


P r (0) = 


1 1 — r 2 

27r 1 — 2rcos0 + r 2 ' 


Solution. We use the formula to sum a geometric series 


2,p r m - 1 +E(r«-"r +f>“r- i + t^?» + 

71=1 71=1 

re~ ie — r 2 + re ig — r 2 1-r 2 

1 — re*® — re~ ie + r 2 1 — 2rcos0 + r 2 ’ 

Exercise XII.3.3 Prove that P r (0) satisfies the three conditions DIR 1, 
2, 3, where n is replaced by r and r — > 1 instead of n — ► oo. In other words: 
DIR 1. We have P r (0) > 0 for all r and all 9 . 

DIR 2. Each P r is continuous and 



= 1. 


DIR 3. Given e and 6, there exists ro,0 < ro < 1 such that ifro < r < 1, 
then 

P r < e. 

Solution. We use the formula obtained in the previous exercise. First, 
DIR 1 holds because — 1 < cosx < 1 hence 




XII.3 Explicit Uniform Approximation 205 


1 - 2rcos0 + r 2 >1 - 2r + r 2 = (1 - r) 2 > 0, 


and the numerator is > 0 because 0 < r < 1. 

DIR 2 is also verified. Indeed, each P r is continuous because the series 
converges uniformly (comparison to the geometric series). Furthermore, we 
can integrate the series term by term, so 



JL_ 

2tt 



r \ n \ e in0 dO. 


But if n 0, e %n0 d6 = 0 so 




Finally, we verify DIR 3. If 6 < 0 < 7r, then cos 0 < cos 6 so 

r r i - r 2 

Js “ J s l-2rcos« + r 2 

But 1 — 2r cos 6 + r 2 -♦ 2(1 — cos S) and 1 — r 2 -*0asr— > 1, and since P r 
is even, there exists 0 < ro < 1 such that if ro < r < 1, then 



e. 


Exercise XII.3.4 Show that Theorem 1.1 concerning Dirac sequences ap- 
plies to the Poisson kernels , again letting r — > 1 instead ofn—>oo.In other 
words: Let f be a piecewise continuous Junction on R which is periodic. Let 
S be a compact set on which f is continuous. Let 


/r = JW- 


Then f r converges to f uniformly on S as r — > 1. 

Solution. Let e > 0. Then DIR 2 implies that 

(■ Pr * /)(*) - fix) = r [f(x -0)- /(*)] Pr(0)d9. 

J —It 


The function / is uniformly continuous on S so there exists S > 0 such that 
| f(x — 0 ) — f(x) | < e whenever \0\ < 6. Let B be a bound for /, and select 
r 0 , 0 < r 0 < 1 such that if ro < r < 1, then 



Then we have 
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I (Pr * /)(*) - fix) I < [ *+ f* + r I f(x -0)- f(x)\P r (0)d0. 

J-n J —6 JS 


The middle integral is estimated by 

i*6 t6 


f I f(x - 9) - f(x)\P r (0)d0 < f eP r (0)d0 < e T P r (9)dJ9 = e. 
J-6 J —6 J-n 


The sum of the first and third integral is 


< f + r 2 BP r (9)d9 < e, 
J-n J-6 


so if ro < r < 1, then for all x e S we have |(P r * f)(x) — /(x)| < 2e. 

Exercise XII.3.5 In this exercise we use partial derivatives which you 
should know from more elementary courses . See Chapter XV, §1, for a 
systematic treatment 

Let x = r cos 9 and y = r sin 0 where (r, 9) are the usual polar coordinates . 
Prove that in terms of polar coordinates , we have the relation 


dx 2 dy 2 


dr 2 + r dr + r 2 d9 2 * 


T/iis means that if f(x,y) is a function of the rectangular coordinates x, y, 
then 

f(x,y) = /(rcos0,rsin0) = u(r,9) 

is also a function of (r, 9), and if we apply the left-hand side to f, that is 

d 2 f d 2 f 
dx 2 dy 2 ’ 

then we get the same thing as if we apply the right-hand side to u(r , 9). The 
above relation gives the expression for the Laplace operator ( d/dx ) 2 + 
( d/dy ) 2 in terms of polar coordinates . The Laplace operator is denoted by 
A. 

A function f is called harmonic if A/ = 0. 

Solution. We simply differentiate. For the first term d 2 /dr 2 we have 

du df n.df . a 

W-m c °‘ e+ ai’ mS 

and therefore, we find that (d 2 u/dr 2 ) is equal to 

d 2 f 


= COS0 

d^l 

dx 2 


( 


a 2 / 

dx 2 


cosfl+ ' sin 

dyox 


in 0^ + sin 9 ^ 


d 2 f „ a 2 / . „ 


) 


COS J «+ 


3 2 / 3 2 / 

Q Q sin0cos0-f ^-^-sin0cos0-f ^-4-sin 2 0. 
dxdy dydx dy 2 
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For the last term d 2 /d0 2 we have 


du 

d0 


Q/ Q/ 

— r- sin 0 + r-^- cos 
dx oy 


0 , 


so we find that 

9 2 u 9/ , a/ . „ 2 a 2 / . 2 „ 2 9 2 / , , „ 

-^2 = -r-^- cos0 - r^- sin0 + r 2 — 4 sin 2 0 - r 2 -5-5- sin 0 cos 0 

a0 J orr oy ox 2 oxoy 


—r‘ 


dy 

1 sin 0 cos 0 -I- r 2 cos 2 . 
oyox oy 2 


The formula that gives the expression of the Laplace operator in terms of 
polar coordinates drops out. 


Exercise XII.3. 6 (a) Show that the functions r^e lke are harmonic , for 
every integer k. 

(b) Show that A P = 0. In other words , the function 


P{r,0) = 



r \k\ e iko 


is harmonic for 0 < r < 1. Justify the term by term differentiations. 

Solution, (a) Let u(r,0) = r^e ike . If A: = 0 there is nothing to prove. 
Assume A; ^ 0. Then 

^ = |ft|rl fc l- 1 e ifc *, 0 = |*l(M- l)r |fc| -V fc « and 0 = -fcW®, 

so Exercise 5 implies 

Au = r w - 2 e ike (k 2 - |A;| + |Jb| - k 2 ) = 0. 

(b) Differentiating with respect to r we get the following two series: 

^|Jb|r |fc| - 1 e ifc<> and £ \k\(\k\ - i) r l*l- 2 e ifc ®. 

— oo — oo 


The ratio test implies that these two series converge absolutely and uni- 
formly on every closed interval [0,c] with 0 < c < 1 and with 0 G R. 
Differentiating with respect to 0 we get 

ikr^e ike and ^ -k 2 r^e ike . 

— oo — oo 



If r e [0, c] with 0 < c < 1 and 0 6 R, the ratio test and the fact that 
\e lk0 \ = 1 implies that the series converges absolutely and uniformly. So we 
can differentiate term by term the given function, and part (a) implies that 
P r (0) is harmonic for 0 < r < 1. 
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Exercise XII.3.7 Let g be a continuous function of 0, periodic of period 
27 r. Define 

u(r, 0) = ( P r * g)(ff) for 0 < r < 1. 

(a) Show that u(r,0) is harmonic . (You will need to differentiate under an 
intergral sign.) In fact , A(P * g) = (AP) * g. 

(b) Show that 

limu(r,0) =g(0) 

r — ► 1 

uniformly in 0, as a special case of approximation of Dirac families. 


Solution, (a) The functions g and P r are periodic of period 27r, so u is also 
periodic of period 2n. Suppose r E [0,c] with 0 < c < 1. The convolution 
is equal to 



P r (t)g(0 - t)dt. 


All the functions being continuous, we differentiate under the integral sign 
to conclude that 


Au = ( AP r ) * g. 


In Exercise 6 we proved that AP r = 0 so Au = 0. This result holds for any 
c with 0 < c < 1, thus u(r, 0) is harmonic. 

(b) For 0 € [0,27r], Exercise 4 implies that u(r,6) converges uniformly to g 
as r — > 1. Then since all the functions are periodic 27r, we conclude that 


lim u(r,0) =g{9) 

r— *> 1 


uniformly in 0. 
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Exercise XII.4.1 (a) Carry out the computation of the Fourier series of 
(7r — x) 2 /4 on [0, 27r]. Show that this Fourier series can be differentiated 
term by term in every interval [6, 2n — tf] and deduce that 


7 t — x 


2 


oo 


= £ 


sin kx 
~~k~ 


0 < x < 2 tt. 


(b) Deduce the same identity from Theorem 4-5. 

Solution. The function is odd, so b n = 0 for all n. For n > 1 we integrate 
by parts to obtain 



(*• - *) 2 
4 


cos nxdx = 


1 (7r — x) . 

r — -sin nx. 


7T71 
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Exercise 7, §1, implies that a n = 1/n 2 . When n = 0 we get 

i /» (>-«)» ± 

0 2tt Jo 4 12’ 

so the Fourier series of (x — x) 2 /4 on [0, 2ir] is 

.2 


2 0° 

7T ( cos nx 
12 *—> n 2 ■ 

n— 1 


The derived series is 

oo 

E sinnx 
n 

n=i 

In Exercise 6, §5, of Chapter IX, we proved the uniform convergence of this 
series in every interval [6, 2ir — £], so we can differentiate the Fourier series 
term by term. The derivative of (7r— x) 2 /4 is — ( 7 r — x)/2, so for 0 < x < 2ir 
we have 

7r — x ^ sin nx 

2 n * 

(b) Let 0 < x < 27r. Since u »-> (7r — u)/ 2 is differentiable at x, Theorem 4.5 
implies that the Fourier series at x converges to (ir— x)/2. In Exercise 7, §1, 
we proved that this Fourier series is Yl^Li( s ^ nnx )/ n - The result follows. 

Exercise XII.4.2 Let f be a C°° periodic function (period 2ir). Prove that 
given a positive integer k , one has 



e iAx dx = 0[l/\A\ k ) 


for A — > ±oo. 


Solution. We assume that A G Z. Integrating by parts once we get 

/>>'“•* - prPL -n 

So integrating by parts A; times and putting absolute values we get 



< 


< 


< 


ppr/V’MI* 


27T 

Mi* -S. 


i/ w (*)i. 


The last sup exists because we assume that / G C°° and [— tt, 7r] is compact. 
Conclude. 
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Exercise XII.4.3 Show that the convergence of the Fourier series to f(x) 
at a given point x depends only on the behavior of f near x. In other words , 
if g(t) = /(0 for all t in some open interval containing x, then the Fourier 
series of g converges to g(x) at x if and only if the Fourier series of f 
converges to f(x) at x. 

Solution. Suppose that / = g in the open ball of radius r centered at x. 
We can write D n * g(x) — g(x) and D n * f(x) — f(x) as the sum of three 
integrals as in Theorem 4.5. Suppose the Fourier series of / converges to 
f(x) at x. Given c > 0 for all large n we have 

I A. * /(*) - /(*)| < e. 

Let 6 be also < r. So the middle integral in D n *g(x) - g(x) and D n *f(x) — 
f(x) are equal. The Riemann-Lebesgue lemma implies that the first and 
third integral converge to 0, so we conclude that for large n, D n *g(x) —g(x) 
is small. Therefore, the Fourier series of g converges to g(x). Conversely, the 
Fourier series of / converges to f(x) at x if the Fourier series of g converges 
to g(x) at x . 

Exercise XII.4.4 Let F be the complete normed vector space of continu- 
ous periodic functions on [— 7r,7r] with the sup norm . Let l 1 be the vector 
space of all real sequences a = {a n } (n = 1, 2, . . .) such that ^ |a n | con- 
verges. We define , as in Exercise 8 of Chapter IX, §5, the norm 

Mli = f>«|. 

n= 1 


Let La(x) = ^ a n cos nx, so that L: l 1 —> F is a linear map, satisfying 

11^)11 < Hi. 

Let B be the closed unit ball of radius 1 centered at the origin in l l . Show 
that L(B) is closed in F. [Hint: Let {/*} (k = 1,2 , . . .) be a sequence of 
elements of L(B) which converges uniformly to a function f in F. Let 
fk = L(a k ) with a k = {a£} in l l . Show that 


1 /* 7r 

a k = - / fk(x) cos nxdx. 
* J-TT 


Let b n = 1/ 7r f^ v f(x) cos nxdx. Note that \b n - a£| < 2|| / - fk\\oo- Let 
P = {6 n }- Show first that 0 is an element of l 1 , proceeding as follows. If 
0 £ l l , then for some N and c > 0 we have Yln = l IM ^ 1 + c. Taking k 
large enough, show that £n=i l°nl > h which is a contradiction. Why can 
you now conclude that L(0) = / ?] 



XII.4 Pointwise Convergence 211 


Solution. We use the notation of the chapter and of the hint. Since | cos mx | 
< 1, the series YlnLi UnVntPm converges uniformly to fk^m- We can inte- 
grate term by term so that 



oo 

cos mxdx = ^2a*(<p n ,tp m ) = 

n=l 



Let b n = 1/ir f(x) cos nxdx. Then 

|i>n -a£| < ^ [ \f(x)-fk(x)\\cosnx\dx<^\\f-f k \\. 
ft J-n ft 

Now we prove that 0 e B. If not, then for some N and c > 0, we have 


N 

7! IM > 1 + c. 


n=l 


The hypotheses implies that for some k we have ||/ — /*|| < c/(4iV). Then 
k I = Ik - b n +b n \ > |6„| - | a* - b n \ > \b n \ - 2||/ - Ml > |6„| - 


SO 


N N 


Ei°»i>Eim 




But \\a k \\i < 1 so we get a contradiction which proves that 0 E B. Now we 
prove that L(0) = /. For each &, the function /& is even and continuous, so 
/ is even and continuous. Hence the Fourier coefficients of / with respect 
to the sine are 0. Furthermore, the 0-th Fourier coefficient of / is 0 because 



= 0 , 


and this follows from the fact that fk(x)dx = 0 for all k, by symmetry. 
So the Fourier series of / simply is cos nx = L(0). By Theorem 

4.1 we conclude that / = L(0). This proves that L(B) is closed. 

Exercise XII.4.5 Determine the Fourier series for the function whose 
values are e x for 

0 < x < 2 tt. 


Solution. We compute the Fourier series of the function e ax where a is 
not of the form in where n is an integer. The complex Fourier coefficients 
are given by 


Ck = 



e ax e~ ikx dx = 


1 

27r(o — ik) 
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So the Fourier series of the function e ax is 


+ (e 2 ™ -1)V Q + ifc + a ~ ifc cos kx + f «f »*-«f** , 

+ ^ 2?r(a 2 + k 2 ) + 27r(a 2 + fc 2 ) 

e 2 *° _ i a cos fax — h sin for 


.a -fife — a + ifc . 


-1 . e 2 ™-l 


a 2 + fc 2 


Exercise XII.4.6 For 0 < x < 2n and a ^ 0 we have 


=( * , "' i) (^ + £ 


a cos kx — k sin kx 
A; 2 -fa 2 


Solution. By factoring e 27ra — 1 and multiplying by n the expression of 
the Fourier series computed in Exercise 5, we get the right-hand side of 
the formula. Theorem 4.5 shows that the Fourier series converges to the 
function. This yields the desired formula. 

Exercise XII.4.7 For 0 < x < 2n and a not an integer , we have 


sin2a7r . x— \ 

7T cos ax = — h > 

2a ' 

k = 1 


a sin 2a?r cos kx -f fc(cos 2a7r — 1) sin kx 
a 2 — k 2 


Solution. The formula obtained in Exercise 6 is valid for any complex 
number a not equal to in for some integer n. Suppose a is a real number 
not equal to an integer and let ia = a. Then we have 

7re ox = 7r(cosarr -f i sin arc), 

so 7r cos arc is simply the real part of the right-hand side of the formula 
derived in Exercise 6. The expression in the first parentheses equals 

e 2 ian _ i _ cos (2a7r) — 1 -f isin(2a7r) = iq -f iv i, 

and the expression in the second parentheses equals 

—i ^ i a cos kx — k sin kx 

^, + E 

k= 1 

Therefore, tt cos arc = U\U 2 — V\V 2 and the desired formula follows from a 
simple computation. 

Exercise XII.4.8 Letting x = ir in Exercise 7 f conclude that 


(-i)* 


sma7r 




when a is not an integer. 
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Solution. Letting x = it in Exercise 7, we get 


7TCOSa7T 


thus 


(l + ag±^), 

& a2 - fc V‘ 


2a7r cos ax = 2 sin ax cos ax ( 1 + 2a 2 


Exercise XII.4.9 (Elkies) Let B be the periodic function with period 1 
defined on [0, 1] by 

B(x) = x 2 - x + 

o 

(a) Prove that B(x) = ^ E n ^o 

(b) Prove the polynomial identity for every positive integer M: 


(c) Prove that for all integers M >1 we have: 

M 


+ z~ m ) + 1. 


m / \ 

S 1 - Jm) 

m= 1 N ' 


B(mu) > • 


(d) More generally , let A = (ai, . . . , a r ) be an r-tuple of positive numbers. 
Let X = (xi, . . . , x r ) be an r-tuple of real numbers. Define 

E(A,X) = 'y \ aiaj^B(xj — Xj). 

*7 


Prove that 

E(A,X)>-Lj2 a l 

1 

Solution, (a) Let u = 2xx and consider the function B 2 defined by £ 2 (t0 = 
£(ti/2x), and which is periodic of period 2x. For n^O the complex Fourier 
coefficients of B 2 are given by 


2 TTCn = 


1 

4x 2 



V?e~ inu 




ue 


—inu 




e~ inu du. 


The last integral equals 0, and integration by parts shows that the second 
term equals l /(in). Integrating by parts also shows that the first integral 
is equal to -l/(in) + l/(xn 2 ), so 
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Cn = 


27 r 2 n 2 ’ 


If n = 0, we have 

2nC ° = / («)d« = IT ^ - 1 + |) = 0. 

Theorem 4.5 implies 

n^O 

but B 2 ( 2 nx) = B(x) so the formula for B(pc) drops out. 

(b) Induction. The formula is true when M = 1. Assume that the formula 
is true for some positive integer M . Set 


, /M+2 \ /M+2 \ 


Then we see that 


- /M+l M+l 

M + 2 (£ z "' S 

\n=l fc=l 


M+l 

+ ^M+2 g ,-fc + ^-M-2 
k = 1 


M+l \ 

X> n +i • 

n=l / 


The induction hypothesis implies that 

'M+l 


A = 


M + 2 


+ 

M+2 



£ (M+l-m)(z m +z" m ) + M+l^ 

M+l \ ■ 

£* n +0 

n=l /. 


m=l 

z" m + 


= E > 

m=l ' 


m + z~ m ) + 1, 


as was to be shown, 
(c) Part (a) implies 


M+l / 

y (i- - m . 

M + l 

m=l ' 




is equal to 


iEiE(‘-j^i)^* 

n>0 m=l N 7 


Zninmu _j_ g— 27rmmu 


), 


and by part (b) we see that this last expression is 
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1 

n 2 (M + 1) 




But 52 e ~ 27rinku is the complex conjugate of 52 e 2ninku so we see that the 
above expression is 

>dyl = _i 

~ 2t r 2 ^n 2 12’ 

n>0 

where we have used the fact that 52^=i V 7 * 2 = tt 2 /6. This proves the 
inequality of (c). 

(d) We have 
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Improper Integrals 


XIII. 1 Definition 


Exercise XIII. 1.1 Let f be complex valued , f = fi + 2/2 where /i,/2 are 
real valued , and piecewise continuous . 

(a) Show that 


too too too 

/ / converges if and only if fi and / f 2 converge . 

Ja Ja Ja 

(b) The function f is absolutely integrable on R if and only if f\ and /2 
are absolutely integrable. 

Solution, (a) Suppose / a °° / converges to u\ + iu^, then since 


f b 


f b 

/ /i-«i 

< 

/ / - («i + *«2) 

Ja 


Ja 


for i = 1,2 we conclude that f£° f\ and / a °° / 2 converge to ui and U2, 
respectively. 

Conversely, suppose that / a °° /1 and / a °° /2 converge to Ui and U2, re- 
spectively. Then 


,6 


f b 


r b 

/ /-(«l+»«2) 

VI 

/ /l-«l 

+ 

/ f2 — U2 

Ja 


«/ O 


Ja 


so / a °° / converges to ui -I- iu2- 
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(b) Since |/i| < |/|, |/ 2 | < |/|, and |/| < |/i|+|/ 2 |, / is absolutely integrable 
on R if and only if fi and / 2 are absolutely integrable on R. 

Exercise XIII. 1.2 Integrating by parts , show that the following integrals 
exist and evaluate them: 


and 


L 

i: 


e *sin xdx 


e x cos xdx. 


Solution. Integrating by parts twice we find that 


poo poo 

/ e~ x sin xdx — 1-1 e~ x si 

Jo Jo 


sin xdx 


so that 


poo 

Jo ' 


e x sin xdx = 


and similarly for the other integral. Note that we can compute both in- 
tegrals simultaneously. Compute / Q b e~ x e ix dx and use Exercise 1. You will 
get 

jf - rh ['-'“lo = 

but |e“ 6 e i6 | = e~ b -+ 0 as 6 — > oo, so that 


f 


°° e~ x e ix dx = t— r = — • 
i-l 2 

roo 


Therefore the integrals / 0 °°e x sin xdx and / 0 °° e 21 cos xdx both converge 
to 1/2. 

Exercise XIII. 1.3 Let f be a continuous function on R which is abso- 
lutely integrable . 

(a) Show that 

/ oo poo 

f(—x)dx = I f(x)dx. 

■oo J — oo 

(b) Show that for every real number a we have 


/ OO poo 

f(x + a)dx = / f(x)dx. 

-oo J — oo 


(c) Assume that the function f(t)/\t\ is continuous and absolutely inte- 
grable. Use the symbols 


L mdu -L m v\ dt - 
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If a is any real number ^ 0, show that 

[ f(at)d*t= f f(t)d*t. 

J a* Jb.* 

This is called the invariance of the integral under multiplicative 
translations with respect to dt/t. 

Solution. The change of variable u = — x implies 

/ 0 pa pb pO 

f(pc)dx = / f(-u)du and / f(x)dx = / f(-u)du . 

■a JO Jo J-b 

Taking limits yields the desired result. 

(b) The change of variable u = x + a implies 

/ 0 pa p(3 pP+a 

f(x + a)dx = / f{u)du and / f(x + a)dx = / f(u)du. 

- ot J — ot+tt '0 J a 

Taking limits yields the desired result. 

(c) Suppose a > 0. Then 


Taking limits yields the desired result. If a < 0, part (a) implies the result. 


r a P 


XIII.2 Criteria for Convergence 


Exercise XIII.2. 1 Show that the following integrals converge absolutely . 
We take a > 0, and P is a polynomial . 

( a ) C P(x)e~ x dx. (b) / 0 °° P(x)e~ ax dx. 

(°) Z p ( x ) e ~ ax2<ix - ( d ) f-oo P(x)e~ a ^dx. 

(e) / 0 °°(1 -f \x\) n e~ ax dx for every positive integer n . 

Solution, (a) Let a = 1 in (b). 

(b) It is sufficient to prove the absolute convergence in the case where P is 
a monomial, i.e. P(x) = x n . We can write 

^jig-ax _ x n e ~ax/2 e ~ax/2' 


For all large x > 0 we have |x n e'" ox / 2 | < 1 . Clearly, the integral / 0 °° e ax / 2 dx 
converges because 


[ B e~ ax ' 2 dx = — \e- aB > 2 - 1 

Jo a L 


2 

a 



220 XIII. Improper Integrals 


as B — ► oo. Therefore, the integral / 0 °° P{x)e ax dx converges. 

(c) For all large x , e~ ax < e~ ax so (b) guarantees the absolute convergence 
of the integral / 0 °° P(x)e~ ax2 dx. 

(d) If A, B > 0, we can write 


r B 

/ P(x)e- a Wdx 

Jo 

/ o 

P(x)e~ a ^dx 


= [ B PW 

Jo 

= [ P(-x)e 
Jo 


e ax dx and 
~ ax dx. 


Conclude using part (b). 

(e) Since x > 0, |x| = x and expanding (1 -I- x) n we get a polynomial, we 
conclude from part (b) that / 0 °°(1 -I- \x\) n e~ ax dx converges absolutely. 

Exercise XIII.2.2 Show that the integrals converge . 



Solution, (a) Write 


1 x 1 / 2 1 

| sinxl 1 / 2 | sin a?! 1 / 2 x 1 / 2 * 

The function x ► x l f 2 /\ sinxl 1 / 2 is continuous on [0,7r/2] and bounded 
because uj sin u — ► 1 as u — ► 0. The result follows from the fact that the 
integral 

r ' 2 dx 
Jo 3:1/2 

converges. Indeed, 


r ' 2 dx 
Jo 3:1/2 




(b) Suppose 6 > 0 is small. The change of variable u = n - x implies 


r ~ 6 dx f 6 -du r /2 du 

n/2 Isinxl 1 / 2 Jn/2 I sin(7r — u)) 1 / 2 Jg Isinul 1 / 2 " 


Let 6 — > 0 and use part (a) to conclude. 

Exercise XIII.2.3 Interpret the following integral as a sum of integrals 
between rnr and (n -I- l)n, and then show that it converges: 



(x 2 + ljlsinxl 1 / 2 ^* 
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Solution. Let 


a n 


-L 


(n+l)7r 


f nir (x 2 + 1)| sinarl 1 / 2 
The change of variables u = x — nw shows that 


dx. 


L 


nir+n/2 


1 


nit+6i (x 2 + l)|sina:| 1 /2 


dx 


rn/2 

J6x 


f s 1 ((u + nir) 2 + 1)| sinw] 1 / 2 

_j_ r /2 du 
~ n% 2 J 0 


du 


\smu\ x / 2) 

and a similar estimate holds for the integral from mv+Tr/2 to (n+ 1)tt — 6%. 
Using Exercise 2, we see that a n is finite and since ^2 1/n 2 converges and 
a n > 0 we conclude that the series ^2 a n converges. Since the integrand is 
positive it follows that the integral 


r 


:dx 


l 0 (x 2 + 1)| sin x I 1 / 2 

converges. 

Exercise XIII.2.4 Show that the following integrals converge: 

(a) r -fee~ x dx. (b) / 0 °° £e~ x dx for s < 1. 

Solution, (a) Put s = 1/2 in (b). 

(b) Because of Exercise 1, we may assume that 0 < s < 1. We split the 
integral 

[ B —e~ x dx = f — e~ x dx+ j B — e~ x dx. 

Js X s J 6 X s J x X s 

The first integral converges because for x > 0 


e' x 1 

0 < < — 

X s X s 


and 


i; 


dx 




-5+1 — S + l 


tends to 1/(1 — s) as 6 — > 0. The second integral also converges because for 
all large x we have 


o-X 


0 < - — < e 

X s 


— X 


and 


r 




converges. This concludes our argument. 
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Exercise XIII.2.5 Assume that f is continuous for x > 0. Prove that if 
/j 00 f(x)dx exists , then 


/ OO 1*00 

f(x)dx = a j f(ax)dx for a > 1. 


Solution. Changing variable, u = x/a we see that 



f(au)adu. 


Let B — ► oo and conclude. 


Exercise XIII.2.6 Let E be the set of functions f (say real valued , of one 
variable , defined on B) which are continuous and such that 

[ \f(x)\dx 

J — OO 


converges . 

(a) Show that E is a vector space. 

(b) Show that the association 

f*-+[ i/(*)i <fa 

J —oo 


is a norm on this space. 

(c) Give an example of a Cauchy sequence in this space which does not 
converge (in other words , this space is not complete). 

Solution. Suppose f,g G E. Then f + g is continuous and \f(x)+g(x)\ < 
\f(x)\ + |p(x)| so J? \f(x) + g(x)\dx converges. If a is a number, then 

fa \ a f \ = l a l fa I/I’ so af £ E. Thus E is a vector space. 

(b) Let 

ll/lli = [ \f(*)\dx. 

Then if / = 0 we clearly have ||/||i =0, and conversely, if ||/||i, we must 
have / = 0 because / is continuous. Indeed, if |/(y)| > 0 for some j/, then 
|/| > 0 in some open ball centered at y and therefore the integral would be 
> 0. Clearly, ||a/||i = |a|||/||i whenever a is a real number. Finally, the 
triangle inequality follows from the fact that \f(x) + <7(a;)| < |/(x)| + |p(x)| 
for every x. 

(c) Consider the function f n equal to 0 outside [-1 /n, 1 -h 1/n] which takes 
the value 1 on [0,1] and which is linear on the intervals [— l/n,0] and 
[1, 1 + 1/n]. Consider the sequence {/ n }£Li* Then if n > m we have 

II fn ~ /m||l ^ ~ j 
771 
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so {/ n } is a Cauchy sequence. Suppose that there exists a continuous func- 
tion / € E such that f n — ► / in the || • ||i norm. Then 

/ \l-f(x)\dx= f \fn(x) — f(x)\dx < ||/ n — / 111 . 

Jo Jo 

But || f n - f lli — ► 0 so we conclude that f(x) = 1 if x G [0, 1] because / 
is continuous. The same argument shows that f(x) = 0 if x £ [0,1]. Since 
we assumed / continuous, we get a contradiction and this proves that E is 
not complete under || • ||i. 


In the following exercise , you may assume that 



Exercise XIII.2.7 (a) Let k be an integer > 0. Let P(t) be a polynomial, 
and let c be the coefficient of its term of highest degree. Integrating by parts, 
show that the integral 




P(t)dt 


is equal to 0 if deg P < k, and is equal to (—l) k klcy/n if deg P = k. 
(b) Show that 


dt k 


(«"* ) = Pk{t)e- f , 


where Pk is a polynomial of degree k, and such that the coefficient oft k in 
Pk is equal to 

a k = (— 1)*2*. 

(c) Let m be an integer > 0. Let II m be the function defined by 


H m (t) = e 


= p ‘ 2 /2 


2/0 d m 


dt m 




Show that 


[ H m (t) 2 dt = (-l) m m!o TO V7r, 
J — OO 

and that if m^n, then 



H m (t)H n (t)dt 


= 0. 


Solution, (a) Let / be the integral we wish to compute. When integrating 
by parts, the first term equals 0 because of (b) and because if R is a 
polynomial, then 
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lim R(t)e 1 =0. 

1 * 1-00 v 

So if r = deg P < k we see that integrating by parts r times we get 

7 - <-»' £ (&-*) [£^-f - 


If deg P = h, then 


I = (— l) fc /c!c f e 1,2 dt = (—l) k k\cy/ir. 

J — oo 

(b) We use induction. If k = 0, then Pq = 1, so the result is true. Suppose 

;£(«-■’) = [(- 2)*(‘ + «,(()]«-• 

with degQfc < k — 1. Then differentiating the above expression we see that 


dt k + 1 1 


(e-‘ 3 ) = P fe+ i(i)e- <3 , 


where 


P k+ 1 (t) = [&(-2) fc t fc ~ 1 + QUt)] + [(— 2) fc+1 t fc+1 - 2tQ fc (t)] . 


This proves (b). 
(c) Note that 


Hm{t ) 2 = e ‘V2p m(i)e -t a e tV2^ (e -t> ) = P m(t )^ (e -‘ 3 ) I 


so part (a) implies 


f H m {tfdt = (—l) m mla m y/n. 

J — OO 


For the second case, assume without loss of generality that n < m. Then 


Part (a) implies 


Am 

Hn(t)Hrn(t) = P n (t)’T^(e ). 


f°° H n (t)H m (t)dt = 0. 

J — oo 


Exercise XIII.2.8 (a) Let f be a real valued continuous function on the 
positive real numbers , and assume that f is monotone decreasing to 0 . Show 
that the integrals 
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pB pB pB 

/ /(t) sin tdt, / f{t) cos tdt, I f(t)e li dt 
Ja Ja Ja 

are bounded uniformly for all numbers B > A > 0. 

(b) Show that the improper integrals exist: 

f poo poo 

f(t)sintdt y / f(t)co8tdt, / f(t)e lt dt. 

Jo Jo 

The integrals of this exercise are called the oscillatory integrals. 

Solution, (a) The function / is bounded, so it is sufficient to show that 
the integral of cosine, sine, and e lt are uniformly bounded. We have 


i: 


e u dt 


o%B __ pi A 


< 2 . 


Since e il = cos t + i sin t we have 


r B 


r B 

/ cos tdt 
Ja 

< 2 and 

J sin tdt 


< 2 . 


(b) Theorem 2.6 implies the convergence of the three oscillatory integrals. 


XIII.3 Interchanging Derivatives and Integrals 

Exercise XIII.3.1 Show that the integral 

, . f 00 sin t _ tx 1± 

g(x) = J o —e * dt 

converges uniformly for x > 0 but does not converge absolutely for x = 0. 
Solution. We isolate the key step. 

Theorem 1 Let f be a differentiable , non-negative decreasing function and 
let h be a continuous function. Suppose that there exists M > 0 such that 


j: 


h(x)dx 


< M 


for all A< B. Then 


i: 


f(x)h(x)dx 


< f(A)M. 
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The proof goes as follows. Let H (x) = h(t)dt. Integrating by parts we 
obtain B & 

[ f(x)g(x)dx = [f(x)H(x)}% - [ f'(x)H(x)dx. 

Ja Ja 

Putting absolute values and using the triangle inequality we get 


[ f(x)h(x)dx < f(B)M + M f — f'{x)dx 
Ja Ja 


= f{B)M + M(-f(B) + f(A)) = f(A)M. 

We apply this result to f(t) = e~ tx /t and h(t) = sint. Then f(t) > 0 
and f'{t) < 0, and 

J sin tdt < 2 

by Exercise 8 of §2. So we can apply the theorem. Since 


f(A) = 


when x > 0, we get 


f B sin 

J A ~ 


- e~ tx dt\ < 4 


and the convergence is uniform for x > 0, as was to be shown. 
Now we prove that the integral 


f°° I sin 

Jo \~ 


diverges. On the interval [(n — l)7r, rur] we have 

sint 1 , . , 

— >— |sint|, 

t 717T 

and the change of variable t — (n— l)n = u implies 


pnir 

/ \sint\dt = 2. 
J (n— l)7r 


J(n— l)7r 

The series ^ 1/n diverges, so the integral is not absolutely convergent. 

Exercise XIII.3.2 Let g be as in Exercise 1. (a) Show that you can dif- 
ferentiate under the integral sign with respect to x. Integrating by parts and 
justifying all the steps , show that for x > 0, 

g(x) = — arctan x -I- const. 
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(b) Taking the limit as x —* oo, show that the above constant is tt/2. 

(c) Justifying taking the limit for x — > 0, conclude that 


poo 

Jo 


sin t _ 7 r 
~ dt ~ 2 * 


Solution, (a) The argument in the text justifies differentiating under the 
integral sign 


poo 

/(*) = —/ I 

Jo 


2 tx sin tdt. 


Now we can integrate by parts the integral from 0 to B, 

— J e~ tx sin tdt = [e~ tx cost] q + J xe~ tx cos tdt. 
Now we integrate by parts the integral on the right 

pB _ p r 

— / e~ tx sin tdt = [e" tx cost] 0 + [xe” <aj sint] 0 + x 2 

Jo Jo 

Letting B — ► oo we get 

g'(x) = -1 - x 2 g'(x) 


i tx sintdt. 


hence 


g\x) = 


-l 

l + X 2 * 


Integrating we see that for x > 0 we have 


g(x) = — arctanx + const. 


(b) To find the limit of g(x) as x — ► oo we must estimate the integral. The 
mean value theorem implies |sin£| < \t\ so 


b(x)|< 

Jo x 

and therefore lim^oo g(?) = 0. The value of the constant is 7r/2 because 
lim^oo — arctan x = —tt/2. 

(c) The uniform convergence proved in Exercise 1 implies the continuity of 
g at 0, and since lim x _* 0 arctan x = 0 we conclude that 



sint 7r 

~ r dt = 2 


Exercise XIII.3. 3 Show that for any number b> 0 we have 
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Solution. The change of variable u = bt implies 

f B sin bt f bB _ sinu 1 , 

/ — - — at = I b r au , 

Js t Jb6 u b 

so taking the limits 6 — ► 0 and B —* oo we get 

Jo t Jo u 2 

Exercise XIII.3.4 STiow that there exists a constant C such that 


r 


e * 2 cos txdt = Ce * 2 / 4 . 


[Hint: Let f(x) be the integral. Show that f'(x) = —xf(x)/2. See the proof 
of Theorem 1.3 of the next chapter. Using the value 


poo 

Jo 


e t2 dt=^-, 
0 * 


one sees that C = y/ir/2.] 


Solution. Let g(t,x) = e * 2 cos tx. Then g and D 2 g are both continuous 
and we have the estimates 


\g{t>x)\<e t2 and \D 2 g(t,x)\ <te * 2 
so we can differentiate under the integral sign. We obtain 

f'(x) = j —te~ t2 sin txdt. 


Integrating by parts we get 


fix) = 




sin tx 


f e * 2 cos txdt = ~f{x). 
n 2 Jo 2 


Conclude by arguing as in Exercise 1, §1, of Chapter IV. 


Exercise XIII.3.5 Determine the following functions in terms of elemen- 
tary functions: 

( a ) /(*) = S-OO e_<2 sin txdt - (h) /( X ) = S-oo e ~‘ 3 

Solution, (a) Let g(t , x) = e~ l sin tx. We have f(x) = 0 because g(-t,x) = 
g(t,x ), and putting absolute values we see that the integral converges. 

(b) The function g defined in Exercise 4 is even in t, so 
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/ °° _ 2 f°° 

e * costxdt = 2 I e 1 

-oo JO 


cos txdt. 


Exercise 4 implies that 


/ OO 2 

e~ l cos txdt — 2 Ce~ x ^ 4 , 

-oo 


-oo 

where C = y/ir/2. To conclude, remember that e ix = sin x + i cosx. 
Exercise XIII.3.6 Determine whether the following integrals converge: 
(a) r xVi+x^ z - W Jo sin(l/x)rfx. 

Soluti on, (a) We must check convergence at 0 and oo. For 0 < x < 1 we 
have y/l + x 2 < 2, so for 6 > 0 close to 0 we have 


f l d x > f l 

Js xVT+x* ~ Js 2 


Since — log S — > oo as 6 — ► 0, the integral does not converge. Notice however 
that 

'°° dx 


/ 


converges because 


a?\/l -f x 2 


< 4 . 


x\/l + x 2 a ; 2 


(b) We must check convergence near the origin. Let e > 0. If0<a<6<e 
then 

/ sin(l/a;)da; < / | sin(l/a;)|cte < b - a < e, 

«/a «/a 

so the Cauchy criterion is verified, hence f* sin(l/x)dx converges. One 
could also change variables x = 1/u and use the fact that (sin u)/u 2 du 
converges. 

Exercise XIII.3.7 Show that sin(x 2 )dx converges . [Hint: Use the sub- 

titution x 2 = t.] 

Solution. We change variables x 2 = t. Then dt/(2y/i) = dx so 

But we know from Exercise 8, §2, that |/^ sin tdt < 2. Since t i-» 1 /y/t is 
monotone decreasing to 0, we conclude that / 0 °° sin(x 2 )dx converges. 
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Exercise XIII.3.8 Evaluate the integrals 


n °° t-x 
(* + t)3 


dtdx and 


t-x 

(x + t ) 3 


dxdt 


to see that they are not equal. Some sort of assumption has to be made to 
make the interchange of Theorem 3.5 possible. 

Solution. Direct computations show that the integrals converge. For the 
first integral, change variables u = x + t, 


[ B t-x r B+ 

J i (* + *) 3 /,+* 


B+x u-2x 


u c 


du = 


-1 


l B+x 


U 


+ x 


Jl+* 


;?] 


B+x 

1+s 


Taking the limit as B — > oo we obtain 


f 


t-x 


dt = 


x 


(x + t) 3 1 + x (1 + x) 2 (1 + x) 2 * 


So 


rm— r 


dx 


(1+x) 2 


1 

2' 


For the second integral, a similar argument shows that 

-1 


r jl 

Jx (X 


— X 


■dx = 


+ t) 3 (1 + t) 2 

Exercise XI11.3.9 For x > 0 let 


“ d l 


rOO 

9(x) = / 

Jo 


log (u 2 x 2 + 1) 
IX 2 + 1 


du 


so that g( 0) = 0. Show that g is continuous for x > 0. Show that g is 
differentiable for x > 0. Differentiate under the integral sign and use a 
partial fraction decomposition to show that 


7T 


ff'(x) = for X > 0, 

and thus prove that g(x) = 7rlog(l + x). (This proof is due to Seeley.) 
Solution. Let 


f(u,x) = 


log(u 2 x 2 + 1) 


'll 2 + 1 

Suppose x e [0,c]. There exists a number M > 0 such that for all u > M 
we have 
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for all x e [0, c]. Then for all B > M we have 


figii >*.</* 

u 2 + 1 Vm u +1 Vm « 3/2 


for some fixed constant if. The convergence of ff° l/u 3 / 2 du implies the 
uniform convergence of / 0 °° f(u,x)du. So g is continuous on [0,c] and since 
c was arbitrary we conclude that g is continuous for x > 0. 

Now we prove differentiability. Let 0 < a < b and suppose x e [a, b]. 
Then we have 

ln « _M _ 2u 2 x ^ 2 bu 2 ^ K' 

\ D 2 j(u, a:) | - (u 2 + 1)(u2a;2 + JJ < U 2 0 2 U 2 £ U 2 

so the integral / 0 °° D 2 f(u,x)du converges uniformly for x E [a, 6]. Since a 
and 6 are arbitrary, we conclude that g is differentiable for x > 0 and 


poo 

g'(x) = / D 2 f(u,x)du. 
Jo 


Suppose x ^ 1. Since 


we have 


( u 2 -f l)(u 2 £ 2 4- 1) ( x 2 — 1) [u 2 4- 1 u 2 x 2 + lj ’ 

n v 2x f7T 7T *1 7 r 

9 ^ (rr 2 — 1) l 2 2a; J rr -f 1 * 


If a = 1, then we see that 


/(l) = 2 f 

Jo 


(u 2 + l) 2 


and to evaluate this integral, consider the change of variable u = tan t so 
that 

pit / 2 

p'(l) = 2 / sin 2 tdt = — . 

Jo 2 


Thus for all a; > 0 we have 


</(*) = 


x 4- 1 


Integrating, we obtain p(rr) = 7rlog(l 4- £) 4- constant. The continuity of p 
at 0 implies that the constant is 0. 

Exercise XIII.3.10 (a) For y > 0 let 

<Py(x) = - 2 V ; o - 

nx 2 + y 2 
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Prove that {p y } is a Dirac family for y — > 0. 

(b) Let f be continuous on R and bounded. Prove that (tp y *f)(x) converges 
to f(x) as y — > 0. 

(c) Show that <p(x,y) = ip y (x) is harmonic. Probably using the Laplace 
oeprator in polar coordinates makes the computation easier. 

Solution, (a) Clearly, ip y is continuous and positive. Changing variables 
x = uy we get 

- r - 2 ^^=- r ~2Ti du = l 

7r y.oo x 2 + y 2 7 r y_ 00 U 2 + 1 

Finally, if 6 > 0, then 



= 2 (| - arctan , 

but arctan t — > tt/2 as t — > oo, so this completes the proof that {</? y } is a 
Dirac family for y — > 0. 

(b) We give the standard proof. Let e > 0 and fix x. Then we have 

r°o 

(<Pv * f)(x) - f(x) = / [f(x - 1) - f(x)\<p y (t)dt. 

J —oo 

Let B be a bound for / and choose 6 such that \f(x - t) - f(x)\ < e 
whenever \t\ < 6. Then we estimate 

\(<Py*f)(x)-f(x)\<[ +[ + [ |/(x-t)- f(x)\<p y (t)dt. 

J —oo J —6 J 6 

(XIII.1) 

Select yo such that if 0 < y < yo, then + / 6 °° (p y < e/(2 B). Then we 
see that in (XIII. 1) the sum of the first and second integral is < e, and the 
middle integral is also < e. This proves that (tp y * f)(x) — > f(x) as y — > 0. 

(c) The Laplace operator in polar coordinates is 

9 2 d 2 _ d 2 Id Id 2 

- dx 2 + dy 2 ~ dr 2 + rdr + r 2 d6 2 ' 

Letting x = rcos0 and y = r sin 0 we find that y = (sin0)/r. Hence 

A 2 sin 0 sin 0 sin 0 

A ^=-J3 ^ ^3- = 0 > 

which proves that ip is harmonic. 
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Exercise XIII.3.11 For each real number t let [£] be the largest integer 
< t. Let 

w =*-[*]-£• 

(a) Sketch the graph of Pi(t), which is called the sawtooth function for 
the obvious reason . 

(b) Show that the integral 

rm dt 

Jo 1 + t 

converges . 

(c) Let 6 > 0. Show that the integral 


f°° P 

/(*)=/ f 

Jo x 


m) 


converges uniformly for x >6. 

(d) Let 

Pi{t) = £(t 2 - t) for 0 < t < 1, 

and extend P 2 (t) by periodicity to all o/R (period 1 ). Then P 2 (n) = 0 for 
all integers n and P 2 is bounded . Furthermore , P^t) = P\ (t ) . Show that 
for x > 0, 


Jo * + t Jo (x + t) 2 


(e) Show that if f(x) denotes the integral in part (d), then f'(x) can be 
found by differentiating under the integral sign on the right-hand side , for 
x > 0. 

Solution, (a) On [0, 1), P\(t) = t — \ and since P\ is periodic of period 1 
the graph of P\ follows at once: 
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(b) It is clear from the cancellations that the integral f* P\(t)dt is bounded 
for all 0 < a < b. Since t »— ► 1/(1 + t) is monotone decreasing to 0 we 
conclude that the integral 



m 

i +t 


dt 


converges. 

(c) The uniform convergence follows from inequality 


x + t ~ 6+t 


which holds for all x > 6. 

(d) The second integral converges because P 2 is bounded and / 0 °° 1 / (x + 
t 2 )dt converges. We have 


n-l r t+l 


r Pi(t) m r 

Jo x + t (x + t) 2< " f^Ji 


1 , 


+ 0 2 

and since i^(<) = P\{t) we see that 

i+1 P 1 (t)(x + t)-P 2 (t) 


Pl(0(j + <)-.P2(0 
( X + t ) 2 


dt, 


(x + ty 


■dt 


-r 


m)( X + 1 ) - p 2 (t) ^ 
(* + ty 


,^l <+1 =o 

[x + tJi 


because P 2 0‘) = 0 for all j. Let n — ► 00 and conclude, 

(e) Let g(t,x) = P 2 (t)/(x + 1) 2 . Then 


\D29(t,x)\ = 


Pi(t)(x + 1) 2 - 2 P 2 (t)(x + 1) 


(x + ty 


< \m\ , o iftwi 

- (x + *) 2 (* + 0 8 ’ 


If x G [o, 6] with 0 < a < b we have the estimates 

\Pi(t)\ ^ m)\ , Iftwi ^ IftWI 

(x + t)* - (a + t) 2 (x + t)* - (a + t)*' 

so / 0 °° D2g(t, x)dt converges uniformly for x G [a, 6] hence we can differen- 
tiate under the integral sign. Since a and b are arbitrary, the result extends 
to x > 0. 

Exercise XIII.3.12 Show that the formula in Exercise 11(d) is valid when 
x is replaced by any complex number z not equal to a real number < 0. Show 
that 

lim /°° *« 
y^°°J 0 *1 


iy + t 


dt = 0. 


Solution. Let x = z in part (d) of Exercise 11. The integrals converge 
because \z + t\ > t — \z\ and the formula holds for exactly the same reasons 
given in Exercise 11(d). 
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Now if z = iy and £ is a bound for P 2 we have 


f Mpl{t) dt 


r ™ dt 

<b( M dt -B 

-1 ‘ 

M 

I 

Jo ty + t 


Jo (iv + t? 

- Jo «-M) 2 


0 


Taking the limit as M — > oo and then as y — > oo yields the desired result. 
Exercise XIII.3.13 (The Gamma Function) Define 



for x > 0. 

(a) Show that f is continuous . 

(b) Integrate by parts to show that f(x + 1) = xf(x). Show that /( 1) = 1, 

and hence that f(n + 1 ) = n! for n = 0, 1 , 2 , 

(c) Show that for any a > 0 we have 

f°° e- at t x ~ 1 dt= 

Jo a * 

(d) Sketch the graph of f for x > 0, showing that f has one minimum 
point , and tends to infinity as x — ► oo, and as x — ► 0. 

(e) Evaluate f{\) = [Hint: Substitute t = u 2 and you are allowed to 
use the value of the integral in the hint of Exercise 4-] 

(f) Evaluate /( 3/2), /( 5/2), ...,f(n+\). 

(g) Show that 

v / 7r/(2n) = 2 2n_1 /(n)/ (n + 0 . 

(h) Show that f is infinitely differentiable , and that 

/(")(!)= f°° (Xogtyf-'e^dt. 

Jo 

For any complex number s with Re(s) > 0 one defines the gamma func- 
tion 



Show that the gamma Junction is continuous as a Junction of s. If you know 
about complex differentiability , your proof that it is differentiable should also 
apply for the complex variable s. 

Solution, (a) Let 0 < a < b and suppose that x E [a, 6]. Split the integral 

pOO pi poo 

/ f-'e-tdt = / i?- l e- t dt+ / 

Jo Jo J 1 


f-'e^dt. 
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For 0 < t < 1 we have and since a > 0 the first 

integral on the right converges uniformly for x e [a, 6]. If t > 1 we have 
and since t b ~ l e~^ 2 — > 0 as t — > oo we see that the second 
integral converges uniformly for x G [a, 6]. Since the continuity condition 
on (£, x) »-► is verified, we conclude that / is continuous. 

(b) Integrating by parts, we get 

/ <*- 1 e _t dt= [— e _t 1 + - [ t x e~ l dt, 

Jo * Jo * Jo 

letting B — > oo we see that x/(x) = /(x + 1). Moreover, we have 

«/o 

so letting B ► oo we see that /(l) = 1. Argue by induction to prove that 
f(n- 1-1) = n!. 

(c) The change of variable u = at implies 

i»l pB pa paB 

+ e~ at t x ~ l dt = + e-“« a! - l a 1 - x a- 1 d«. 

«/£ «/l JaS J a 

Let 6 — ► 0 and B — ► oo to conclude. 

(d) First we investigate the limit of / as x — > 0. We write 

f(x) = J 4®“ 1 c“ t c# + t x ~ x e~ l dt. 

The second integral is positive and the first tends to oo as a; tends to 0. 
Indeed, when 0 < t < 1 we have e“* > e" 1 and therefore 

[ t x ~ l e^dt > eT 1 [ t x ~ l dt = - — , 

Jo Jo x 

so the desired limit drops out. 

By (h) we know that fW > 0 so /' is increasing. We contend that for x 
close to 0, /' is negative. Suppose x < 1/2 and write 


f(x) = J + (logt)** x e l dt. 


The second integral is uniformly bounded, and the first can be estimated 
as follows: i 

[ (log tye-'e^dt^K [ (log t)t x ~ l dt 
Jo Jo 

where K is a positive constant. Integrating by parts we see that 
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x 


This last integral tends to — oo as x — > 0, thus proving our contention. If 
x > 2 we see at once that / is increasing, so / has one minimum point. 



(e) Change variables t = v? and use finite integrals as in (c) to obtain 

/ = J e~H^~ l dt = 2 J e~ u2 u~ l udu — 2^— = y/ir. 

(f) We simply use (b). We find that 


and 


and 


/ 


(!)-!'(!)- 


& 
2 2 ’ 


/ (i) - 1/ (I) - - - £ 

By induction we prove that 

Indeed, by (b) 


/ ( n + 1 + i) _?: T i/ ( n+ 5)“ 


(2 n + l)(2n - l)(2n - 3) • • • 5 x 3 
2 n + 1 


y/n. 
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(g) By (b) we know that y/Trf(2n) = y/n(2 n — 1)!. By (e) we see that 

2 2 -7(n)/(n+±) = 2 2 - 1 (n-l)! (2w ~ 1)(2n 2 ; 3) - 5x V 

= (2n — l)!\/7r, 

so y/nf(2n) = 2 2n_1 /(n)/ (n+|). 

(h) Let 

e~H x ~ l dt and / 2 :m-» J e~ l t x ~ l dt^ 

and let g(t,x) = e~H x ~ l . Then g is infinitely differentiable with respect to 
the second variable, and if x e [o, 6] and 0 < t < 1, then 

\g( n) {t,x)\<\\ogt\ n e'H a ' 1 

and since the integral 

\ogt\ n e' l t a ' l dt 

converges (to see this, write |logt| n t° _1 = | \ogt\ n t^t^~ 1 ) 1 an easy induc- 
tion shows that f\ is infinitely differentiable on [o, 6] and 

f[ n \x) = | log t\ n e-*r- l dt. 

Jo 

For / 2 we see that if 1 < t, then 

and just as for fi we conclude that / 2 is infinitely differentiable on [a, b] 
and that 

& n \ X ) = j™ \\ogt\ n e-H*- l dt. 

In the complex case, we see that if s = x + iy, then 

= e'H*' 1 

so the above argument can be adapted to the complex gamma function. 
Note that in the complex case, one works with compact rectangles in the 
complex plane instead of compact intervals on the real line. 

Exercise XIII.3.14 Show that 

/ °° 1 r(s — -) 1 

( u 2 + !). *« = VE " p( - 3 y for mathrmRe(s) > -. 

[Hint: Multiply the desired integral by T(s) and let 1 1 -> (u 2 + 1 )t.] 
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Solution. We have 


/ oo 1 roo rOO p -tfS - 1 

1 du = 2 / y~~ dtdu. 

.oo(« 2 + l) s Jo Jo (« 2 + l)» 


1-00 (w 2 + 


(u 2 + l) s 


If t = (u 2 + !)</, then dt = (u 2 + l)dg so that 


— (,. 2 


rw £ - * /T 


The change of variable a = implies 


f°° e~ v,2q du = -£ f°°e- a2 da = ^-q~ 1/2 . 

Jo y/Q Jo 2 

For Re(s) >1/2 the hypotheses of Theorem 3.5 are verified so that 

/ oo 1 roo roo -t.'uPq — q 8—1 

^w^-'LL ~w^r d ^ 


/ °° 1 roo poo ^u? q -q .-I 

„w+w i ‘-*LL 

= Vtt f e" V 1-1/2 — = v^rr(s - £. 

Jo Q * 

Exercise XIII.3.15 (A Bessel Function) Let a y b be real numbers > 0. 
For any complex number s define 


K 1. 


,(a,b)= f 
Jo 


e -(a 2 t+b 2 /t) t sM 


Show that the integral converges absolutely. For c > 0 define 


K 2. 


Show that 


K 3. 


Show that 


K 4. 




K a (a,b)= K a (ab). 


K a (c) = K_ s (c). 


K 5. 


[Hint: Let 


Ki/ 2 (c) = 


p(a:) = K 1/2 (x). 
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Change variables , let t »-> t/x. Let h(x) = y/xg(x). Differentiate under the 
integral sign and twiddle the integral to find that 

h!{x) = -2h(x) f 

whence h(x) = Ce~ 2x for some constant C. Let a; = 0 in the integral for 
h(x) to evaluate C, which comes out as T(^) = ypH.] 

Solution. If s = x + iy } then we want to study the integral 
J 1 e-i^W/^-idt and j™ 

separately. The first integral converges because near 0, e~ a 1 is bounded 
and fo e~ b2 / t t x ~ 1 dt converges because for all small t we have e~ b2 ^t x ~ l < 
e ~ b7/2t - 

The second integral also converges because for all large £, e~ b is bounded 
and /q 1 e~ a2t t x ~ l dt converges. 

K 3. In the integral K 8 (a, b) put t = ( bu)/a . Then 

*•<«•*> - [ <-<—/•>«• (;)'*-(!)' K. 

K 4. We change variables u = 1/t, then 

/*0 /»oo j, 

A-_ 4 (c) = / e _c ( 1 / 1 * + “)tt*tt(-u -2 )dtt = / e- c (“ +1 /“V— = ff.(c). 

Joo Jo w 


K 5. Changing variables t = u/x we get 



g(x) = 

r°° a 

/ e- u - x 

'"u-^x-Wdu 


« 

Jo 


so 


j%00 



h(x) 

= / e-“- 

-x a /« u -l/2 du> 


Jo 


Since 

— (e - “ - 

dx K 


i u— x a /u 

” 1*3/2 


xVn u -l/2) 


we see that the integral 


D 2 (e-"- x2 /"u- 1/2 )du 

converges uniformly for x e [a, b] with 0 < a < 6, so we can differentiate 
under the integral sign and we get 
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The change of variables q = x 2 /u gives 

h'(x) = £ )dq = -2h(x), 

so h(x) = Ce~ 2x for some constant C . Moreover, if we let u = a 2 and if 
we use continuity of h at 0 we get 


so 


C = 




a 1 ada = Vn, 



XIV 

The Fourier Integral 


XIV. 1 The Schwartz Space 

Exercise XIV.1.1 Let g G S and define g a (x) = g(ax) for a > 0. Show 
that 

In particular , if g(x) = e~ x , find g a (x). 

Solution. Change variables u = ax so that 

/ B 1 paB 

g{ax)e- ixy dix = - / g(u)e~ iuv ' a diu. 

B & J—aB 

Let B — > oo and conclude. 

Let f(x) = e - ® 3 / 2 . Then g(x) = f(y/ 2x), so we have 

9(v) = 4 / (-%)> 


V2 J W2, 


and therefore 



J_ e -*’/(4a’) 

aV2 


Exercise XIV. 1.2 Normalize the Fourier series differently, for the inter- 
val [0, 1]. That is, define the scalar product for two functions f, g periodic 
of period 1 to be 
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[ l mm*. 

Jo 

The total orthogonal family that corresponds to the one studied in Chapter 
12 is then the family of Junctions 

{e 2 ™*}, n € Z. 


These are already unit vectors , that is these functions form an orthonormal 
family , which is often convenient because one does not have to divide by 2n. 
The theorems of Chapter XII go over this situation , of course. In particular, 
if we deal with a very smooth fucntion g, its Fourier series is uniformly 
convergent to the function. ThaVs the application we are going to consider 
now. 

Let f be in the Schwartz space. Define a different normalization of the 
Fourier transform for the present purposes, namely define the Poisson 
dual 

/ v (x) = J f(t)e~ 2iritx dt. 

Prove the Poisson summation formula; 

Y /( n ) = Y / v ( n )- 

nG Z nG Z 

[Hint: Let 

9(x) = Yf( x + ”)• 

nG Z 

Then g is periodic of period 1 and infinitely differentiable. Let 
c m = f 1 g{x)e~ 2irimx dx = f V f(x + n)e~ 2 * imx dx. 

Jo Jo n€Z 


Then 

Y Cm= $(°) = Y /(")• 

mG Z nGZ 

On the other hand, using the integral for Cm, insert the factor 1 = e~ 2irtmn , 
change variables, and show that Cm = / v (m). The formula drops out.] 

Solution. The Fourier series of g at 0 converges to g( 0), so we have 


Y Cm= ff(°) = Y /(”)• 

mG Z nGZ 


But 
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Cn, = f 1 f(x + n)e~ 2wimx dx = t Y' f{x + n)e- 2wim< - x+n ^dx 
J o nez Jo nez 

/*1 ftl + 1 

= / /(® + «)e _2,r<m(:t+n) da:= £ / /(u)e 

nez *'° nez 

= J f(u)e~ 2%imv du = / v (m), 


—2nimu 


whence the Poisson summation formula 


/(«) = 53 

n€Z n€Z 

Exercise XIV. 1.3 Functional Equation of the Theta Function 

Let 0 be the function defined for x > 0 by 

oo 

6(x) = 

— OO 


Prove the functional equation , namely 

0(aT x ) = z x / 2 0(a:). 


Solution. Fix x and let f{y) = e ( ,rx )*' 2 . Then using the notation of Ex- 
ercise 2 and an argument similar to the proof of Theorem 1.3, one finds 


that 

D f(y ) = (-^y) /(2/)» 


so / = Ce *v 2 / x . We see that /( 0) = C, so changing variables ty/Wx = 
we have 



u 


The Poisson summation formula applied to / implies the functional equa- 
tion of the theta function. 


Exercise XIV. 1.4 (Functional Equation of the Zeta Function 
(Riemann)) Let s be a complex number , s = a + it with a,t real. If a > 1, 
and a > 1, show that the series 


°o - 


n= 1 


converges absolutely , and uniformly in every region a > a > 1. Let F be 
the function of s defined for a > 1 by 


F( S ) = *-*/ 2 r (|) c(»). 
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'OO _ — Tl 2 


Let g(x) = e n nx > 30 that 2 g(x) = 9{x) — 1. Show that 
F(s) = f x a/2 g(x 

Jo x 


too 


x~ a ' 2 g 


/1\ dx 

\X J X ' 


Use the functional equation of the theta function to show that 
F(s) = -I- - 1 + /V /2 +* (1 ~ s)/2 )s ( *)v- 

Show that the integral on the right converges absolutely for all complex s , 
and uniformly for s in a bounded region of the complex plane. The expres- 
sion on the right then defines F for all values of s ^ 0, 1, and we see 
that 

F(s) = F(1 - s). 


Solution. We have 


n 3 


-U-L, 

n a n° 


so the series ((s) converges absolutely and uniformly on every region a > 
a > 1. 

We have 

and after the change of variable t = irn 2 x we obtain 

F{s) = n ~ ,/2 V r e-^jr'/V/ 2 — = f°° x‘^g(x)—. 

n^l'O x Jo x 


We can split the integral from 0 to 1 and from 1 to oo. In the integral from 
0 to 1 we change variables x = 1/y so 

and the second formula for F drops out. 

From the functional equation of the theta function we get 

— 0(# _1 ) — 1 = x 1 / 2 0(x) — 1 = x 1 ^ 2 [2g(x) 4-1] — 1 
= 2 x^ 2 g(x) + x 1 / 2 - 1. 


From the second formula for F we get 



XTV.2 The Fourier Inversion Formula 247 


F(s) = / x a ' 2 g(x)+x a ' 2 x l/2 g{x) + ~ ^ 

- t sWI * ,/! + 5 [iV""'’]? - 5 

But Re(s) > 1 so 

F(s) = r 9 {x)[x a ' 2 + x<->/^ + -^T-~. 

y j x 5 i o 

We now show that the integral on the right converges uniformly on every 
bounded region of the complex plane. Suppose there exists a number B 
such that |<j| < B for all s. We have \x 8 / 2 \ = x°^ 2 and |rr( 1_ ^/ 2 | = x^ l ~ a ^ 2 
and e~ n2 * x < (e~* x ) n so 

99 e nx 

si *) s E( e ”>" = rb^- 


n=l 


For all x > A we have 1 — e 7rx > 1/2 so combined with the triangle 
inequality we have 

J M \g{x)[x s ' 2 + *C->/»l| * < 2 j M (x 1+B ' 2 + x 1+ ( l+B V 2 )e~™dx. 

The integral on the right converges as M — ► oo, thus proving the uni- 
form convergence on every bounded region of the complex plane, and the 
absolute convergence for every complex number s. 


XIV. 2 The Fourier Inversion Formula 

a 

Exercise XIV.2.1 LetT denote the Fourier transform , i.e. Tf = f. Then 
T: S — ► S is an invertible linear map. If f e S and g = f+Tf+T 2 f+T 3 f, 
show that Tg = g, that is g = g. This shows how to get a lot of functions 
equal to their roofs. 

Solution. We simply have 

Tg = Tf + T 2 f + T 3 f + T*f = Tf + T 2 f + T 3 f + / = g. 

Exercise XIV.2.2 Show that every infinitely differentiable function which 
is equal to 0 outside some bounded interval is in S. Show that there exist 
such functions not identically zero. (Essentially an exercise in the chapter 
on the exponential function!) 

The support of a function f is the closure of the set of points x such 
that f(x) ^ 0. In particular , the support is a closed set. We may say that 
a C°° function with compact suppoH is in the Schwartz space. The support 
of f is denoted by supp(f). 
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Solution. Suppose / is zero outside the closed and bounded interval I. 
All the derivatives of / are 0 outside I so for all m and d, the function 
\x\ m /( d )(x) is bounded because this function is continuous and is equal to 
0 outside I. Thus / € S. 

Exercise 6, §1, of Chapter IV gives an example of a C°° function with 
compact support which is not identically zero. 

Exercise XIV.2.3 Write out in detail the statements and proofs for the 
theory of Fourier integrals as in the text but in dimension n, following the 
remark at the end of the section. 

Solution. For a complete exposition of the theory of the Fourier integral 
in n variables see S. Lang’s Real and Functional Analysis. 


The next exercises are formulated for R, but you may also do them for 
R n in light of Exercise 3. 

Exercise XIV.2.4 Let g € C c (R), g > 0, and J g = 1. Show that |£| < 1. 
Solution. We estimate the Fourier transform of g , 

\g(y)\ = -i=| J g(x)e~ ixy dx | < f I^He^ld*. 

But \e~ lxy \ = 1 and g > 0 so 

< J 9=1‘ 

Exercise XIV.2.5 Suppose that g is even , real valued in S. Let f = g*g. 
Show that f = |£| 2 . How does supp(f) compare with supp(g)? 

* 

Solution. By Theorem 1.2 we know that / = gg. The assumption that g 
is even and real valued implies that g = g. Indeed, 


g(y) = J g(x)e~ ix vdix = J g{x)e lxv d\x = J g(x)e ixy d 1 x 


and changing variables we get 

Ml l) = J g(-x)e~ ,xv dix = J g(x)e~ txy d\x = g(y), 

which proves the assertion. Hence / = gg = \g\ 2 . This equality shows that 
f(x) = 0 if and only if g(x) = 0, whence supp(/) = supp (g). 

Exercise XIV.2.6 Given e > 0, show that there exists a function f e S, 
real valued , such that: 

/ > 0, /( 0) = 1, supp(f) c [-e, c]. 
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Solution. First we show that there exists a function h such that 

h > 0, /i(0) = 1, supp(h) C [-e,e]. 

Let g be a function in C£°(R) with support in [—e/2, e/2] such that g is 
even, positive and not identically 0. This can be achieved by using bump 
functions (see Chapter IV). Then let h = g * g. By the previous exercise, 

A 

we know that h > 0. By multiplying g by a positive constant if necessary, 
we get h(0) = 1. Finally, 

supp(h-) C supp (g) -f supp(^), 

where supp(p) + supp (g) = {x + y : x,y e supp (<?)}. Indeed, changing 
variables we have 

h(x) = f g(x- t)g(t)dt 
J R 

so if x ^ supp (g) + supp (g), then for any t € supp (g) we see that we have 
x — t £ supp((j), so g(x — t)g(t) = 0 for all £, hence h(x) = 0. Therefore 
supp(/i) C [— e, e] as was to be shown. 

A 

Now let / be the Fourier transform of h } that is / = h. Then / > 0, and 
f = h = h~ } so /( 0) = h~(0) = h(0) = 1 and 

supp(/) = supp (/i) C [-£, ej. 

This concludes the exercise. 

Exercise XIV.2.T As for the Poisson formula , define the Poisson dual 

/ V (2 /) = / f(x)e~ 2irixy dx. 

J R 

Verify the the formula / vv = /”, which thus holds also for this normaliza- 
tion of the Fourier transform . You can get this one out of the other one by 
changes of variables in the integrals . Keep cool , calm , and collected . 


Solution. We have 

/ V (y) = [ f(x)e- 2 ™*dx and / A (j,) = -^= / f^e'^dx. 

J R 2 V 7r J R 

Hence / v (j/) = \Z2wf A (2TTy) and therefore, 

/ vv (y) = V2rJ f A (2nx)e- 2nixy dx. 

Changing variables u = 2i vx we get 

/ vv (y) = 4= f rMe-^dx = / AA (y). 

V27T Jr 

Therefore / vv = /”• 
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XIV.3 An Example of Fourier Transform Not in 
the Schwartz Space 

Exercise XIV.3. 1 (The Lattice Point Problem) Let N(R) be the 
number of lattice points (that is, elements of 7?) in the closed disc of radius 
R in the plane . A famous conjecture asserts that 

N(R) = nR 2 + 0(R 1/2+( ) 

for every e > 0. It is known that the error term cannot be 0(/J 1 / 2 (log R) k ) 
for any positive integer k (result of Hardy and Landau). Prove the following 
best know result of Sierpinski- Van der Corput- Vinogradov-Hua: 

N(R) = itR 2 +0(R 2/3 ). 

I Hint : Let <p be the characteristic function of the unit disc , and put 

<PR(x) =<p(|). 

Let rp be a C°° function with compact support , positive , and such that 

J ip(x)dx = 1, and let rp e (x) = e~ 2 ip . 

Then {rp e } is a Dirac family for e — > 0, and we can apply the Poisson 
summation formula to the convolution <pr * ip e to get 

53 = 53 0 *( m )&( m )- 

Z a m€Z 3 

= 7rR 2 + ^ R 2 <p(Rm)ip(em). 

m^O 

We shall choose e depending on R to make the error term best possible.] 
Note that (Pr * V*c(aO — <Pr(x) if dist(x, Sr) > e, where Sr is the circle 
of radius R. Therefore we get an esimate 

|left — handside — N(R) | eR. 

Splitting off the term with m = 0 on the right-hand side , we find by Theorem 

S4 : 

53 R 2 <p(Rm)ip(cm) < R 2 ~ 3/2 53 l m l 3/2 ^(«m). 

m^O m^O 

But we can compare this last sum with the integral 

r~ 3 / 2 ^(er)rdr = 0(e -1 / 2 ). 

Therefore we find 

N(R) = 7 tR 2 + 0(eR) + 0(R 1/2 e~ 1/2 ). 

We choose e = R -1 / 3 to make the error term 0(R 2 ^ 3 ) as desired. 
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Solution. The proof is almost complete. We verify that {rp e } is a Dirac 
family for e — ► 0. We work with two variables x\ and because x € R 2 . 
Then changing variables x = ey we get 


J i>e(x) = //e-V (|) dxidx 2 = JJ i/f(y)dyidy 2 = 1. 


Finally the third property is verified because changing variables as before 
we get 



L 


x\ >6/e 


rp(a)da 


and the last integral is 0 when e is small because ^ has compact support. 

Note that the area of the unit disc is 7 r so changing variables x = Ry we 
get 

= J cpR(x)dx = R? J ip(y)dy = 7 rR 2 . 

Furthermore, 

V»e(0) = J i> t (x)dx = 1. 


Generalizing the formula of Exercise 1, §1, we find ^ e (m) = xjj(em) and 
= # 2 <£CRm). 

Finally, note that |left — handside — JV(#)| is the number of the lattice 
points Na in the annulus A = {x : R — e < \x\ < R + e}. But considering 
the area of the annulus A! = {x : R - e - y/2 < \x\ < R + e + y/2} (\/2 is 
the diameter of one of the squares in Z 2 ) we find that Na = 0(eR). 
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Functions on n-Space 


XV. 1 Partial Derivatives 

In the exercises, assume that all repeated partial derivatives exist and are 
continuous as needed. 

Exercise XV. 1.1 Let /, g be two functions of two variables with contin- 
uous partial derivatives of order < 2 in an open set U. Assume that 

0/ _ . 0/ _ dg 

dx dy dy dx' 

Show that 

0V ,0V _ n 

dx 2 + 8y 2 

Solution. We simply have 

0 2 / , 0 2 / _ 0 2 g , 0 2 g Q 

0x 2 02/ 2 0X01/ 02/0X 

Exercise XV.1.2 Lei / be a function of three variables , defined for X ^ O 
6y/(X) = l/|X|. Show that 

av av = 

ax 2 dy 2 + dz 2 


if the three variables are (x,y,z). (The norm is the euclidean norm.) 
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Solution. We compute df 2 /dx 2 . First we have 

Of x 

dx |X| 3 

and therefore 

d 2 f \X\ 3 - 3x 2 \X\ __ 2x 2 - y 2 -z 2 
dx 2 “ |X| 6 “ |X| 5 

By symmetry we conclude that 

av av 

dx 2 dy 2 dz 2 

Exercise XV.1.3 Let /(x,y) = arctan(i//x) /or x > 0. 5tioti/ that 

a* ! a» ! 

Solution. If f(x,y) = arctan(i//x), then 

9/ _ 1 -y _ -y 

dx 1 4- ( y/x ) 2 x 2 x 2 4- y 2 


and therefore 


and similarly we obtain 


Conclude. 


d 2 f _ 2 xy 

dx 2 (x 2 4- y 2 ) 2 * 

0 2 / _ -2xy 
dy 2 (x 2 4- 2/ 2 ) 2 ’ 


Exercise XV.1.4 Let 0 be a fioced number , and let 

x = u cos 0 — v sin 0, 2 / = t* sin 0 4- v cos 0. 

Let f be a function of two variables , and let /(x, y) = v). Show that 


Solution. We simply have 

s=-s sin9+ ^ cos8 - 

Adding the squares of the above expressions and using the fact that cos 2 04- 
sin 2 0 = 1 we get the desired identity. 
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Exercise XV. 1.5 Assume that f is a function satisfying 

f(tx,ty) = t m f(x,y) 

for all numbers x, y, and t. Show that 


2 d 2 f „ «/ J 2 

x 2 -^ + 2xy 1 - 2 


dx 2 


^k +y2 w =m(m ' mx,y) - 


[Hint: Differentiate twice with respect to t. Then put t = 1./ 

Solution. Differentiating once with respect to t we get 

ZL X +V y = mt m-lf (X) y )t 

and differentiating again with respect to t we find 

m y ) +y {£k x * U y ) ■ im - 

Collect terms and put t = 1. 

Exercise XV.1.6 Let x = rcosO and y = rsin0. Let f(x,y) = g(r,0). 
Show that 

9f _ nna(l dg sin 0 dg 

dx dr r dO' 

df . a dg cos 9dg 

[Hint: Solve the simultaneous system of linear equations (*) and (**) given 
in the example of the text] 

Solution. If we form r sin0(*) + cos0(**) we get 

sin 2 0 + r^- cos 2 0 = sin# + ^ cos0. 
dy ay dr 06 

Dividing by r yields the desired formula for df/dy. To find the formula for 
df/dx , form r cos0(*) — sin0(**) and divide by r. 

Exercise XV.l.T Let x = rcos0 and y = rsin0. Let f(x,y) = </(r,0). 
Show that 

d 2 g 1 dg 1 d 2 g _ cPf 

dr 2 r dr r 2 d 0 2 dx 2 dy 2 * 

This exercise gives the polar coordinate form of the Laplace operator , and 
we can unite symbolically: 
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[Hint for the proof: Start with (*) and (**) and take the further derivatives 
as needed . Then take the sum . Lots of things will cancel out leaving you 
with D\f + D\f.] 

Solution. See Exercise 5, §3, of Chapter XII. 

Exercise XV.1.8 With the same notation as in the preceding exercise , 
show that 

\dr ) r 2 \d0 ) \dx ) \dy ) 

Solution. Using the formutes in the solution of Exercise 5, §3, of Chapter 
XII, we get after cancellations 

(I) + ?(^) "(is) + + (cm 2 0 + sin 2 0). 

Exercise XV.1.9 In R 2 , suppose that f(x> y) = g(r) where r = y/x 2 + y 2 . 
Show that 

dx 2 dy 2 dr 2 r dr ’ 

Solution. See Exercise 10. 

Exercise XV.1.10 (a) In R 3 , suppose that f{x^y^z) = g(r) where r = 
y/x 2 + 2/ 2 + z 2 . Show that 

dx 2 dy 2 dz 2 dr 2 r dr * 

(b) Assume that f is harmonic except possibly at the origin o n R n , and 
that there is aC 2 function g such that f(X) = g(r) where r = y/X • X . Let 
n > 3. Show that there exist constants C , K such that g(r) = Kr 2 ~ n + C . 
What if n = 2? 

Solution, (a) We prove the general formula in R n . If f(x i, . . . , x n ) = g(r) 
where r = (xj H f- a: 2 ) 1 / 2 , then 

0 2 / 9 2 g n-lfy 

&r 2 0x 2 0r 2 r * 

Indeed, 

0/ _ dg_Xj_ 
dxj dr r ’ 

d 2 / _ \ 2 i ( ^k^j X k \ 

dx? dr 2 V r ) dr y r 3 J 


hence 
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Summing over j we get the desired formula, 
(b) For r > 0 we have 


— ( jAr) \ _ 9 f '(r)( 2 -n)r l n - g'(r)(l - n)(2 - n)r n 
dr \{2 — n)r l ~ n ) [(2 — n)r 1_n ] 2 * 

but / is harmonic, so this last expression is 0 because by (a) we know that 

9"{r) = P'(0(1 - n)/r. 

So there exists a constant K such that g'(r) = K(2 — n)r 1-n . Integrating 
once we see that there exists a constant C such that g(r) = Kr 2 ~ n -f C. 

The primitive of 1/x is logx, so for n = 2 we might expect log \Jx\ + x\ 
to be harmonic on R 2 — {0}. Indeed, if f(x 1 , 0 : 2 ) = log \Jx\ T x \ , then a 
straightforward computation shows that 

d 2 / _ a? 2 -^ 2 „ nH 

0a: 2 (a:f + a:|) 2 0?/ 2 (a:J -f x%) 2 * 


Exercise XV.l. 11 Let r = y/x 2 + y 2 and Zet r, 0 be the polar coordinates 
in the plane. Using the formula for the Laplace operator in Exercise 7 verify 
that the following functions are harmonic: 

(a) r n cos nO = p(r, 0) . (b) r n sin nO = p(r, 9) . 

As usual , n denotes a positive integer. So you are supposed to prove that 
the expression 

d 2 g 1 dg 1 d 2 g 

dr 2 r dr r 2 d0 2 

is equal to 0 for the above functions g. 


Solution, (a) We have 


I? = nr n ~ 1 cos nO 
or 


and 


and 


&9 

dr 2 


= n(n-l)r n 2 cosra0 


d 2 g 

do 2 


= — n 2 r n cos nO , 


so a simple manipulation gives 


d 2 g 1 dg 1 d 2 g 
dr 2 r dr r 2 d0 2 

(b) In this case, we have 


dg 

dr 


= nr 


n— 


1 


sin nO 
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and 


and 


&g 

dr 2 


= n(n — l)r n 2 sin nO 


de 2 


—n 2 r n sin nO, 


so a simple manipulation gives 


&9 . 1 dg 1 &g 

dr 2 r dr* r 2 d0 2 

Exercise XV. 1.12 For x € R n , let x 2 = x\ H |-x£. For £ rea/ > 0, let 

/(x, t) = r n/ 2 e~ x2/At . 

If A is the Laplace operator , A = £ d 2 /® x i> show that A / = df/dt. A 
function satisfying this differential equation is said to be a solution of the 

heat equation. 


Solution. Differentiating once yields 

— *-n/2 ( \ - x */4t 

dxj~ l \ 4 1 ) e 
and differentiating once more we get 


d 2 f _ r n / 2_1 
dx? ~ 2 


-* a /4t 


M e -* 3 /4 *' 
4t 6 


> 


hence 


A/ = 


(-n/2-l 

2 


e -x a /4t 



Differentiating once with respect to t yields 


d£ 

dt 


_” < -n/2-l e -* a /4t +< -n/2£l e -* a /4« 

2 4t 2 


r n/2-l 

2 


e -x a /4e 



» 


whence A/ = df/dt. 


Exercise XV. 1.13 T/iis exercise gives an example of a function whose 
repeated partials exist but such that D\D 2 f ^ D 2 Dif. Let 


/ ( x >2/) ^ (°>°)> 
\0 if (x,y) = (0,0). 


Prove: 

(a) The partial derivatives d 2 f/dxdy and d 2 f/dydx exist for all (x, y) and 
are continuous except at (0,0). 

(b) D l D 2 m0)^D 2 D l f(0 1 0). 
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Solution. We have 


and 


df _ x 4 - y 4 + 4 x 2 y 2 
dx y ( x 2 + y 2 ) 2 

df y 4 - x 4 -f 4x 2 y 2 
d » ~ X (* 2 + J / 2 ) 2 


Both these partials are equal to 0 at (0,0). This follows from a direct 
computation of the Newton quotient. For (0, 0) we see that 


df/dxM-df/dxfro) _ 0V, m 

h Oydx K ' h 


df/dy(h,0)-df/dy(0,0) _ _ d*f /n 

h dxdy ( ' 

For (x, y) ^ (0, 0) we have 

d 2 f _ (x 4 - 5y 4 -h 12x 2 y 2 )(x 2 -f- y 2 ) 2 - (yx 4 - y 5 -h 4x 2 y 3 )(4y(x 2 Hh y 2 )) 
9y9x (x 2 -h y 2 ) 2 

Then letting y = 0 we find that 


r d 2 f 

hm - -- - - 

(x,o)-^(o,o) oyox 


= 1 . 


By symmetry, we conclude that both d 2 /dydx and d 2 /dxdy exist and are 
continuous except at (0,0). 


Green’s Functions 

Exercise XV. 1.14 Let (a, 6) be an open interval, which may be (a, oo). 
Let 

My= -{£) +p{y) ’ 

where p is an infinitely differentiable function. We view M y as a differential 
operator. If } is a function of the variable y, then we use the notation 

M y f{y) = -f"(y) +P(y)f(y). 

A Green's function for the differential operator M is a suitably smooth 
function y(y, y') defined for y, y' in (a, b) such that 

[ g(y,y')f(y')dy' = f(y) 

J a 

for all infinitely differentiable functions f on (a, b) with compact support 
(meaning f is 0 outside a closed interval contained in (a, b) ). Now let 
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g(y , y') be any continuous function satisfying the following additional con- 
ditions: 

GF 1. g is infinitely differentiable in each variable except on the diagonal, 
that is when y = y f . 

GF 2. If y ^ i { , then M v g(y , ]/) = 0. 

Prove: 

Let g be a function satisfying GF 1 and GF 2. Then g is a Green* s function 
for the operator M if and only if g also satisfies the jump condition. 

GF 3. D x g(y,y+) - D x g{y,y-) = 1. 

As usual, one defines 

Dig(y,y+) = lim D x g{y,y '), 

v'-*V 

v’>v 

and similarly for y— instead of y+, we take the limit with y r < y. [Hint: 
Write the integral 


f./’+r. 

Ja Ja Jy 


Solution. The chain rule shows that under some suitable assumptions we 
have 


— J f(x,t)dt = f(x,a(x))a’(x) + J ^ f(x,t)dt . 

Splitting the integral as hinted, and after some cancellations we see that 


<*(*) o 


cP f b 

^2 J s(y, y')f(y'W = f(y)(Dig(y, y-) - D x g{y, y + )) 
+ Ja ^9{y,v')fWy' + J v JJi9(y,v')fWy'. 


Condition GF 2 implies that the sum of the last two integrals is equal to 


p(y ) / 9{y,y')f{y')dy'. 
Ja 


So we see that g is a Green’s function if and only if 


Dig{y,y~) - D x g(y,y+) = -1, 


as was to be shown. 


Exercise XV. 1.1 5 Assume now that the differential equation f" —pf = 0 
has two linearly independent solutions J and K. (See Chapter XIX, §5, 
Exercise 2.) Let W = JK f - J'K. 
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(a) Show that W is constant =£ 0. 

(b) Show that there exists a unique Green’s function of the form 



Ay')J(y) ify'<y . 

B(y')K(y) if y' > y, 


and that the functions A,B necessarily have the values A = K/W, B = 
J/W. 


Solution. The quantity W is constant because 


W' = J'K' + JK" - J"K - J'K' = JpK - JpK = 0. 


Suppose W is 0. If J is never 0, then ( K/J )' = 0 which is impossible 
because the solutions are linearly independent. If for some to, J(£o) = 0, 
then J'(to)K(to) = 0. If J'(t o) = 0, then J is identically 0 and if J'(to) ^ 
0, then K(t) = (K'(to)/ J'(t 0 ))J(t) by the uniqueness theorem. This is a 
contradiction. 

(b) First we show that if A = K/W and B = J/W, then the function 
p(y>2/) is a Green’s function. The continuity condition is satisfied and we 
have g(y,y) = JK/W . Since J and K are solutions of the differential 
equation /" — pf = 0 we see at once that if y ^ y', then M y g(y , y f ) = 0. 
Finally, we verify the jump condition, 


Dig(y,y+) - Dxg(y,y-) 


Jtimy ) ~ K[y)J'{y) 

W 


So g{y, y') is a Green’s function. This solution is unique. Indeed, the con- 
tinuity and jump conditions imply 


/ My) J(y) - B(y)K(y) = 0, 
\ A{y)J'{y) - B(y)K'(y) = 1, 


but 


Conclude. 


Ay) K{y) 
J'{y) K'{y) 


= w^o. 


Exercise XV. 1.16 On the interval (— 00 , 00 ) let M y = —(d/dy) 2 + <? 
where c is a positive number, so take p = c > 0 constant. Show that e cy 
and e~ cy are two linearly independent solutions and write down explicitly 
the Green’s function for M v . 

Solution. We have 


dy 2 


e cy + c 2 e cv = 


—<?e cy + c 2 e cy = 0, 


and 
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—T~e~ cv + c 2 e~ cy = -c 2 e~ ev + cV 0 * = 0. 
dy 2 

Clearly, both solutions are linearly independent. Let J = e~ cy and K = e^, 
then 

W = ce~ cy e cy + ce~ cy e cy = 2c, 
so the expression of the Green’s function is 

f e**' (e-w /2c) if 2/ <y, 

\ e-^' {e cy /2c) if y' > y. 


Exercise XV.1.17 On the interval (0,oo) let 



g(! ~ ») 
y 2 ’ 


where s is some fixed complex number. For s ^ show that y l ~ s and y“ 
are two linearly independent solutions and write down explicitly the Green's 
function for the operator. 

Solution. Both functions y l ~ 8 and y 8 are solutions of the differential equa- 
tion because 

-£2 y 8 = -*(* - l )y 8 ~ 2 = *(* - ^ . 

and 

~dy* yl 8 = 5(1 " S)y - l ~ 9 = 5(1 " 

Clearly, both solutions are linearly independent. Let J(y) = y 8 and K(y) = 
y l ~ 8 . Then 

W = y\ 1 - s)y~ a + V 1 !/ 1 "’ = 1, 
so the expression of the Green’s function is 


/ (j/0 1 * y“ if y' < y, 
\ (i fY y l ~‘ if y' > y- 


XV. 2 Differentiability and the Chain Rule 

Exercise XV.2.1 Show that any two points on the sphere of radius 1 (or 
any radius) in n-space centered at the origin can be joined by a differen- 
tiable curve. If the points are not antipodal f divide the straight line between 
them by its length at each point. Or use another method : taking the plane 
containing the two points, and using two perpendicular vectors of lengths 1 
in this plane, say A, B, consider the unit circle 

a(t) = (cost)A + (sin t)B. 
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Solution. Method 1. If A and B are the two points, the equation of the 
line segment joining them is L(t) = A + t(B — A) where t G [0,1]. If -A and 
B are not antipodal, then L(t) ^ O for all t so \L(t)\ ^ 0 for all t. If R is 
the radius of the sphere, the curve 

a<f) - R mkv 

is a solution to our problem because a is differentiable, |a| = R, a(0) = A , 
and a(l) = B. 

Method 2. We can always choose A to be the vector determined by one 
of the points. Note that 

|a| 2 = \A\ cos 2 t + |R| sin 2 t = R 2 . 

There exist numbers a and b such that the second point equals a A + bB. 
Taking the square of the norm we see that a 2 + b 2 = 1 thus there exists a 
number to such that the second point equals a(to). 

Exercise XV.2.2 Let f be a differentiable function on R n , and assume 
that there is a differentiable function h such that 

(grad f)(X) = h(X)X. 

Show that f is constant on the sphere of radius r centered at the origin in 
R n . [Hint: Use Exercise L] 

Solution. Let A and B be two points on the sphere and let a be as in 
Exercise 1. Then 

(/ o a)'(t) = grad f(a(t)) • a'(t) = h(a(t))a(t) • a'(t). 

Since a • a is constant we see that 

°= J t K*) • «(*)] = 2a(t) • a'(t), 
and therefore (/ o a)'(t) = 0. Hence f(A) = f(B). 

Exercise XV.2.3 Prove the converse of Exercise 2, which is the last state- 
ment preceding the exercises , namely if f(X) = g(r), then grad f{X) = 
ff(r)X/r. 

Solution. The chain rule implies 

K = 

dxi ^Jx\ H 1- x\ ’ 

so we immediately get that grad f(X) = g' (r)X/r. 
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Exercise XV.2.4 Let f be a differentiable function on R n and assume 
that there is a positive integer m such that f(tX) = t m f(X) for all numbers 
t ^ 0 and all points X in R n . Prove Euler’s relation; 

Solution. We differentiate with respect to t the identity f(tX) = t m f(X). 
The left-hand side becomes grad f(tX) • X and the right-hand side becomes 
mt m ~ l f(X). Put t = 1 and conclude. 

Exercise XV. 2. 5 Let f be a differentiable function defined on all of space. 
Assume that 

f(tP) = tf(P) 

for all numbers t and all points P. Show that 

f(P) = grad f(0) • P. 

Solution. Differentiate f(tP) = tf(P) with respect to t. You get grad f(tP)- 
P = f(p). Put t = 0. 

Exercise XV.2.6 Find the equation of the tangent plane to each of the 
following surfaces at the specified point. 

(a) x 2 + y 2 + z 2 = 49 at (6, 2, 3). 

(b) x 2 + xy 2 +2 / 3 + z+1 = 0 at (2, -3,4). 

(c) x 2 y 2 +xz- 2 y 3 = 10 at (2, 1, 4). 

(d) 8inxy + 8inyz + 8inxz = 1 at (l,7r/2,0). 

Solution, (a) 6x + 2y + 3z = 49. 

(b) 13x + 15y + z = —15. 

(c) 4x + y + z = 13. 

(d) z = 0. 

Exercise XV.2.7 Find the directional derivative of the following func- 
tions at the specified points in the specified directions. 

(a) log(x 2 -I- y 2 ) 1 / 2 at (1, 1), direction (2, 1). 

(b) xy + yz + xz at (-1, 1, 7), direction (3,4, -12). 

Solution, (a) 3/(2\/5). 

(b) 48/13. 

Exercise XV.2.8 Let f{x^y^z) = (x + y) 2 + (y + z) 2 + (z + x) 2 . What 
is the direction of greatest increase of the function at the point (2,— 1,2)? 
What is the directional derivative of f in this direction at that point? 

Solution. The gradient is simply 

(4x + 2 y + 2 z, Ay + 2x + 2 z, Az + 2x + 2 y), 

so the direction of greatest increase of / at the given point is (10,4, 10) or 
any scalar multiple of this vector. The directional derivative is 6y/6. 
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Exercise XV.2. 9 Let f be a differentiable function defined on an open set 
U. Suppose that P is a point of U such that f(P) is a maximum , that is 
suppose we have 

f(P) > f(X) for all X in U. 

Show that grad f(P) = O. 

Solution. Let g(t) = f(P + tH). Then f(P) > g(t) for all small t and 
3(0) = m SO 

o = g'(0) = grad f(P) ■ H. 

This equality holds for every vector H, H ^ O so grad f(P) = 0, as was 
to be shown. 

Exercise XV.2. 10 Let f be a function on an open set U in 3-space. Let 
g be another function , and let S be the surface consisting of all points X 
such that 

g(X) = 0 but grad g(X) ^ O. 

Suppose that P is a point of the surface S such that f(P) is a maximum 
for f on S , that is 

f(P) > f(X) for all X on S. 

Prove that there is a number A such that 

grad f(P) = Agrad g(P). 

Solution. Let a(t) be a C 1 curve such that a(t) £ S for all £, and a(to) = P 
for some number to. Then /(o(t)) has a maximum at to so 

0 = = grad ^ ' a '^' 
to 

Hence grad f(P) is perpendicular to the level hypersurface at P. Conclude. 

Exercise XV.2.11 Let f: R 2 — > R be the function such that /( 0,0) = 0 
and 3 

/(*» y ) = - 2 ^ y2 */ (*> v) ^ (°> °)- 

Show that f is not differentiable at (0, 0). However, show that for any differ- 
entiable curve ip: J R 2 passing through the origin , f cup is differentiable. 

Solution. Since f(x,0)/x = 1 we have 

i(°,°) - 1. 

Moreover, if A = grad f(0) and h = (Ai, fa)* then 
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f(0 + h)-f(0)-A-h = 


ft? 

h\ + h% 


-fcl = 


— /ll/l2 


= tf(fc). 


If h\ = / 12 , then \rp(h)\/\h\ = l/(2>/2), whence \j) is not o(/i) and therefore 
/ is not differentiable at (0,0). 

Let ip be a differentiable curve passing through the origin. Write ip(t) = 
(<Pi(t),<p 2 (t)) and assume without loss of generality that <p(0) = O. The 
Newton quotient at 0 is 


f(<p(h))-fMQ)) _ vi W 3 ^ 

h h(ipi(h) 2 + <P2(h) 2 ) “ 

If (0) and ^(0) are not both zero, then we see that the Newton quotient 
tends to 

Mm* 

[tf(o)P + [rt(o)P 

as h tends to 0. If both <p[(0) and ^(0) are zero, then the inequality 


/Mft)) - /MO)) 


<*(ft) 

h 




¥>i(ft) 

h 


implies that the Newton quotient tends to 0 as h tends to 0. Therefore foip 
is differentiable. 


XV.3 Potential Functions 

Exercise XV.3.1 Let X = (a?i,...,® n ) denote a vector in R n . Let \X\ 
denote the euclidean norm . Find a potential function for the vector field F 
defined for all X ^ O by the formula 

F(X) = r k X y 

where r = \X\. (Treat separately the cases k = —2, and k ^ -2.) 
Solution. If k ^ —2, let 

**> = rh 1 * 1 ** 1 - 

Then 

\n = -1, Vet y{X) = \og\X\. Tten 

dip Xi 
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Exercise XV.3.2 Again , letr = \X\. Let g be a differentiable function of 
one variable . Show that the vector field defined by 


F(X) = 


m x 


on the open set of all X ^ O has a potential function , and determine this 
potential function. 


Solution. Let <p = g(r). See Exercise 3, §2. 


Exercise XV.3.3 Let 

G(x,J/)= {^+y’x r +y^)' 

This vector field is defined on the plane R 2 from which the origin has been 
deleted. 

(a) For this vector field G = (/,(/) show that £> 2 / = 9- 

(b) Why does this vector field have a potential function on every rectangle 
not containing the origin ? 

(c) Verify that the function ip(x, y) = — arctan x/y is a potential function 
for G on any rectangle not intersecting the line y = 0. 

(d) Verify that the function ip(x,y) = arccosx/r is a potential function for 
this vector field in the upper half plane. 

Solution, (a) A simple computation gives 

7/2 ,|.2 

° 2f = W+¥? = Dl9 ' 

(b) Theorem 3.3. 

(c) See the intermediate steps of Exercise 3, §1. 

(d) In the upper half plane, we have y > 0. Differentiating yields 


and 


dip _ —1 r — x 2 /r _ —y 

dx ~ y/i ( x /r) 2 r 2 ~ x 2 + y 2 ' 


dip _ —1 —xy _ x 

dy y/l - (x/r) 2 r 3 x 2 +y 2 ' 


XV.4 Curve Integrals 

Compute the curve integrals of the vector field over the indicated curves. 

Exercise XV.4.1 F(x,y) = (x 2 —2xy,y 2 —2xy) along the parabola y — x 2 
from (-2,4) to (1, 1). 
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Solution. —369/10. Parametrize the piece of the parabola by (M 2 ) with 
— 2 < £ < 1 . 


Exercise XV.4.2 ( x,y,xz — y) over the line segment from (0,0,0) to 
(1,2,4). 

Solution. 23/6. Parametrize the line segment by (£,2£,4£). 

Exercise XV.4.3 (x 2 y 2 ,xy 2 ) along the closed path formed by parts of the 
line x = l and the parabola y 2 = x, counterclockwise . 

Solution. 4/15. Write the integral as the sum of two integrals. The first 
over the line and the second over the parabola. Parametrize the line segment 
by (l,t) with — 1 < t < 1 and parametrize the piece of the parabola by 
(t 2 ,-t) with 1 < t < 1. 


Exercise XV.4.4 Let 

(a) Find the integral of this vector field counterclockwise along the circle 
x 2 -|- y 2 = 2 from (1, 1) to {—y/2, 0). 

(b) Counterclockwise around the whole circle . 

(c) Counterclockwise around the circle x 2 -h y 2 = a 2 for a > 0. 

Solution. If a(0) = (rcos0,rsin0), then 


G(a(0))-a'(0) 


rsin0 . _ rcosO 
— ^ — r sin 0 H x — r cos 0 = 1. 


So if we integrate counterclockwise from an angle 0\ to an angle 02 we get 



dd = 02 — 0\. 


(a) 37r/4 because tt/4 <0<n. 

(b) 27 r because 0 <0 <2n. 

(c) 27r because 0 <0 <2n. 

Exercise XV.4.5 Let r = (x 2 + y 2 )^ 2 and F(X) = r~ l X for X = (x, y). 
Find the integral of F over the circle or radius 2, centered at the origin , 
taken in the counterclockwise direction. 


Solution. 0. Special case of Exercise 6. 

Exercise XV.4.6 Let C be a circle of radius 20 with center at the origin. 
Let F(X) be a vector field on R 2 such that F(X) has the same direction 
as X (that is there exists a differentiable function g(X) such that f(X) = 
g(X)X, and g(X) > 0 for all X). What is the integral of F around C, 
taken counterclockwise? 
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Solution. Parametrize the circle by C(0) = (rcos0,rsin0) with r = 20 
and 0 <0 < 27t. Then 

a p2i r a2tt 

I F = I F(C(0 )) . C'(0)d0 = / g(C(0))C(0) • C"(0)d0 = 0 

Vc Vo Vo 

because C(0) • C'(0) = 0. This follows at once from differentiating the 
identity C(0) • C(0) = r 2 = constant. 

Exercise XV.4.T Let P, Q be points in 3- spaces. Show that the integral of 
the vector field given by 


F{x, y, z) = (z 2 , 2 y, 2 xz) 


from P to Q is independent of the curve selected between P and Q. 

Solution. The function z 2 x + y 2 is a potential function of the vector field. 
Conclude. 

Exercise XV.4.8 LetF(x,y) = (x/r 3 ,i//r 3 ) wherer = (a^ + y 2 ) 1 / 2 . Find 
the integral of F along the curve 


a(t) = ( e* cos t, e* sin t) 


from the point (1,0) to the point (e 27r ,0). 

Solution. The function — 1/r is a potential function of the vector field, so 



= 1 - e 


-2t r 


Exercise XV.4.9 Let F(x,y) = ( x 2 y,xy 2 ). 

(a) Does this vector field admit a potential function? 

(b) Compute the integral of this vector field from (0,0) to the point 


P = (1/V2, l/y/2) 


along the line segment from (0, 0) to P. 

(c) Compute the integral of this vector field from (0,0) to P along the path 
which consists of the segment from (0,0) to (1,0), and the arc of circle from 
(1,0) to P. Compare with the value found in (b). 

Solution, (a) No, because Dig ± D 2 f- 

(b) Parametrize the line segment by L(t) = ^=(t,t) with 0 < t < 1. Then 



F = j\(L(t))L'(t)dt= 




270 


XV. Functions on n-Space 


(c) Parametrize the line segment by L\(t) = (t, 0) with 0 < t < 1. Then 
F(L 1 (t)) = (0,0),so 



F = 0. 


Parametrize the arc by C(t) = (cos t, sin t) with 0 < t < 7r/4. Then 
F(C(T)) • C'(t) = - cos 2 1 sin 2 t + cos 2 1 sin 2 1 = 0, 


hence 


so the answer is 0. 



F = 0 


Exercise XV.4.10 Let 


F(x,y) = ( 


xcosr ycosr 


)■ 


where r = \Jx 2 + y 2 . Find the value of the integral of this vector field: 

(a) Counterclockwise along the circle of radius 1 , from (1,0) to (0,1). 

(b) Counterclockwise around the entire circle . 

(c) Does this vector field admit a potential function? Why? 

Solution, (a) 0. 

(b) 0. 

(c) The function g(x,y) = sin y/x 2 + y 2 is a potential function for the 
vector field F, because grad g(x,y) = F(x,y). 

Exercise XV.4.11 Let 


Find the value of the integral of this vector field: 

(a) Counterclockwise along the circle of radius 1 centered at the origin. 

(b) Counterclockwise along the circle of radius 5 centered at the point 
(14,-17). 

(c) Does this vector field admit a potential function? Why? 

Solution, (a) 0. 

(b) 0. 

(c) The function g(x,y) = e r is a potential function for the vector field F 
because grad g(x } y) = F(x, y). 


Exercise XV.4.12 Let 
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(a) Find the integral of G along the line x + y = 1 from (0, 1) to (1, 0). 

(b) From the point (2,0) to the point (—1, \/3) along the path shown on the 
figure: 



Solution, (a) — 7r/2. 

(b) 2 tt/3. 

In Exercise 3, §3, we found a potential function for G in the upper half 
plane, namely g(x,y) = arccos (x/r). In (a) we have 

( 1 \ ( 0 \ * 

Vv^TToy \VT+oJ 2 

and in (b) we have 

/ -1 \ / 2 \ 2tt 

arccos — r — — arccos -7= = — . 

\VTTZ) VV4 ) 3 

Exercise XV.4. 13 Let F be a smooth vector field on R 2 from which the 
origin has been deleted, so F is not defined at the origin. Let F = (/,<?). 
Assume that £>2/ = Dig and let 



where C is the circle of radius 1 centered at the origin . Let G be the vector 
field 

G ^ X,y) = {x^+ y* , '^Ty*)' 

Show that there exists a function ip defined on R 2 from which the origin 
has been deleted such that 


F = grad <p + kG. 
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[Hint: Follow the same method as in the proof of Theorem 4.2 in the text , 
but define ip{P) by integrating F from the point (1, 0) to P as shown on the 
figure.] 



Solution. Suppose f c F = 0. Then F has a potential function. Indeed, 
define tp(P ) to be the integral of F along the path shown on the figure: 



By assumption, y? is well defined. We want to show that D\(p{P) = /(P), 
so we proceed as in the text, we form the Newton quotient, namely 

cp(P + hei) - <p(P) 


But if we add the line segment from P to P + he \ we see after a cancellation 
that we formed a closed path (in bold) and that 


XV.5 Taylor’s Formula 273 


<?(P + he{) - <p(P) 


-L 


F = 


[P,P+/iei] 


/ F. 

J closed path 


For all small h we can inscribe the closed paths in a rectangle which does 
not intersect the origin. The assumptions imply that F has a potential 
function in the rectangle, thus 


This implies 


/ F = 

J closed path 


0 . 


y?(P + /tei)-y?(P) _ 1 f 

h h J^P+hex] 


From Theorem 4.2 we know that the right-hand side tends to /(P) as 
h — ► 0, thus D\ip(P) = /(P). 

If f c F ^ 0, then we have 



kG = 



G = 2nk — 2'ivk = 0. 


Hence there exists a function <p such that F — kG = grad (f. 


XV.5 Taylor’s Formula 

Exercise XV. 5.1 Let f be a differentiable function defined for all o/R n . 
Assume that f(0) = 0 and that f(tX) = tf(X) for all numbers t and 
vectors X = («i, . . . ,x n ). Show that for all X G R n we have f(X) = 
grad f(0) • X . 

Solution. See Exercise 5, Chapter XV, §2. 

Exercise XV.5.2 Let f be a function with continuous partial derivatives 
of order < 2, that is of class C 2 on R n . Assume that f(0) = 0 and f(tX) = 
t 2 f(X) for all numbers t and all vectors X. Show that for all X we have 

tm . 

Solution. Differentiate both sides of f(tX) = t 2 f(X) with respect to t. 
For the left-hand side, use Theorem 5.1, so that 

(■ X ■ V) 2 f(tx) = 2 f(X). 


Put t = 0. 
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Exercise XV.5.3 Let f be a function defined on an open ball centered at 
the origin in R n and assume that f is of class C°° . Show that one can 
write 

f(X) = f(0 ) + g 1 (X)x 1 + ... + g n (X)x„, 
where g \, . . . ,g n are functions of class C°°. [Hint: Use the fact that 

f(X) - f(0) = J o ' J t f(tx)dt. 

Solution. The chain rule implies that 

Then one can take 

*W-J‘ 

Exercise XV.5.4 Let f be a C°° function defined on an open ball centered 
at the origin in R n . Show that one can unite 

f(X) = /(O) + grad f(p) ■ X + J29ij(X)x iXj , 

hj 

where gij are C°° functions . [Hint: Assume first that f(0) = 0 and 
grad f(0) = O. In Exercises 3 and 4> use an integral form for the re- 
mainder .] 

Solution. We use the integral expression twice. First we have 

f(X) - f(0) = J t f(tx)dt = j[ J2 D if(tX) Xi dt 

= f o ^2(Dif(tX) - Dif(0))xidt + grad f(0) ■ X. 

However, 

Dim 0 - DifiO) = £ ±DJ(tuX)du = E DjDifituX^jdu, 

so by plugging this expression in the above formula for f(X) — f(0) and 
taking the sum signs out, we find the desired result. 

Exercise XV.5.5 Generalize Exercise 4 near an arbitrary point 
A = (oi, . . . , a n ), expressing 

f(X) = f(A) + J2 Dif(A)(xi - ai ) + E - <*)• 

»=1 i,j 
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Solution. Use the same method as in Exercise 4, or combine the result of 
Exercise 4 together with a change of variable. The proof goes as follows. 
Consider the function g defined by g(Y) = f(Y + ^4), where Y = X — A. 
By Exercise 4 we have the expression 

g(Y) - g(O) = grad g(0) • Y + '^2gij(Y)y i y j , 
so using the expression for g, and the change of variable, we get 


f(X-A+A)-f(A) = grad f(A)-(X-A)+Y ) g ij (X-A)(x i -a i )(x j -a j ), 

ij 


as was to be shown. 

Exercise XV.5. 6 Let be the set of all C°° functions defined on an 
open ball centered at the origin in R n . By a derivation D of Fqq into 
itself one means a map D : Fqq — ► Fqq satisfying the rules 

D (f + 9) = Df + Dg, D(cf) = cDf, 

D(fg) = fD(g) + D(f)g, 

for C°° functions /, g and constant c. Let Ai, . . . , A n be the coordinate func- 
tions , that is Ai(X) = X{ for i = 1, . . . ,n. Let D be a derivation as above , 
and let = £>(Ai). Show that for any C°° function f on the ball , we have 

DU) = f>A/, 

i=l 

where Dif is the i-th partial derivative of f. [Hint: Show first that D( 1) = 0 
and D(c) = 0 for every constant c. Then use the representation of Exercise 
5./ 

Solution. We first show that Z)(l) = 0. This follows from the fact that 
D( 1) = D( 1 • 1) which implies 

D(l) = l£(l) + £(1)1 = 2£(1^ 

hence D(l) = 0 as was to be shown. We also have D(c) = 0 for all constants 
c because D(c) = cD( 1). Let A be a point. Now using the expression of 
Exercise 5 and the properties of the derivation we find 

n 

D{f) = J2 Dif(A)D\i + J2D [hijUi - Oj)(Aj - aj)} . 

i=l i,j 

We now show that the last sum is zero when we put X = A. Using the 
properties of the derivation, we see that D [hij(\i — o»)(Aj — aj)] is equal 
to 
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D(hij)(h ~ Oi)(Xj - dj) + hij [(A, - Oi)D(Xj) + Z>(A <)( Xj - o,)] , 
and evaluating this expression at A we find 0, so 

£>(/) = E D i f(A)DX i (A). 

i=l 

This last expression holds for all points A € R n so D(f) = £^=1 
as was to be shown. 

Exercise XV.5.7 Let f(X) and g(X) be polynomials in n variables 
z n ) of degrees < s — 1. Assume that there is a number a > 0 
and a constant C such that 

\f(X) - fl (X)| < C\X\' 

for all X such that \X\ < a . Show that f = g. In particular , the polynomial 
of Taylor's formula is uniquely determined. 

Solution. It is sufficient to prove that if P is a polynomial of degrees 
<s—l, and 

|P(X)| < c\x\\ 

then P = 0. Set x\ = x 2 = • • • = x n and use Exercise 3, §3, of Chapter V 
to conclude. 

Exercise XV.5.8 Let U be open in R n and let f:U — > R be a function of 
class C p . Let g: R — > R be a function of class C v . Prove by induction that 
go f is of class C v . Furthermore , assume that at a certain point P eU all 
partial derivatives 

D h ---D ir f(P) = 0 

for all choices of i‘i, . . . ,i r and r < k. In other words , assume that all 
partials of f up to order k vanish at P. Prove that the same is true for 
go f. [Hint: Induction.] 

Solution. For each 0 < k < p the function gW exists and is continuous. 
We have 

D k (9 o f)(X) = g'(f(X))D k (f(X)), 

so g o / is of class C l . Suppose g o f is of class C r . Any expression of the 

form D\ l • • • -Djj 1 (g o f) where i\ H 1 -i n = r can be written as a linear 

combination of terms of the form 

g {k \f) [D? • • • £“"/] [(Di/) 6 ‘ • • • (Z>n/) 6 ”] , (XV.1) 

where k < r, a\ H h a n < r, and 0 < 61 H h b n < r. This is proved 

by induction. Applying Dj to the expression (XV. 1) we get terms of the 
form given in (XV. 1) but now the sum of the powers is bounded by r + 1. 
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Under the assumptions we see that we can differentiate one more time with 
respect to any variable and that the result is continuous for g o f is of class 
C fr+1 . By induction, we conclude that g o / is of class C p . 

Furthermore, we see from this analysis that if all partial derivatives of 
/ up to order k vanish at P, then all the partial derivatives of g o f also 
vanish at P. 


XV.6 Maxima and the Derivative 

Exercise XV.6.1 Find the maximum of 6x 2 + 17y 4 on the subset of R 2 
consisting of those points (x, y) such that 

(x - l) 3 - y 2 = 0. 

Solution. Given any large x, there exists y > 0 such that (x — l) 3 — y 2 = 0 
and y is also large, so 6x 2 + 17 y 4 does not attain a maximum on the given 
set. 

Exercise XV.6.2 Find the maximum of x 2 + xy + y 2 + yz + z 2 on the 
sphere of radius 1 centered at the origin . 

Solution. Since g(x , y, z) = x 2 + y 2 + z 2 = 1, we can choose to maximize 
the function 

f(x, y, z) = 1 -I- xy + yz. 

We have grad g = 2(x, y, z) which is never 0 when g = 1. So at an extremum 
point on the sphere there exists a number A such that Agrad g = grad /, 
thus 


y = 2Ax, x + z = 2Ay, y = 2A* (XV.2) 

Suppose A = 0. Then y = 0 and x = —z. From the equation g = 1 we 
conclude that x = ±1 /y/2, so we consider the two points 

Pi = ( 1/V2,0,-1/n/ 2) and P 2 = (-1/V2.0, 1/V2). 

Since y = 0 we have 

m) = m) = i. 

Suppose A ^ 0. Then from the first and third equation of (XV.2) we see 
that x = z. The second equation implies 2x = Ay = A 2 x so x(A 2 - 2) = 0. 
We cannot have x = 0 because (0, 0, 0) is not a point on the sphere, so we 
must have A = ±y/2. If A = y/2, subtituting in the equation g = 1 we find 
the two points 

Qi = (1/2, — -\/2/2, 1/2) and Q 2 = (-1/2, V2/2, -1/2). 

Evaluate / at each of these two points to find that the maximum of / on 
the sphere is 1 + l/y/2. 
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Exercise XV.6.3 Let J be a differentiable function on an open set U in 
R n , and suppose that P is a minimum for f on U, that is f(P) < f(X) 
for all X in U. Show that all partial derivatives Dif(P) = 0. 

Solution. See Exercise 9, Chapter XV, § 2 , or consider functions of one 
variable and use the fact that if a function of one variable attains an ex- 
tremum at an interior point, then the derivative vanishes. 

Exercise XV.6.4 Let A, B, C be three distinct points in R n . Let 

f(X) = (X- A) 2 + (X - B) 2 + (X - C) 2 . 

Find the point where f reaches its minimum and find the minimum value . 

Solution. If \X\ is large, we see that f(X) is large, so the function / reaches 
a minimum in some closed ball of large radius centered at the origin. The 
minimum is global and is not on the boundary of the ball, hence is a critical 
point (a critical point is a point where all the partial derivatives of / are 
zero, see Exercise 3). We use the notation 


A = (oj,a2,o 3 ), B = (61,62,63), and C = (ci,c 2 ,c 3 ). 

We have for i = 1, 2 , 3 

^ = 2 ((x ( - Oi) + (x< - 61 ) + ( Xi - Cl)) = 0 

if and only if 

a\ + 61 + ci 
Xi ~ 3 

So the unique critical point of / is 

M = ±(A + B + C). 

We then find the value of / at this point 

f(M) = \{A 2 + B 2 +C 2 - AB - AC - BC). 

O 

Exercise XV.6.5 Find the maximum of the function /(x, y> z) = xyz sub- 
ject to the constraints a;> 0 , 2 /> 0 , 2>0 and xy + yz + xz = 2 . 

Solution. Let g(x , y , z) = xy 4- yz + xz. If one of the coordinates x, y y or 
z is 0, then f(x,y>z) = 0. Suppose that x > 0, y > 0, and z > 0. Then 

grad g = (y + 2 , x -f 2 , y + x) and grad / = (yz, xz , yx). 


So there is a number A such that 
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yz = \{y + z), xz = \(x + z), yx = \{y + x). (XV.3) 

By assumption we cannot have A = 0 so we can take the ratio of the first 
and second equation in (XV.3), which gives 

y _ y + z 
x x + z' 

so x = y. Repeating the sam e arg ument shows that x = y = z. So / attains 
a maximum of (2/3) 3 / 2 at ^2/3(1, 1, 1). 

Exercise XV. 6. 6 Find the shortest distance from a point on the ellipse 
x 2 -I- 4 y 2 = 4 to the line x + y = 4. 

Solution. The problem has a solution, as was shown in Exercise 5 of 
Chapter VIII, §2. Let /(*i,yi) = x\ + 4y\,g(x 2y y 2 ) = x 2 + 2 / 2 , and 
h(x u y u x 2i y 2 ) = (#1 — x 2 ) 2 -I- (yi — 2fc) 2 . Our goal is to minimize h under 
the constraints / = 4 and g = 4. We can eliminate the second constraint 
by substituting 2/2 = 4 — x 2 . So we must minimize 

h(x u yi i x 2 ) = (xi - rr 2 ) 2 + ( 2/1 -4 + rr 2 ) 2 

subject to /(xi, 2 /i,x 2 ) = a; 2 + 4yJ = 4. Setting 

grad h = \f 


we get the system 


{ 2(xi-x 2 ) = 2Aa?i, 

2(2/1 - 4 -I- rr 2 ) = 8A2/1, 

- 2 (a?i - x 2 ) -I- 2(2/1 - 4 -I- x 2 ) = 0 , 

this system is equivalent to 

x\ — x 2 = A®i, 

^ 2/i — 4 -h x 2 = 4A2/1, 

- rr 2 = 2/1 - 4 + x 2 . 

We find that Xi = 4yi so plugging this in the equation of the ellipse we 
find that we have two possibilities, 

A = (4/V5, l/\/5) and B = (-4/VS,-l/y/5). 

We can now find the various possibilities for x 2 , and then plug in to find 
which combination gives us the smallest value of h. These simple compu- 
tations show that the minimum distance between the ellipse and the line 
is 

4 — y/5 


2 
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Exercise XV.6.7 Let S be the set of points (xi, . . . ,x n ) in R n such that 
y: Xi = 1 and Xi > 0 for all i. 

Show that the maximum of g(x) = X\ • • • x n occurs at (1/n, . . . , 1/n) and 
that 

g(x) < n“ n for all x G S. 

[Hint: Consider log g.] Use the result to prove that the geometric mean of 
n positive numbers is less than or equal to the arithmetic mean. 

Solution. Let /(x) = J^x*. Then S union its boundary is a compact 
set, and therefore g attains its maximum and minimum on this set. The 
minimum of /, namely 0, is attained on the boundary where one of the 
coordinates is 0. So at the maximum, which is an interior point, we have 


grad g = Agrad /. 

This equality yields the system of n linear equations 

{ X2X$ • • • x n = A, 

X\X$ • • • X n = A, 

X\X2 • "Xn-1 = A. 


Multiplying the fc-th equation by x* we see that Xxi = • • • = Xx n . But 
Xk > 0 so A ^ 0 hence X\ = • • • = x n . From the constraint / = 1 we 
conclude that g attains its maximum l/n n at (1/n, . . . , 1/n). So g(x) < n~ n 
for all x G S. 

Suppose we are given n positive numbers oi, . . . , o n . Let 


Xi 


E* a *' 


Then = 1. The inequality g(x) < n n implies that 


n 

Exercise XV.6.8 Find the point nearest the origin on the intersection of 
the two surfaces 


x 2 - xy -b y 2 — z 2 = 1 and x 2 + y 2 = 1. 


Solution. The square of the distance function is 

f[x,y y z) = x 2 + y 2 +z 2 . 

But x 2 + y 2 = 1, so the first constraint becomes z 2 = -xy, and we are 
reduced to the problem of minimizing the function /(x, y) = 1 — xy subject 
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to the constraint g(x , y) = x 2 + y 2 — 1 = 0 and xy < 0. If x = 0, then 
y = ±1 and similarly, if y = 0, then x = ±1. In the other cases, we have 

grad / = Agrad g 


which implies 

—y = 2Xx and — x = 2A y. 

The number A cannot be 0 because both x and y cannot be 0 at the 
same time. Taking the ratio of both equations, we find that x 2 = y 2 , 
thus x = ±l/y/2 and y = ±l/y/2. By direct evaluation we find that the 
minimum of / is 1. 

Exercise XV.6.9 Find the maximum and minimum of the function 
f(x,y,z) = xyz: 

(a) on the ball x 2 + y 2 + z 2 < 1; and 

(b) on the plane triangle x + y + z = 4, x>l, y >1, z >1. 

Solution, (a) Since grad / = (yz,xz,xy), we see that / attains its maxi- 
mum on the boundary of the ball. Let g(x, y, z) = x 2 + y 2 + z 2 , then on the 
sphere, grad g ± 0 so we solve grad / = Agrad g. We obtain the following 
three equations 

yz = 2Ax, xz = 2Ay, xy = 2A z. 

If A = 0, then at least one coordinate is 0, hence / equals 0. 

If A ^ 0 and none of the coordinates is 0, then we can take the ratio of 
two equations and we get x 2 = y 2 = z 2 and we find that the maximum of 
/ is (l/>/3) 3 and the minimum is -(1/V3) 3 - 

(b) On the boundary, we have x = 1 or y = 1 or z = 1. Suppose that z = 1, 
then we want to investigate xy subject to x -hy = 3 and x > 1 , y > 1 . Write 
y = 3 — x , so that the study is reduced to the polynomials 3x— x 2 for x > 1 
and x < 2. This polynomial reaches a maximum of 9/4 when x = 3/2 and 
it reaches a minimum of 2 when x = 1 or x = 2. For the other sides of the 
triangle we simply permute the coordinates to see that the maximum and 
minimum remain the same. 

Now let g(x , y, z) = x + y + z. Then grad g ^ 0 so we solve 

grad / = Agrad g . 


We otain 

yz = A, xz = A, xy = A. 

Since xyz ^ 0 we must have A ^ 0, so we can take the ratio of two equations. 
We obtain x = y = z, so x = y = z = 4/3. Then /( 4/3, 4/3, 4/3) = (4/3) 3 . 

We conclude that / attains a maximum of (4/3) 3 and a minimum of 2 
in the given region. 
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Exercise XV.6.10 Find the maxima and minima of the function 

(ax 2 + by 2 )e~ x2 ~ y2 


if o, b are numbers with 0 < a < b. 

Solution. Let f(x y y) = (ax 2 4- by 2 )e~ x2 ~ y2 . Then for all x y y we have 
f(x y y) > 0 and /(0,0) = 0 so 0 is the minimum value of /. If we set 
df/dx = df/dy = 0, then we are reduced to the following two equations: 

x(a — ax 2 — by 2 ) = 0 and y(b — ax 2 — by 2 ) = 0. 


We cannot have both x and y nonzero, for otherwise a = 6. If x = 0, then 
from the second equation we get y = ±1. If y = 0 see that x = ±1. Since 
a < b we conclude that the maximum of / is be~ l . 


Exercise XV. 6. 11 Let A y B y C denote the intercepts which the tangent 
plane at (x y y y z) 

(x > 0, y > 0, z > 0) 


on the ellipsoid 


?t + yl + z l = i 

o l f o I o A 


a * 


b 2 ' c 2 


makes on the coordinate axes . Find the point on the ellipsoid such that the 
following functions are a minimum: 

(a) A + B + C . 

(b) y/A 2 + B* + C 2 . 


Solution, (a) The gradient is a vector orthogonal to the surface, so an 
equation of the plane passing through (x y y y z) on the ellipse and tangent 
to the ellipse is given by 


_ x+ £k + 3 z-i=o, 

so A = a?/x, B — b 2 /y, and C = <?/z. Let 

. v x 2 y 2 z 2 
g(x, y,z) = - + - + 

and fi(x y y y z) = A + B + C = a 2 /x -h b 2 /y -h c 2 /z. Then from the equation 
Agrad f\ = grad g we get the following: 


— Ao 4 = 2x 3 y — A6 4 = 2 y 3 , and — Ac 4 = 2 z 3 . 


Writting z and y as functions of x and substituting in the equation of the 
ellipse we get 


a -2/3 + 6 -2/3 + c -2/3 
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By symmetry, it is easy to find similar expressions for y and z. Finally we 
find that the minimum value of f\ is 

(a 4 / 3 + 6 4 / 3 + c 4 / 3 )(a“ 2 / 3 + b ~ 2 / 3 + c- 2 / 3 ) 1 /2. 


(b) Let f 2 (x>y, z) = A 2 + B 2 + C 2 = a 4 /: r 2 + b 4 /y 2 + c 4 /z 2 . Then the 
equation grad fa = Agrad g yields 

-a 6 = As 4 , — & 6 = Ay 4 , and -c 6 = A* 4 . (XV.4) 


Taking the square root and substituting in the equation of the ellipse we 
get 

( a + b + c) = l 

hence —A = (a + b + c) 2 . From the equations in (XV.4) we find that the 
minimum value of fa is (o + b + c) 2 . 

Exercise XV.6.12 Find the maximum of the expression 

x 2 + 6xy + 3 y 2 
x 2 - xy + y 2 

Because there are only two variables , the following method will work: Let 
y = tx, and reduce the question to the single variable t. 


Solution. When x = 0 and y ^ 0, the fraction equals 3. Suppose x ^ 0 
and let t = y/x, so that the fraction becomes 


/(*) = 


l + 6t + 3t 2 
1-t + t 2 * 


Setting the derivative of / equal to 0 and disregarding the denominator, 
we find 

-9t 2 + 4t + 7 = 0. 

An analysis of the graph of / shows that the maximum of / happens at 
the largest of the roots of the above equation, namely at 


Then we find that 


to = 


2 + a/67 
9 


m = 


14 + 2\/67 
3 


Exercise 12 can be generalized to more variables, in which case the above 
method has to be replaced by a different conceptual approach, as follows. 
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Exercise XV.6.13 Let A be a symmetric n x n matrix . Denote column 
vectors in R n by X, Y, etc. Let X G R n , let f(X) = {AX,X), so f is a 
quadratic form. Prove that the maximum of f on the sphere of radius 1 is 
the largest eigenvalue of A. 

Remark. If you know some linear algebra, you should know that the roots 
of the characteristic polynomial of A are precisely the eigenvalues of A. 
Solution. We know that / attains its maximum at an eigenvector, say X. 
Let A be the corresponding eigenvalue. Then 


f(X ) = l XAX = l XXX = A. 


Conclude. 

Exercise XV.6.14 Let C be a symmetric nxn matrix, and assume that 
X i— ► (CX,X) defines a symmetric positive definite scalar product on R n . 
Such a matrix is called positive definite. From linear algebra, prove that 
there exists a symmetric positive definite matrix B such that for all X E R n 
we have 

(CX,X) = (BX,BX) = ||£X|| 2 . 

Thus B is a square root of C, denoted by C 1 / 2 . [Hint: The vector space 
V = R n has a basis consisting of eigenvectors of C, so one can define the 
square root of C by the linear map operating diagonally by the square roots 
of the eigenvalues of C.j 

Solution. The Spectral Theorem for symmetric operators guarantees the 
existence of a basis of eigenvectors of C. In this basis, the matrix is diagonal 
with eigenvalues on the diagonal. These eigenvalues are positive because C 
is positive definite. Indeed, if X is a non-zero eigenvector with eigenvalue 
A, then 

0<{AX,X)=X{X,X) 

so 0 < A. Hence taking the square roots of the eigenvalues we see that there 
exists a matrix whose square is C. 

Exercise XV. 6. 15 Let A,C be symmetric nxn matrices, and assume that 
C is positive definite. Let Qa(X) = {AX, X) and Qc(X) = {CX,X) = 
{BX, BX) with B = C 1 / 2 . Let 

f(X) = Qa(X)/Q c (X) forX + O. 

Show that the maximum of f (for X ± O) is the maximal eigenvalue of 
B~ l AB~ l . I Hint : Change variables, write X = BY.] 

Solution. Changing variables Y = BX, and using the fact that B is sym- 
metric we get 
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QaPO (. AB~ l Y,B~ l Y ) _ (. B~ l AB~'Y,Y ) 
Qc(X) ~ (Y,Y) ~ (Y,Y) 

= (B-'AB-\Y/\Y\),YI\Y\). 


But Y/\Y\ has norm 1, hence we want to maximize the form Qb~ 1 ab ~ 1 on 
the unit sphere. Exercise 12 concludes the proof. 

Exercise XV.6. 16 Let a,b,c>e,f,g be real numbers. Show that the max- 
imum value of the expression 


ax 2 + 2 bxy + cy 2 
ex 2 + 2 fxy + gy 2 


(eg -f 2 > 0) 


is equal to the greater of the roots of the equation 


(ac - b 2 ) - T(ag - 2b f + ec) + T 2 (eg - f 2 ) = 0. 


Solution. Let 


a <:\) c =(/0- 

Then the problem is to maximize 

Qa(X) 

Qc(xy 

By multiplying all numbers by —1 if necessary, we may assume that C is 
positive definite, because det C = eg — f 2 > 0. Let B be a square root of 
C . Then by the previous exercises, the maximum of the above quotient is 
equal to the greater of the roots of the equation 

det [Br'AB- 1 - tl) = 0. 


However, 

B-'ABT 1 - tl = B-'AB- 1 - tB-'CB- 1 = B~ X (A - tC)B~\ 

so the solution to the problem is equal to the greater of the roots of det(A— 
tC ), which when we expand is the equation given in the exercise. 



XVI 

The Winding Number and Global 
Potential Functions 


XVL2 The Winding Number and Homology 

Exercise XVI.2.1 In Theorem 2 . 7 , let 7* be a small circle centered at Pi. 
Determine the value 

[ GPy 

Jli 

Solution. If i ^ j, then consider an open disc V such that 7* C V and 
Pj ^ V. Then by the integrability theorem we see that 

/ Gpj = 0. 

J-fi 

If i = j, then translating to the origin and using Exercise 4 , § 4 , of Chapter 
XV we find that 

[ G Pj = [ G = 2tt. 

Jli J'y 

One can also do the computation with the parametrization 

7i(0) = (xi + rcos0,2/i + rsin0), 


so that 
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f ~(y — y») 

U (* - Xi ) 2 + (y - yt ) 2 

[ 2 * (— rsin0)(— rsin 0) 

Jo r 2 


. (x- xA , 

+ (* - Xi ) 2 + (y - yi ) 2 V 
+ (rc 


Exercise XVI.2.2 Give a complete proof of Theorem 2.7, using Theorem 
2.6. [Hint: Let 

Solution. Define a* as in the hint. The vector field F - is locally 

integrable on U*. Moreover, U* is connected because U is connected and 
if a path passes through a point Pj , then this path can be modified in a 
small disc around Pj so that Pj does not belong to the new path. 

Let 7 be a closed path in U *. Then Theorem 2.6 implies 


so 



= 271771 *, 


Theorem 4.2 of Chapter XV concludes the exercise. 


XVI.5 The Homotopy Form of the Integrability 
Theorem 


Exercise XVI.5. 1 Let Abe a closed annulus bounded by two circles \X\ = 
ri and \X\ = f*2 with 0 < r\ < r*2. Let F be a locally integrable vector field 
on an open set containing the annulus. Let 71 and 72 be the two circles, 
oriented counterclockwise. Show that 



F. 


Solution. We must exhibit a homotopy of closed paths between the two 
circleSj so we must deform continuously one circle onto the other. This 
can be done as the figure shows, namely by considering a family of circles 
centered at the origin and whose radius increases from r\ to r^. 
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We contend that 

[ 0 , 1 ] x [ 0 , 1 ] -» R 2 , 

(t,s) •-> (l-s)7i(t)+S7 2 (t), 

does exactly what we want. Indeed, we have xp(t, 0 ) = 71 (t) and 1) = 
72 (t). Moreover, rp is continuous and if we parametrize the circles by 7 t(t) = 
(ri cos £,r* sint) we see at once that rp is a circle of radius (1 — s)r\ H- sr?. 
Hence 71 « 72 and therefore 



Exercise XVI. 5.2 A set S is called star-shaped if there exists a point 
Po in S such that the line segment between Po and any point P in S is 
contained in S. Prove that a star-shaped set is simply connected , that is, 
every closed path is homotopic to a point 

Solution. Clearly, S is connected because given two points A, B in S we 
can connect A to Po and then Po to B by line segments. 

Given any continuous closed path 7 parametrized on [a, b] we must show 
that it is homotopic to a point. Let 

ip\ [a, b] x [ 0 , 1 ] — > R 2 , 

(t,s) »-> (1 - s)7(t) + sP 0 . 

Then *ip is a homotopy of closed paths deforming 7 in P 0 . Indeed, 7 is 
continuous, = 7 (£), xp(t, 1) = P 0 , and for each s, the path rp(s) is 

closed because 7 is closed, thus 7 « P 0 . 

Exercise XVI. 5.3 Let U be the open set obtained from R 2 by deleting the 
set of real numbers > 0 . Prove that U is simply connected. 
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Solution. By Exercise 2, it suffices to show that U is star-shaped. Let 
Po = (—1,0), and let Q = (a, 6) be any point in U. The line segment 
between these two points can be written as 

l Q,Po (0 = (1 “ S )Q + sPo = ((1 “ s)a -5, (1 - «)&), 

where 8 € [0, 1]. When the y coordinate is 0 we see that the x coordinate 
is negative, so Lg > p 0 (t) c U. Conclude. 

Exercise XVI.5.4 Let V be the open set obtained from R 2 by deleting the 
set of real numbers < 0. Prove that V is simply connected. 

Solution. Show that V is star-shaped by taking Po = (1, 0). See the pre- 
vious exercise. 


XVI.6 More on Homotopies 

In this section, all the homotopies are defined on the unit square 

ft = [0,1] x [0,1]. 

Exercise XVI.6. 1 (Proposition 6.1) Let P,Q € S. 

If a, ( 3,1 € Path(P,Q) and a 7, then a « 7. 

If a « ( 3 , then /3 « a. 

Solution. Let a (3 and (3 &h 2 7- Then define h on £1 by 

h(tn)-i h 1 ( < ’“) if 0 < « < 1/2, 
n(t,u) - | 2u - 1) if 1/2 < « < 1. 

We see at once that a&h 7 . 

If a /?, then (3 a where h(t,u) = h(t , 1 — u). This proves the 
second assertion. 

Exercise XVI.6.2 (Proposition 6.2) if a « ai and (3 « /?i, then ot #(3 

/Pint: Let P(t, ti) = hi( 2 t,u) for 0 < t < 1/2; /i(t,n) = /i2(2t — l,ti) for 
1/2 < t < 1./ 

Solution. The idea behind the homotopy given in the hint, is that for each 
u we consider the union of the paths given by h\ and h^. 

Exercise XVI.6.3 (Proposition 6.6) Let P e S and let 7 € Path (P, P) 
be a closed curve in S. Suppose that 7 is homotopic to a point Q in S, by 
a homotopy which does not necessarily leave the point P fixed. Then 7 is 
also homotopic to P itself by a homotopy which leaves P fixed. 

[Hint: Use Proposition 6.5 when 71 has the constant value Q. Then 
a#7i #a“ simply consists of first going along a, and then retracting your 
steps backward. You can then use Proposition 5 . 3 (c).] 
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Solution. Proposition 6.5 implies that 7 « o#7i#a“ where the homotopy 
leaves P fixed. But 71 has the constant value Q, so we have 7 = a#a~ 
and since a#a“ « P by a homotopy which leaves P fixed, the proposition 
follows. 



XVII 

Derivatives in Vector Spaces 


XVII. 1 The Space of Continuous Linear Maps 

Exercise XVII.1.1 Let E be a vector space and let v 1 ,. . . ,v n e E. As- 
sume that every element of E has a unique expression as a linear combi- 
nation x\V\ + 1- x n v n with Xi e R. That is, given v 6 E, there exist 

unique numbers Xi G R such that 


v = XiVi + Vx n v n . 

Show that any linear map A: E — > F into a normed vector space is contin- 
uous. 

Solution. Define the sup norm on E by |v| = max* |zj|. Any norm in E is 
equivalent to the sup norm, because E is finite dimensional. The continuity 
of A follows from 


\m\ = 


n 


i=l 


<±\xmvi)\<c\v\, 

i = 1 


where C = E"=i |A(t>i)|. 


Exercise XVII. 1.2 Let Mat m>n be the vector space of all mxn matrices 
with components in R. Show that Mat m>n has elements eij (i = 1, . . . ,m 
and j = 1, . . . 9 n) such that every element A of Mat m>n can be written in 
the form 
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m n 

A = ^ ^ a ij e ij » 

»= i j= l 

ttntfi number a y uniquely determined by A. 

Solution. Let be the matrix with 1 in the ij-entry and 0 in all the 
other entries. Then the set {e^ } does the job. 

Exercise XVII. 1.3 Let E,F be normed vector spaces . Show that the as- 
sociation 

L(E } F) x E F 


given by 

(A, !/)>-> X(y) 

is a product in the sense of Chapter VII, §1. 


Solution. By definition we have (A 1 +A 2 )(y) = Ai(v)-f A 2 (v) and (cA)(i/) = 
cX(v). The map A is linear, so the first two conditions of a product are 
verified. We must now verify the norm condition. By definition we see that 


|A(u)| < |A|M 


thereby proving that the given association is a product. 

Exercise XVII. 1.4 Let E,F,G be normed vector spaces . A map 


A :ExF-+G 


is said to be bilinear if it satisfies the conditions 

\(v,wi+w 2 ) = A(v,u;i) + \(v,w 2 ), 

A(vi+ v 2 ,w) = A(vi,ttj) + X(v 2 ,w), 

X(cv,w) = cX(v,w) = X(v,cw), 

for all v , V{ e E, w , € F, and c e R. 

(a) Show that a bilinear map is continuous if and only if there exists C > 0 
such that for all (v, it/) € E x F we have 

|A(v,w)| < C|t>||w|. 

(b) Let v € E be fixed . Show that if X is continuous, then the map X v : F — ► 
G given by w>-> A(t/, w) is a continuous linear map. 

Solution, (a) Suppose that A is continuous. Then A is continuous at O so 
there exists & > 0 such that if |v| < 6 and |it/| < 6, then |A(v,it/)| < 1. For 
arbitrary v and it/, both non-zero, we can write 
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X(v,w) = 



Let C = 1/6 2 and conclude. 

Conversely, suppose that |A(v,iu)| < C|v||ty| for some number <7 > 0. 
We want to prove the continuity of A at the point (vo,ti/o) G E x F. We 
have 

A(v, w) - A(v 0 , wo) = A(u, w - wq) + A(v - v 0 , w 0 ) 


so 

|A(v,iy) - A(v 0 ,w 0 )| < C\v\\w - w 0 \ + C\v - vo\\w 0 \. 

But \v\ < |v — v 0 | + |vo|» so we see that A is continuous. 

(b) We simply have 


|A(v, w) — A(v, ti;o)| < C\v\\w — w 0 | 


so A v is continuous. 


XVII.2 The Derivative as a Linear Map 

Exercise XVII.2. 1 Find explicitly the Jacobian matrix of the polar coor- 
dinate map 

x = rcos0 and y = rsin0. 

Compute the determinant of this 2x2 matrix. The determinant of the 
matrix 

CD 

is by definition ad — be. 

Solution. Taking partial derivatives we find 

j _ ( cos 0 ~ T sin 0 \ 

— \ sin0 rcos0 J * 

Therefore 

det( J) = r cos 2 0 + r sin 2 0 = r. 

Exercise XVII.2.2 Find the Jacobian matrix of the map (u,v) = F(x,y) 
where 

u = e x cosy, v = e x siny. 

Compute the determinant of this 2x2 matrix. The determinant of the 
matrix 

(c d) 


is by definition ad — be. 
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Solution. Taking partial derivatives we find 


J = 


/ e x cos y -e*sin y 
y^e^sinj/ e x coay 


Therefore 


det(J) = e 2x cos 2 0 4- e 2x sin 2 9 = e 2x . 

Exercise XVII.2.3 Let A : R n — ► R m be a linear map. Show that A is 
differentiable at every point , and that A'(x) = A for all x G R n . 

Solution. We have 


X(x + h) = X(x) + A (h) + |%(/i), 


where ^ is identically 0. The uniqueness of the derivative implies DX(x) = A 
for all x e R n . 


XVII. 3 Properties of the Derivative 

Exercise XVII.3.1 Let U be open in E. Assume that any two points of 
U can be connected by a continuous curve. Show that any two points can 
be connected by a piecewise differentiable curve. 

Solution. Let A and B be two points in U and let a : [a, b] — > U be a 
continuous curve such that a(0) = A and a(l) = B. If U = E we can just 
join A and B by a straight line. If U ^ E, then we proceed as follows. The 
image of a is compact, and E — U is non-empty and closed, so by Exercise 
5, §2, of Chapter VIII, the distance d between a([a,6]) and E — U exists 
and d > 0. Select r such that 0 < r < d/4. By the uniform continuity of a, 
we can find a partition {a = oq < ai <•••< a n = 6} of [a, 6] such that 


afai+i) € 


Then we can connect the two consecutive points a(oi) and a(a*+i) by 
a straight line segment which is entirely contained in U because of the 
convexity of the ball. Considering the union of all these line segments, we 
obtain a piecewise differentiable curve connecting A and B: 
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Exercise XVII. 3.2 Let f : U —> F be a differentiable map such that 
f'(x) = 0 for all x e U. Assume that any two points of U can be con- 
nected by a piecewise differentiable curve. Show that f is constant on U. 

Solution. Let A and B be two points in U and let a = {ai, . . . , a*} be 
a piecewise differentiable curve connecting A and B. By the chain rule we 
have 

(/ ° «»)'(*) = /'(«»(<)) ° <*i(t) = 0, 

hence / o a* is constant. By induction, we find that if P* is the end point 
of a*, we get 


f(A) = /(Pi) = /(P 2 ) = - • • = f(P r ) = f(B) 


and therefore we conclude that / is constant. 


XVII.4 Mean Value Theorem 

Exercise XVII.4.1 Let f: [0, 1] — ► R n and g: [0, 1] — ► R have continuous 
derivatives. Suppose \f'(t)\ < g'{t) for all t. Prove that |/(1) — /(0)| < 
lff(l)- 0(0)1 . 

Solution. We write f(t) = (/i(£), . . . , / n (0)» where /* : [0, 1] — ► R. Then 

|/(l)-/(0)| = |/ m (l)-/ m (0)| 

for some m, with 1 < m < n. This follows at once from the definition of 
the sup norm. We have \f f k (t)\ < g'{t) for each k where 1 < k < n, so 

-g'(t) < m < g'(t), 
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and integrating from 0 to 1 we get 


Therefore 


- T a' m< f m< f g'(t). 

Jo Jo Jo 


-(9(1) - 9(0)) < fk( 1) - /*(0) < 3(1) - 3(0) 


which implies 


for all 1 < k < n. 


|/fc(l) - M>)| < |3(1) - 3(0)1, 


XVII.5 The Second Derivative 


Exercise XVII.5. 1 Let Ei , . . . , E ni F be normed vector spaces and let 

A : Ei x • x E n -4 F 


be a multilinear map . Show that A is continuous if and only if there exists 
a number C > 0 such that for all Vi G Ei we have 


|A(t>x,...,v„)| <(7M|v2| 

Solution. If A is continuous, it is continuous at the origin, so there exists 
6 > 0 such that the inequalities |vi| < 6, . . . , \v n \ <6 imply 

!*(«!•• ••>«„)! < i- 


Then for arbitrary vi,...,v n , we have 


|A(vi,...,t>„)| 


M---KL (6vi 6v n \ 


Let C = 1/6” and conclude. 

Conversely, suppose there exists a constant C such that 


|A(vi,...,t>„)| < C'|Wi | • • • |t» n 
Let (oi, 02, . . . , o«) 6 Ei x • • • x E n . Write 


n 

A(vi V n ) - A(ox O n ) = ^2 hi, 

i = 1 


where 


h% — A(ai, • • • i di—iyViy . . . , V n ) A(&1, • • . ,flt, Vt-flj • • • ) ^n)* 
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But 

so 


hi — A(ai, i ) Vi — o>i) 1 . . . v n ) 


n 

|A(vi, A(oi, . . . , On)| < c ^2 |oi| • " |oi_i| • |u» - ail • |t>»+i | • • • K|. 

i=l 


Let (vi, . . . , v n ) be in some open ball centered at (oi, . . . , o n ). Then there 
exists a number B > 0 such that |o*|, |v*| < B for alii so 


n 


|A(vi,...,w n ) — A(ai,...,a n )| < CB n 1 y| |t>j - Oj| < nCB n 1 |t>-a|, 


i=l 


hence A is continuous. 

Exercise XVII. 5.2 Denote the space of continuous multilinear maps as 
above by L(E\ } ...,E n ;F). If X is in this space , define |A| to be the greatest 
lower bound of all numbers C > 0 such that 

|A(t/i,...,1>»)| < CMM-Hunl 
for all Vi G Ei. Show that this defines a norm . 

Solution. Clearly, |A| > 0 and |A| = 0 whenever A = 0. Conversely, suppose 
|A| =0. Fix (vi, . . . , v n ) and note that the inequality 


|A(t>i,...,t> n )| < e|wi||v2|-”KI 

holds for every e > 0. Letting e — > 0 we see that A = 0. 

Clearly, |cA| = |c||A| because 

|cA(vi,...,v n )| = |c||A(t>i,...,«h)|. 

Finally, the triangle inequality follows because 

|Ai(vi, • • • , V n ) + X 2 (vi, |Ai(t>i, + |Aa(t>i, . . . , v n )|- 

Exercise XVII.5.3 Consider the case of bilinear maps . We denote by 
L 2 (E,F) the space of continuous bilinear maps of E x E F. If A G 
L(E,L(E,F)), denote by f\ the bilinear map such that f\(v,w) = A(v)(w). 
Show that |A| = |/\|. 

Solution. Since 

|A(«)(w)| < |A(«)||w| < |A||v||w|, 

we conclude that \f\\ < |A|. Now suppose C = |/a| < |A|. By definition, 
there exists a vector vq of norm 1 such that 
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c < |A(t*)| < |A|. 

But, by definition of C, for all vectors w of norm 1 we have 

\x(v 0 )(w)\ < f>„IM = c, 

and therefore, for all vectors u / O, we have 

a(w,) (h)I £C 

which implies that 

|A(*b)(«)l < C\v\ 

hence |A(vo)| < C. This contradiction implies that \f\\ = |A|. 

Exercise XVII.5.4 Let E, F, G be normed vector spaces . Show that the 
composition of mappings 

L(E,F)xL(F,G)->L(E,G) 

given by (A, lj) i-> cj o A is continuous and bilinear. Show that the constant 
C of Exercise 1 is equal to 1. 

Solution. The map u is linear, so 

^ ° (Ai + A 2 ) = o) o Ai H- u) o A 2 and u) o (cA) = cuj o A. 

Similarly, 

(cji + U 2 ) oA = uioA + ^oA and (ouj) o A = clj o A, 

so the composition of mappings ( A, co) t-* u o A is bilinear. Furthermore, 
this composition is continuous because 

\v o A(v)| < |^||A(v)| < |^||A||v|, 

whence \cj o A| < |tj||A|. 

Exercise XVII.5.5 Let f be a function of class C 2 on some open ball U 
in R n centered at A. Show that 

f(X) = f(A) + Df(A) . (X - A) + g(X)(X - A, X - A ) ), 

where g : U — ► L 2 (R n ,R) is a continuous map of U into the space of 
bilinear maps of R n into R. Show that one can select g(X) to be symmetric 
for each X € U. 
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Solution. We can write 

/(*) - f(A) = j] p(A + t(X - A))dt. 

Integrating by parts, we see that the integral equals 

= -(1 - t)j t f(A + t(X - A))] ' + J\l - t)^f(A + t(X - A))dt 
= Df(A) -(X-A) + J\ 1 - t)£f(A + t(X - A))dt. 

But 

^ f(A + t(X-A )) = ±'£D t f{A + t{X-A)){x i -a l ) 

i 

DjDif(A + t(X - A))(xi - ai)( Xj - a,), 

3 i 

so we see that we can write 

j\l " + *(* ~ A )) dt = 9(X)(X -A,X- A), 

where g(X) is the bilinear map whose matrix is 



Dif(A + t(X -A))dt 




Then g is symmetric because DjDi = DiDj. 


XVII.6 Higher Derivatives and Taylor’s Formula 

Exercise XVII.6. 1 Let U be open in E and V open in F. Let 

f:U—*V and g:V-+G 

be of class C p . Let Xq e U . Assume that D k f(x o) = 0 for all k = 0, . . . ,p. 
Show that D k (g o f)(xo) = 0 for 0 < k <p. [Hint: Induction.] Also , prove 
that if D k (g(f(x o)) = 0 for 0 < k < p, then ( D k g o f))(xo) = 0 for 
0 < k < p. 

Solution. By the chain rule, we know that 


D(fog)(x)=Dg(f(x))oDf(x), 
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hence D(fog)(xo). The point now, is that composition of linear maps acts 
as a product, so differentiating one more time we find 


D 2 (gof)(x) = D(Dg(f(x))) o Df{x) + Dg(f(x)) o D 2 f(x) 

= D 2 g(f(x)) o Df(x) o Df(x) + Dg(f(x)) o D 2 f(x). 

By induction we see that D k (g o f)(x) is a linear combination of terms of 
the form 

D m g(f(x)).-.D n f(x) 

with 1 < m, n < k. Conclude. 



XVIII 

Inverse Mapping Theorem 


XVIII. 1 The Shrinking Lemma 


Exercise XVIII. 1.1 (Tate) Let E,F be complete normed vector spaces . 
Let f : E — ► F be a map having the following property . There exists a 
number C > 0 such that for all x y y € E we have 

\f(x + y)~ f(x) - f(y)\ < C. 


(a) Show that there exists a unique additive map g: E F such that g — f 
is bounded for the sup norm. [Hint: Show that the limit 


g(x) = lim 

n— kx> 


/ (2 n o?) 
2 n 


exists and satisfies g(x + y) = g(x) + g(y).] 

(b) If f is continuous , prove that g is continuous and linear. 


Solution, (a) Let 


We then have 


because 


fn(x) 


/( 2 n x) 
2 n 


|/n-fl(#) fn {%) | ^ 


c 

2*m-i 


and therefore 


|/(2 n+1 rr) - f(2 n x) - /( 2 n x)\ < C, 
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\fn+m{%) fn { x ) I ^ I /n+m(#) /n+m— 1(#)| + |/n+m— 1(#) /n+m— 2 (^) I 

H H |/n+i(®) - fn(x)\ 

- 2^+T (^ rr + "- + 2 + 1 J 
< 

- 2 n * 

thus {/ n } converges uniformly to a map g = lim^oo f n . Since 

\fn(x + y) - fn(x) - /„(y) I < ^ 

in the limit we get g(x + y) = y(x) + so y is additive. Clearly, f — g 
is bounded because fo = f and therefore 

\f m (x)-f(x)\<C 

so it suffices to let m — > oo. If there exists two additive functions g\ and 
g 2 such that f — g\ and / — <72 are bounded, then g\ — <72 is additive and 
bounded. But if h is a bounded additive function, then 

h(nx) = n/i(x), 

so h must be identically zero. This proves the uniqueness of g. 

(b) If / is continuous, then each f n is continuous, so the uniform limit g is 
also continuous. If p and q are integers, with q ^ 0, we see that additivity 
implies 

" (< 7 X ) = = P9 ^ 

so for all rational numbers r we have g(rx) = rg(x). The continuity of g 
implies that the above relation also holds for all real numbers r. This proves 
that g is linear. 

Exercise XVIII. 1.2 Generalize Exercise 1 to the bilinear case . In other 
words , let f : E x F — ► G be a map and assume that there is a constant C 
such that 


\f(xi +x 2 ,y)-f(xi,y)-f(x 2 ,y)\ < C, 

\f(x,yi + 1 / 2 ) - f(x,yi) — /(a:, 3 / 2)1 < C, 

for all x,£i,X 2 € E and 2 /, 2/1 >2/2 £ F. Show that there exists a unique 
biadditive map g: Ex F —> G such that f — g is bounded for the sup norm . 
If f is continuous , then g is continuous and bilinear . 


fn(x,y) 


/(2 n a;,2 n y) 

2 2n 


Solution. Let 
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Then 

fn+i(x,y) - fn(x,y) = (p n (x,y)+i/) n (x,y), 

where 

, \ f(2 n+1 x, 2 n+1 y) f(2 n x,2 n+1 y) 

L - 22n+1 

and 

^_ m n x^y) /(2 n x, 2 n y) 

V>n\X,y) - 22n+l 2^ ‘ 

Using the inequalities on / and arguing as in Exercise 1, we find that 

C C 

< 22^+2 and \M*,V)\ < pZ+i- 

So the triangle inequality implies 


c c c 

|/n+l(*,2/) — fn(x,y)\ < + ^n+l — 2 

The same argument as in Exercise 1 shows that the sequence {/ n } converges 
uniformly to a map g and that g is additive in each variable, f — g is 
bounded, and g is unique. If / is continuous, then so is each f n and therefore 
g is continuous and bilinear. 

Exercise XVIII. 1.3 Prove the following statement. Let B r be the closed 
ball of radius r centered at 0 in E. Let f : B r -+ E be a map such that: 

(a) | f(x) - f(y) | < b\x - y\ with 0 < b < 1. 

(b) |/(0) | < r(l - b). 

Show that there exists a unique point x € B r such that f(x) = x. 

Solution. It is sufficient to show that the image of / is contained in B ri 
because then we can apply the shrinking lemma. The following inequalities 
give us what we want 


l/(z)l < |/(a:) - /(0)| + |/(0) | < br + (1 - b)r = r. 

Exercise XVIII. 1.4 Notation as in Exercise 3 , let g be another map of 
B r into E and let c> 0 be such that \g(x) - f(x)\ < c for all x. Assume 
that g has a fixed point X 2 f and let X\ be the fixed point of f. Show that 
1*2 -*i| < c/(l — b). 

Solution. This result follows at once from 


|a: 2 -a:i| = |s(a: 2 )-/(xi)| < |p(a: 2 ) - /(x 2 )| + |/(x 2 ) - /(xi)| 

< C + b\x 2 — Xi\. 

Exercise XVIII. 1.5 Let K be a continuous function of two variables , 
defined for ( x,y ) in the square a < x < b and a < y < b. Assume that 
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ll^ll < C for some constant C > 0. Let f be a continuous function on [o, b] 
and let r be a real number satisfying the inequality 


\r\ < 


1 

C(b — o) * 


Show that there is one and only one function g continuous on [o,6] such 
that 


f(x) = g(x) + r f K(t, x)g(t)dt. 
J a 


Solution. Let C°[o, b] be the vector space of all continuous functions on 
[o, 6] equipped with the sup norm. Consider the map ip: C7°[o, b] — ► C7°[o, b] 
defined by 

9*-+f-r 



where 

f-r 

There exists a number k such that 0 < k < 1 and |r| < k/C(b — a). Then 
we have 


f Kgdt : x »-► f(x) - r f K(t,x)g(t)dt. 
Ja J a 


lh%i) -' 0 ( 02)11 < k\\g x -g 2 \\, 

so by the shrinking lemma, there exists a unique function g e C°[a, 6] such 
that ip(g) = g . 


Exercise XVIII. 1.6 (Newton’s Method) This method serves the same 
purpose as the shrinking lemma but sometimes is more efficient and con- 
verges more rapidly. It is used to find zeros of mappings. 

Let B r be a ball of radius r centered at a point xo G E. Let f : B r — > E be 
a C 2 mapping , and assume that /" is bounded by some number C >1 on 
B r . Assume that f'{x) is invertible for all x G B r and that |/'(x) _1 | < C 
for all x G B r . Show that there exists a number 6 depending only on C and 
r such that if \f(x 0 )\ < 6 , then the sequence defined by 

%n+l = — / (®n) /(®n) 

lies in B r and converges to an element x such that f(x) = 0. [Hint: Show 
inductively that 

|®n+l“Sn| < C\f(x n )\y 

|/(Xn+l)| < |X„+1-X„| 2 -, 


l/(*»)l < 

|x»+l-*n| < 


and hence that 
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Solution. Select 6 > 0 such that 

C r 0 3(l+2+-+2*) 4 3- < r / 2 n+ 2 

for all n > 0. Such a choice of 6 is possible because 

C r C r3(l+2+...+2 n ) = CC Z(2 n + l -l) < £3(2"+*). 

Now suppose that |/(xo)| < We prove inductively, that 

/ \x n+ 1 - x„| < < r/2 n+2 , 

l |/(a:n+l)| < ( 7 3 (l+ 2 + -+ 2 n+1 ) ( j 2 n+1 

We check the base step n = 0. We have 

|*i - *o| = l/ / (*o)" 1 /(*o)| < C|/(x 0 )| < CC 3 S. 

But our choice of 6 gives CC 3 6 < r/2 2 , so x\ G B r . Note that 

/'(xo)*i = f(xo)xo - f'(xo)f'(xo)~ 1 f(xo) = f\xo)x 0 - f(x o), 

hence f(x o)(xi - Xo) = — /(x o). Now we use Taylor’s formula given in §6 
of Chapter XVII. We let x = xo and y = x\ — xo and we use i?2- The 
preceding computations, the estimate of the remainder, and the bound for 
/" on B r imply 

|/(*i)| < C\xi - xo| 2 < C&CW = <7 3 < 1+2 >$ 2 , 

and this proves the base step of the induction. Assume that the formulas 
are true for all integers < n. Then the recurrence formula for x n +2> the 
induction assumption, and our choice of 6 gives 

|*n + 2 - X n +i\ < c\f(x n+1 )\ < CC7 3 ( 1+2+ ' +2n+1 )5 2n+1 < ^+3. 

So we see that x n +2 € B r because 

\Xn+ 2 ~Xo\ < \x n +2 - Xn+l\ + \x n +l - x n \ h |xi - X 0 | 

- r (2i3 + -" + ^) ^ 

From the recurrence formula for x n +2 we immediately get 

f (^n4-l)(*^n-f*2 ^n-fl) = — /(®n+l)> 
so appyling Taylor’s formula, with the bound on /", we find that 

|/(®n*f2)| 5: C\ X n +2 — ^n+l| 2 » 


and since 
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C|x„ +2 -*n +1 | 2 < CC 2 C 3(2+ " +2n+J) 5 2n+a = C7 3 (l+2+-- +2"+V n+2 . 

This completes the proof by induction. 

The sequence {x n } is Cauchy because 

- %n\ < r ^n+fc+l ^ 2 ^+ 2 ^ — ^+1 » 

hence {x n } has a limit, say x which is in B r because the above argument 
shows that in fact {#i}^ 0 is contained in B r / 2 , the ball of radius r/2 
centered at x 0 . The second formula we proved by induction implies 

l/(*„ + l)| < 2^3, 

so by continuity we conclude that f(x) = 0. 

Exercise XVIII. 1.7 Apply Newton' s method to prove the following state- 
ment. Assume that f:U — ► E is of class C 2 and that for some point xo E U 
we have f(x o) = 0 and f'(x o) is invertible. Show that given y sufficiently 
close to 0, there exists x close to x 0 such that f(x) = y. [Hint: Consider 
the map g(x) = f(x) - y.] 

Solution. Applying Theorem 2.1 of this chapter and using the fact that / 
is of class C 2 , we see that there exists an open ball B centered at x 0 and a 
constant C > 1 such that for all x € B, the linear map f(x) is invertible 
and we have the bounds on /" and \f'(x)~ l \ as in the previous exercise. 
Since 

|ff(x 0 )| = 1 2 /| 

we see that if y is sufficiently close to 0, we can apply Newton’s method. 
Conclude. 

Exercise XVIII. 1.8 The following is a reformulation due to Tate of a 
theorem of Michael Shub. 

(a) Let n be a positive integer , and let f : R — > R be a differentiable function 
such that f'(x) > r > 0 for all x. Assume that f(x + 1) = f(x) + n. Show 
that there exists a strictly increasing continuous map a : R — » R satisfying 

a(x + 1) = a(x) + 1 


such that 

f(a(x)) = a(nx). 

I Hint : Follow Tate's proof. Show that f is continuous , strictly increasing , 
and let g be its inverse function. You want to solve a(x) = p(a(nx)). Let M 
be the set of all continuous functions which are increasing (not necessarily 
strictly) and satisfying a(x + 1) = a(x) + 1. On M, define the norm 
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||a|| = sup |a(x)|. 

0<x<l 

Let T: M — * M be the map such that 

(Tot)(x) = g(a(nx))). 

Show that T maps M into M and is a shrinking map . Show that M is 
complete , and that a fixed point for T solves the problem.] Since one can 
write 

nx = a~ l (f(a(x)) 

one says that the map x i-> nx is conjugate to f. Interpreting this on the 
circle , one gets the statement originally due to Shub that a differentaible 
function on the circle , with positive derivative , is conjugate to the n-th 
power for some n. 

(b) Show that the differentiability condition can be replaced by the weaker 
condition: There exist numbers ri,r 2 with 1 < r\ < r 2 such that for all 
x > 0 we have 

r\s < f(x + s) — f(x) < r 2 S. 

Further problems involving similar ideas , and combined with another 
technique will be found at the end of the next section. It is also recommended 
that the first theorem on differential equations be considered simultaneously 
with these problems. 

Solution. We prove (b). By assumption, / is continuous, strictly increas- 
ing, and therefore / has an inverse g. 

We contend that T maps M into M. Clearly, Ta is continuous and 
increasing because g and a are continuous and increasing. By induction, 
we find 

a(n(x + 1)) = a(nx) + n 


so 

/ [(Ta)(x + 1)] = a(nx) + n, 

and 

/ [C^XaO + 1] = / [(Ta)(x)] + n = a{nx ) + n. 

The function / is injective so (Ta)(x + 1) = (Ta)(x) + 1 which proves 
our contention. The map T is a shrinking map because the condition on / 
implies 


ri(g(x) - g(y)) < f(g(x)) - f(g(y)) < r 2 (g(x) - g(y)), 

thus 

~r ~ - s(x) - g(y) < 

7-2 r 1 

so there exists a constant 0 < K < 1 such that 
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lff(z)-0(y)l <K\x-y\. 

Finally we show that M is complete. Let {a n } be a Cauchy sequence in 
M. By induction, we see that a(x + j) = a(x) + j for all integers j, so if 
||a n — QmW < c, then |a n (x) — a m (x)\ < e for all x. Use an argument as 
in Theorem 3.1 of Chapter VII, and the fact that the limit of a uniformly 
convergent sequence of continuous functions is continuous, to show that 
there exists a continuous function a such that a n — ► a as n — ► oo. Since 
a n (x + 1) = a n (x) + 1 in the limit we have a(x + 1) = a(x) + 1, and a is 
increasing, whence M is complete. 

The shrinking lemma implies that there exists a map c*o such that Ta o = 
o?o or equivalently 

g(a 0 (nx)) = a 0 (x ), 

thus ao(fwO = f(ot o(x)). 


XVIII.2 Inverse Mappings, Linear Case 

Exercise XVIII.2. 1 Let E be the space ofnxn matrices with the usual 
norm \A\ such that 

\AB\<\A\\B\. 

Everything that follows would also apply to an arbitrary complete normed 
vector space with an associative product E x E —> E into itself and an 
element I which acts like a multiplicative identity, such that |J| = 1. 

(a) Show that the series 


oo 


“PW = £ ;!r 


n= 0 


converges absolutely, and that \ exp(A) — I\ < 1 if \A\ is sufficiently small . 
(b) Show that the series 


log(/ + £) = | - ^ + • • • + (-1)" +1 

converges absolutely if \B\ < 1 and that in that case 

|log(/ + £)|<|B|/(l-|fl|). 
If \I — C\ < 1, show that the series 

log C = (C - /) - 7)2 + • • • + (-l) n+1 


B n 

1 

n 


(c - I_r 

n 


+ ••• 


converges absolutely. 
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(c) If |i4| is sufficiently small show that logexp(j4) = A and if \C — 1\ < 1 
show that explog(C') = C. [Hint: Approximate exp and log by the polyno- 
mials of the usual Taylor series, estimating the error terms.] 

(d) Show that if A, B commute, that is AB = BA, then 

exp(j4 + B) = exp A exp B . 

State and prove the similar theorem for the log. 

(e) Let C be a matrix sufficiently close to I. Show that given an integer 
m > 0, there exists a matrix X such that X m = C, and that one can choose 
X so that XC = CX . 


Solution, (a) Since \AB\ < \A\\B\ we have |j4 n | < \A\ n . The ratio test 
implies at once the absolute convergence of the series. One could also com- 
pare the series with the series of the exponential function defined for real 
numbers and use the comparison test. 

We have 

| exp(4) -I\<^2 = e> A l - 1, 

n> 1 


but for x sufficiently small and positive, we know that e x — 1 is < 1 so 
| exp(.A) — I | < 1 if |j 4| is sufficiently small. We could also estimate the 
series on the right using the fact that for all n > 2 we have n! > 2 n . 

(b) The estimate 


(-l ) n+1 


B n 


n 


<Ei:< 


n 


1 * 1 ", 


and the fact that \B\ < 1 imply the absolute convergence of the series. If 
\B\ < 1 we have 


|log(J + B)| < |B| H 1- J^- H 

n 

< i^i h — h i^r h — = 


\B\ 

i-l bv 


as was to be shown. To show the absolute convergence of the second series, 
let C — I = B and argue as we just did. 

(c) We prove that log exp (A) = A when A is sufficiently small. In fact, 
suppose that \A\ < log 2. Then | exp(j4) — I\ < — 1<2 — 1 = 1 so the 

expression log exp (A) makes sense. It is sufficient to show that for large r 
and s, the expression 


r 


E 


n 



(XVIII.1) 


has small absolute value. Suppose r,s>t where t is a large positive integer. 
We view the term on the left as a polynomial in A . Writing log e x as a power 
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series (here a; is a real number) and using the fact that log e x — x = 0 we see 
that the coefficients of all the terms of degree < t are 0. Choose 0 < a < 1 
such that \A\ < a < log 2. Then there is a constant C depending only on a 
such that the absolute value of the coefficient of the term A p in (XVIII. 1) 
is < C/a p . Putting absolute values in (XVIII. 1) and using the triangle 
inequality we see that the desired expression is 


rs 

p=t+i 




fm t+1 

° — \ a \ \ « / 


whenever r,s > t. The above expression on the right, tends to 0 as t — > 
oo, thereby concluding the proof of the first formula. The second formula 
exp log C = C is proved using the same argument. 

(d) The series ^ A n /n\ and B n /n\ converge absolutely and the general 
term of the product of these two series is given by 


”A k B n ~ k 

h kl 


Since A and B commute, the binomial formula implies that 



A k B n ~ k 
k\ (n — k)\ 


(. A + B) n 
n! ’ 


and therefore exp (/I + B) = exp(-A) exp(B). 

(e) If we take 

X = exp logc) , 

then one sees at once that X m = exp(logC) = C. Moreover 


(— logC^ exp(logC) 
\m 


/ 


XC = exp 
= exp 

\m 

= exp ^log (7 + ^ log C^J 


(— logC + logC 
\m 


) 


= exp(log C) exp ^ log C'j = CX. 


Exercise XVIII.2.2 Let U be the open ball of radius 1 centered at I. Show 
that the map log : U — > E is differentiable. 


Solution. The difficulty is that multiplication of matrices is not commuta- 
tive, so we cannot simply differentiate the series term by term. Let La,ti+i 
be the linear map defined by 
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L A , n+ i(X) = A n X + A n ~ l XA + • • • + AXA n ~ l + XA n . 
We define a linear map Lq by 


Lc = 


n=l 


This series converges absolutely by comparison to the geometric series 


/ 1 

v n 


<\C-I\ 


n— 1 


We contend that log' C = Lq . With the notation C — I = Ci, and the fact 
that we can write 


(Cl + h) n - Cf = L C -i,n(h) + Pn(C n h) 

(note that the binomial formula does not apply because the multiplication 
is not commutative) we get 


log(Cj + h) - log <7/ - L c (h ) = fV-1 )» +l J " . (< ?i r, fi) . 

n 

Since the series on the left is absolutely convergent, so is the series on the 
right. If \h\ < 6 and \Cj\ < 1, then we have the estimate 


Pn(Cl,h) 


n 




\h\ k \Ci\ 


n—k < ]^| 


?SC) 


|5| fc - 2 = |ft| 2 Qn(«). 


Conclude. 

Exercise XVIII.2.3 Let V be the open ball of radius 1 centered at 0. Show 
that the map exp: V — > E is differentiable . 

Solution. Let La,ti+i be the linear map defined by 

L A>n+1 (X) = A n X + A n ~ 1 XA + • • • + AX A"- 1 + XA n . 


We define a linear map L A by 


_ V' L A ,n 




n=l 


n! 


This series converges absolutely because of the estimate 


In— 1 


j^nj \A\’ 

n\ n\ (n - 1)! 
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and the comparison test. We contend that exp f A = La- We have 

“ n! 

n = 1 

and we can write (-4 + h) n — A n = LA, n (h) + Pn(A, h) so that 
exp(i4 + A) — exp A - L>i(A) = V] — ^ ■ . 


n=l 


Since the left-hand side converges absolutely, so does the right-hand side. 
If |j 4| < 1 and |A| < 6, then we have the estimate 


Pn(A,h) 


n\ 
hence 


£ sE ( l ) W'W-* £ ( l ) - W’«.« 

k—2 k— 2 


oo 


Pn(A,h) 


n=l 


ni 


oo 


<\h\ 2 YlQn(S). 


n= 1 


Conclude. Note that we have never used the fact that A G V because the 
exponential is differentiable on all of E. 


Exercise XVIII.2.4 Let K be a continuous function of two variables , 
defined for ( x , y) in ihe square a < x < b and a < y < b. Assume that 
||/f || ^ C f or some constant C > 0. Let f be a continuous function on [a, 6] 
and let r be a real number satisfying the inequality 

Irl < — — r. 

1 1 C(b — a) 

Show that there is one and only one function g continuous on [a, 6] such 
that 

f(x) = g(x) +r f K(t,x)g(t)dt. 

J a 

(This exercise was also given in the preceding section. Solve it here by using 
Theorem 2.1.) 

Solution. Consider the linear transformation L : C°[o, 6] — > C°[a, 6] defined 

by b 

(Lg)(x) = -r [ K(t,x)g(t)dt. 

J a 

Then \L\ < 1 because there exists a number k with 0 < k < 1 such that 
|r| < k/C(b — a) hence 

I (£<?)(*) I < * sup |</(f)|, 

t€[a,6] 

which means that \\Lg\\ < A||p||, where || • || is the sup norm. Theorem 2.1 
implies that I — Lis invertible. Conclude. 
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Exercise XVIII. 2. 5 Exercises 5 and 6 develop a special case of a theorem 
of Anosov , by a proof due to Moser . 

First we make some definitions. Let A : R 2 — ► R 2 be a linear map. We 
say that A is hyperbolic if there exist numbers b > 1, c < 1, and two 
linearly independent vectors v, w in R 2 such that Av = bv and Aw = cw. 
As an example , show that the matrix (linear map) 


A = 



has this property. 

Next we introduce the C 1 norm. If f is a C 1 map , such that both f and 
f are bounded , we define the C l norm to be 

ll/lli = max(||/||, ||/ , ||), 

where || • || is the usual sup norm. In this case , we also say that f is C 1 - 
bounded. 

The theorem we are after runs as follows: 

Theorem. Let A : R 2 — ► R 2 be a hyperbolic linear map. There exists 6 
having the following property. If f: R 2 — ► R 2 is a C 1 map such that 

then there exists a continuous bounded map h : R 2 — ► R 2 satisfying the 
equation 

f oh = ho A. 


First prove a lemma. 

Lemma. Let M be the vector space of continuous bounded maps of R 2 into 
R 2 . Let T: M — > M be the map defined by Tp = p — A~ l op o A. Then T 
is a continuous linear map , and is invertible. 

To prove the lemma , write 

p(x) = p~*~(x)v +p~(x)w 

where p + and p~ are functions , and note that symbolically, 

Tp+ =p + - b~ l p ^ o A, 

that is Tp + = (/ — S)p+ where ||5|| < 1 .So find an inverse for T on 
p + . Analogously, show that Tp~ = (/ - Sq 1 )p~ where ||So|| < 1, so that 
S 0 T = So — I is invertible on p~ . Hence T can be inverted componentwise, 
as it were. 



316 


XVIII. Inverse Mapping Theorem 


To prove the theorem , write f = A + g where g is C l -small. We want to 
solve for h = I + p with pe M, satisfying f oh = ho A. Show that this is 
equivalent to solving 

Tp = -A~ l o go h, 

or equivalently 

p=-T-\A~ 1 ogo(I + p)). 

This is then a fixed point condition for the map R: M — > M given by 

R(p) = — T -1 (j4 -1 o g o (/ +p)). 

Show that R is a shrinking map to conclude the proof. 

Solution. The numbers b and c are eigenvalues, and v, w are eigenvectors, 
so we must solve 


The solutions of this equation are b = 2 + y/3 and c = 2 — >/3- If we let 
v = (1, y/3) and w = (1, — \/3), then we have Av = bv and Aw = cw so the 
linear map A is hyperbolic. 

To prove the lemma, we see that we can write 

Tp = p + v -{-p~w - A~ x (p + (A)v -\-p~(A)w) 

= (p + - b~ l p+(A))v + (p~ - c~ 1 p~(A))w. 

On the first component we have 

Tp+ =p+- b~ 1 p + (A) = (/ - S)p + , 

where S: b~ 1 p + (A). We find that || < S , || < 1 (for the sup norm on M) 

because b > 1 and 


\Sp + \ = b- 1 \p + (A)\<b~ 1 \p + \. 

Actually, we have equality because A is invertible. Hence I — S is invertible 

and its inverse is given by the geometric series J + 5 + h£ n H 

(see Theorem 2.1). 

On the second component we have 

Tp~ =p~ - c~ 1 p~(A) = (/ - So l )p~, 

where So’ P~ °P ~ (^ _1 ), and hence Sq 1 : p~ »-► c~ l p~(A). We also have 
||So|| < 1 because c < 1, so I— So is invertible, whence Sq 1 (I—S 0 ) = Sq 1 —I 
is invertible. This concludes the proof of the lemma. 

We see that the equation / oh = ho A is equivalent to 
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(A + g) oh = (/ + p) o A, 

Aop + goh = poA , 

p = A- l {poA-goh), 
p — A~ l p o A = —A~ l o g oh, 

Tp = -A~ l ogoh. 

To apply the shrinking lemma which would guarantee the existence of p, 
we must show that R is a shrinking map. We have 

R(p)(x) - R(q)(x) = —T~ 1 A~ 1 (g(x + p(x)) - g(x + q(x))) 

(XVIII.2) 

for all x. Since ||T’“ 1 || depends only on A, we can select B > 0 (depend- 
ing only on A) such that ||T~ 1 ||||j4 -1 || < B . Putting absolute values in 
(XVIII.2) and using the mean value theorem with ||p||i < S we get 

|tf(p)(x) - R(g)(x)| < B6\x+ p(x) -x-q(x)\ 


for all x , so 


ll*(p)-*(g)ll<£%-9ll> 

where || • || denotes the sup norm. It is now clear that if we choose 6 small 
enough, then R is a shrinking map and we are done. 

Exercise XVIII. 2. 6 One can formulate a variant of the preceding exer- 
cise (actually the very case dealt with by Anosov-Moser). Assume that the 
matrix A with respect to the standard basis of R 2 has integer coefficients. 
A vector z e R 2 is called an integral vector if its coordinates are integers. 
A map p : R 2 — ► R 2 is said to be periodic if 

p(x + z) = p(x) 

for all xGR 2 and all integral vectors z. Prove : 

Theorem. Let A be hyperbolic , with integer coefficients. There exists 6 
having the following property. If g is a C 1 , periodic map , and ||p||i < 6, 
and if 

f = A + g , 

then there exists a periodic continuous map h satisfying the equation 

f oh = ho A. 

Note. With a bounded amount of extra work, one can show that the map 
h itself is Convertible, and so / = ho Aoh~ l . 
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Solution. Let M per denote the vector space of continuous and periodic 
maps of R 2 into R 2 . With the notation of Exercise 5, we may view M per 
as a subspace of M. This subspace is closed because the uniform limit of 
continuous periodic functions is continuous and periodic. To use the same 
proof as in Exercise 5 with M per instead of M, we must show that T maps 
M P er into M per , and that R maps M per into M pe r. Since A has integral 
coefficients, a brute force computation shows that if x e R 2 , then 

A(v + integral vector) = Av + integral vector, 

where the integral vector on the right-hand side need not be the same as 
the integral vector on the left-hand side. It follows that if z is an integral 
vector, then 

Tp(x + z) = Tp(x) 

whenever p 6 M per , hence T maps M pe r into M per . It is clear that R maps 
M p er into M per . 


XVIII.3 The Inverse Mapping Theorem 


Exercise XVIII.3. 1 Let f : U —> F be of class C 1 on an open set U of 
E. Suppose that the derivative of f at every point of U is invertible . Show 
that f(U) is open . 

Solution. Let y e f(U) and select x such that /(x) = y. By the inverse 
mapping theorem we know that / is locally CMnvertible at x, so by def- 
inition there exists an open set U\ such that x e U\ and f{U\) is open. 
Since y € f(U\) we conclude that f(U) is open. 

Exercise XVIII.3.2 Let f(x,y) = (e x + e v ,e x — e v ). By computing Ja- 
cobians, show that f is locally invertible around every point of R 2 . Does f 
have a global inverse on R 2 itself? 

Solution. The Jacobian of / at a point (x, y) is 




whose determinant is —2e x e v ^ 0, so / is locally invertible around every 
point of R 2 . Note that / is injective because if /(xi,yi) = /(x 2 , 2 / 2)5 then 


f e *i + e wi =e x2 + e va, 

| e x\ _ gi/i = e *2 _ e v 2j 

so adding the two equations we get x\ = x 2 and subtracting the two equa- 
tions we see that y\ = y 2 . This shows that 
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/:R 2 ^/(R 2 ) 


has a set inverse. Note that 

/( R 2 ) = {(*,2/) 6 R 2 : x > y} = V 


because e x + e y > e x — e y and if (a, b) G V, then 

7 (log — y^,log ” 2 ” ^ = (a, b). 

From this analysis, we also see that the map g : V — > R 2 defined by 

-) 


9(x,y) = (log log X 


is a C 1 -inverse for / because g(f(x,y)) = (x,y) and all the partial deriva- 
tives of g exist and are continuous on V. 

Exercise XVIII.3.3 Let f : R 2 — ► R 2 be given by f(x,y) = (e x cosy, 
e^siny). Show that Df(x,y) is invertible for all (x,y) G R 2 , that f is 
locally invertible at every point } but does not have an inverse defined on all 
of R 2 . 

Solution. The Jacobian of / at ( x , y) is 



e x cosy — e x sin y 
e x sin y e x cos y 


and its determinant is e 2x ^ 0, thus / is locally invertible around every 
point of R 2 . However, / does not have an inverse defined on all of R 2 
because it is not injective on all of R 2 . Indeed, 


f(x,y) = f(x,y + 2tt). 

Exercise XVIII.3.4 Let f: R 2 — > R 2 be given by f(x,y) = (x 2 — y 2 , 2xy). 
Determine the points of R 2 at which f is locally invertible , and determine 
whether f has an inverse defined on all 0 /R 2 . 

Solution. We have 

*«>-(; s) 

so that det Jj(x,y) = 4x 2 H-4 y 2 . Hence / is locally invertible at every point 
of R 2 — {O}. The map / does not have an inverse defined on all of R 2 
because / is not injective on all of R 2 . Indeed, /( 1, 1) = /(— 1, —1). In fact, 


/(M) = /(-*, -*) 


for all t G R. 
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XVIII. 5 Product Decompositions 

Exercise XVIII.5.1 Let f: R 2 — > R be a function of class C 1 . Show that 
f is not injective , that is there must be points P,QeR 2 , P^Q, such that 

f(P) = Ab- 
solution. Assuming / not constant, we can apply Exercise 2. Here we give 
a proof where we only assume that / is continuous. After translation and 
multiplication by a real number, we may assume without loss of generality 
that /(0,0) = 0 and /(1,0) = 1 (if /(1,0) = 0, there is nothing to prove). 
We look at lines passing through the origin 
Case 1. If /( 0, 1) = 0 we are done. 

Case 2. If a = f( 0, 1) > 0, select 0 > 0 such that 0 < a and 0 < 1. The 
intermediate value theorem guarantees the existence of 0 < x, y < 1 such 
that 

f{x, 0) = p and /( 0, y) = 0, 

so / is not injective. 

Case 3. If a = /( 0, 1) < 0, then consider the point (—1,0). If /(— 1,0) = 0 
we are done. If /(— 1, 0) > 0, then arguing as in case 2 above, we see that 
there exists 0 < x, t < 1 such that 

/H,0) = /(x,0). 

If /(— 1,0) < 0 the same argument shows that there exists 0 < s,y < 1 
such that 

/(-s,0) =f(0,y), 
thereby concluding the exercise. 

Exercise XVIII.5.2 Let f : R n — ► R m be a mapping of class C 1 with m < 
n. Assume /'(x 0 ) is surjective for some x 0 . Show that f is not injective . 
(Actually much more is true , but it f s harder to prove.) 

Solution. Let E = Ker f'(x o). Then by assumption on the dimensions, 
E ± 0. Select F such that E@F = R n . Since we assume f'(x o) surjective, 
we know that ^ 2 /(^ 0 ) : F — > R m is an isomorphism. By Theorem 5.1 the 
map ip: E x F —* E x R m given by 

(x,y) (x,/(x,y)) 

is locally C 1 -invertible at xo- Let h be its local inverse and let 7r2 be the 
projection of Ex R m onto R m . Then we can select open sets Vi, V 2 , and 
U in E, R m , and R n , respectively, such that the following diagram is 
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a \£ — ^ — > / U- 



This implies that after a change of charts the map / becomes a projection, 
and therefore / is not injective. 

Exercise XVIII.5.3 Let f: R — ► R be a C 1 function such that f'(x) ^ 0 
for all x G R. Show that f is a C l -isomorphism o/R with the image of f. 

Solution. Since the derivative of / is continuous and never 0, it is of 
constant sign. Assume without loss of generality that f'(x) > 0 for all 
xGR. Conclude, using Theorem 3.2 of Chapter III. 

Exercise XVIII.5.4 Let U be open in R n and let f : U — > R m be C°° 
with f(x ) : R n — > R m surjective for all x in U. Prove that f(U) is open . 

Solution. Let x G U. We contend that f(x) has an open neighborhood 
which is contained on f(U ). Let E = Ker /'(x). Then E is a subspace of 
R n so we can write R n = E x F, where F « R m because we assumed that 
f'(x) is surjective. Now we can apply Theorem 5.1 of this section. Since ip 
is a local isomorphism, it maps open sets onto open sets. Our contention 
follows from choosing a sufficiently small open neighborhood about x and 
using the product topology on E x F. 

Exercise XVIII.5.5 Let f : R m — > R n be a C 1 map . Suppose that x G 
R m is a point at which Df(x) is injective . Show that there is an open set 
U containing x such that f(y) ^ f(x) for all y GU. 

Solution. The continuous linear map Df(x ) is a bijection from R m onto 
its image. Let L be its inverse. Then L is continuous so there exists a 
constant c > 0 such that \L(z)\ < c\z\ , so if we let z = Df(x)(y) we see 
that for all y we have 


%| < \Df(x)y\, 
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where 6 = c *. Let e = 6/2. Since / is differentiable, there exists a neigh- 
borhood U of x such that for all y € U we have 

I f(y) ~ f(x) - Df(x)(y - x)| < e\x - y\. 

The triangle inequality implies the following estimate for the left-hand side 

\Df(x)(y - z)| - \f(y) - f(x)\ < \f(y) - f(x) - Df(x){y - *)|, 

so combined with the previous result we obtain 

6|x - 2 /| - e\x - 2 /| < | f(y) - f(x)\. 

Since e = 6/2 we have 

^\y-x\ < \f(y)-f(x)\ 

foi^all y € U. This proves that f(y) ± f(x) whenever y ^ x and y €U. 

Exercise XVIII.5.6 Let [a, 6] be a closed interval J and let f : J —> R 2 
be a map of class C 1 . Show that the image f(J) has measure 0 in R 2 . By 
this we mean that given e, there exists a sequence of squares {Si, 52, . . .} 
in R 2 such that the area of the square S n is equal to some number K n and 
we have 

f(J)c\JS n and J2 K ” <€ - 

Genrealize this to a map f: J — ► R 3 , in which case measure 0 is defined by 
using cubes instead of squares . 

Solution. See Exercise 7. 

Exercise XVIII.5.7 Let U be open in R 2 and let f : U — * R 3 be a map 
of class C l . Let A be a compact subset of U . Show that f(A) has measure 
0 in R 3 . (Can you generalize this , to maps of R m into R n when n>m?) 

Solution. Propositions 2.1 and 2.2 in §2 of Chapter XX are also valid 
when replacing “negligible set” by “set of measure 0”. We see at once 
that combined with the remark after Proposition 2.2 of Chapter XX, these 
results imply Exercises 6 and 7. 

Exercise XVIII.5.8 Let U be open in R n and let f : U — ► R m be a C l 
map . Assume that m <n and let a € U. Assume that f(a) = 0, and that 
the rank of the matrix (Djfi(a)) is m , if (/i, . . . ,/ m ) are the coordinate 
functions of f. Show that there exists an open subset U\ of U containing a 
and a C 1 -isomorphism (p: V\ — > U\ (where V\ is open in R n / such that 


fi.^Pip' 1> • • • » «®n)) — (^n— m-H> • • • > ®n)» 
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Solution. We use the notation x = (a?i, . . . ,x n ). Since the rank of the 
matrix ( Djfi(a )) is m, we may assume that the matrix ( Djfi(a )) (i = 
1, . . . , m) and (j = n — m + 1, . . . , n) is invertible. By Theorem 5.1, the 
map ip :U —> R n-m x R m given by 

(xi , . . . , x n ) • ► (xi , . . . , X n — m , /(*)) 

is a local C 1 -isomorphism at a. Let U\ be an open neighborhood of a where 
ip has an inverse which we denote by <p: V\ — ► U\, where V\ is open in R n . 
If we write ip = (<pi, . . . , <p n ), then 

X = 1p(<p(x)) = (<p u ..., tpn—mi /M*))), 


so that 

(x n — m+l> • • • > x n) = 

thereby concluding the exercise. 


Exercise XVIII.5.9 Let / :RxR->R6eaC' 1 function such that 
£>2/(0, 6) ^ 0, and let g solve the implicit function theorem, so that 
f(x,g(x)) = 0 and g(a) = b. Show that 


9'{x) = 


fli/Qc, g(s)) 

D 2 f(x,g(x))' 


Solution. If ip : x »-► f(x,g(x)), then we can write 'ip = f o h where 
1 i:ih (x,g(x)). The chain rule implies that 


r/>'(x) = D!f(x,g(x)) + g r (x)D 2 f(x,g(x)). 


But 'ip is identically 0, so the desired formula drops out. 


Exercise XVIII.5.10 Generalize Exercise 9, and show that in Theorem 
5.4, the derivative of g is given by 

g'(x) = -(D 2 f(x,g(x)))- 1 oD 1 f(x,g(x)). 

Solution. If ip: x h-* f(x,g(x)) and /i:xh (x,p(x)), then 'ip = / o h. The 
chain rule implies that 

Dif(x, g(x)) + D 2 f(x, g(x)) o g'(x) = 0, 

and therefore 

g'(x) = ~(D 2 /(x,g(x)))~ 1 o D 1 f{x,g(x)). 

Exercise XVIII.5. 11 Let f : R — » R be of class C 1 and stick that 
\f(x)\ < c < 1 for all x. Define 

g : R 2 — » R 2 


by 


g(x, y) = (x + f(y),y + /(x)). 


Show that the image of g is all of R 2 . 
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Solution. Let v be a point of R 2 . Consider the map T v : R 2 -+ R 2 defined 
by 

(x, y) - g(x , y) + (x, y) + v. 

Using the fact that \f(z 2 ) — f(z\)\ < c\z 2 — z\\ and the sup norm (or the 
euclidean norm) we get 

IT^XI, 2/l) -r v (x 2 , 2/2)1 < c|(xi, 2 /l) - (X 2 , 2/2)1, 

which proves that T v is a shrinking map. The shrinking lemma concludes 
the exercise. 

Exercise XVIII.5.12 Let f : R n — > R n be a C 1 map , and assume that 
|/'(x)| < c < 1 for allx G R n . Letg(pc) = x+ /(x). Show thatg : R n — > R n 
is surjective . 

Solution. Let v G R n . Consider the map T„ : R n -4 R n defined by 

(x,y) -y(x) + x + v. 

Then we see that 

|T„(*i) - T v [x 2 ) I = |/(x 2 ) - /(xi)| < c|x 2 - Xi|, 

so T v is a shrinking map. The shrinking lemma concludes the exercise. 

Exercise XVIII.5.13 Let A: E -* R 6e a continuous linear map . Let F 
6e its kernel , that is the set of allweE such that X(w) = 0. Assume that 
F ^ E and let Vo G F, v 0 ^ F. Let Fi 6e the subspace of E generated by 
v 0 . Show that E is a direct sum F ® F\ (in particular , prove that the map 

(it;, t) w + tv 0 

is an invertible linear map from F x R onto E). 

Solution. Let v be an element of F, and let t = X(v)/X(v 0 ). Let w = v-tv 0 . 
Then 

A(w) = A(v) - ^Ia(uo) = 0 

and therefore w belongs to the kernel of A. So the continuous linear map 
a: F x R -4 F given by 

(it;, t) H4 w + tv 0 

is surjective. This map is also injective because if we assume that 

w + tv Q = it/ + t'v 0 , 
where it;, it/ G F and t,t' G R, then 

A(iy + tv 0 ) = A(t'vo) 

which implies that t = t' and therefore w = it/. Conclude. 
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Exercise XVIII.5.14 Let f(x,y) = (x cos j/, x sin y ) . Show that the deter- 
minant of the Jacobian of f in the rectangle 1 < x < 2 and 0 < y < 7 is 
positive . Describe the image of the rectangle under /. 


Solution. The Jacobian of / at the point (x,y) is given by 

JAx v)=( C0Sy ~ X8iny \ 

* y ' ^ siny xcosy ) 


thus 


det Jf(x,y) = x, 


and we see that the determinant of the Jacobian of / is indeed positive in 
the given rectangle. Since / describes the change from rectangular coordi- 
nates to polar coordinates, we see that the image of the rectangle under / 
is the annulus A defined by 


A = {(z,jO 6 R 2 : 1 < |(x,j/)| < 2}, 


where the norm is the euclidean norm 


Exercise XVIII.5.15 Let S be a submanifold of E, and let P € S. If 

U\ C\ S — > V\ and 'ife • U2 H S — ► V2 

are two charts for S at P (where U\, C/ 2 are open in K 3 ) f show that there 
exists a local isomorphism between V\ at ^i(P) and V2 at ip2(P), mapping 
rpi(P) onfoiP)- 

Solution. We can write 

'ipi(Snu l nu 2 ) = v{ and MSnu 1 nu 2 ) = vi ) 

where V{ is open in V\ and is open in V2. The map given by the compo- 
sition ^2 0 : V/ VI gives a local isomorphism between V\ at ipi(P) 

and V2 at ^(P). The picture that describes the situation is the following: 
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Exercise XVIII.5.16 Let ip\: U\ Cl S —> V\ be a chart for S at P and let 
Qi : V\ — > U\ fl S be its inverse mapping . Suppose V\ is open in F\, and let 
x\ G Fi be the point such that 


gi(xi) = P. 

Show that the image of g[(x\) : F\ — ► E is independent of the chart for S 
at P. (It is called the subspace of E which is parallel to the tangent space 
of S at P.) 

Solution. Let ^2 : U2 fl S — > V2 be another chart for S at P, and let 
92 : V2 — > U2 fl S be its inverse mapping. As in Exercise 15, let 

Msnuinu 2 ) = v( and ih(snUinU2) = vS 

and let h:V{—> V{ be the local C 1 -isomorphism defined by 

h = ip 2 o^r 1 =^2 ogi. 

Then g\ = <72 0 h and by the chain rule we get 

9i(xi) = 02 (M*i)) 0 h '( x i) = 02(^2) 0 h'(xi). 

Since h 9 (x \) : Fi — > F2 is invertible, it follows that the image of g[(x 1) is 
the same as the image of 02(22)* 



XIX 

Ordinary Differential Equations 


XIX. 1 Local Existence and Uniqueness 

Exercise XIX.1.1 Let f be a C 1 vector field on an open set U in E. If 
f(x o) = 0 for some xq e U, if a: J — > U is an integral curve for /, and 
there exists some to £ J such that a(t o) = xo, show that a(t) = Xo for all 
t £ J. (A point x 0 such that f(x o) = 0 is called a critical point of the 
vector field.) 

Solution. Consider the map ft: J —> U defined by (3(t) = Xq. Then (3 is an 
integral curve for / because for all t € J we have 

o = m = mt)). 

The uniqueness of integral curves with the same initial condition implies 
that a(£) = (3(t) for all t £ J. 

Exercise XIX.1.2 Let f be a C 1 vector field on an open set U of E. Let 
a: J -* U be an integral curve for f. Assume that all numbers t > 0 are 
contained in J, and that there is a point P in U such that 

lim a(t) = P. 

t-+ oo 


Prove that f(P) = 0. (Exercises 1 and 2 have many applications , notably 
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when f = grad g for some function g. In this case , we see that P is a 
critical point of the vector field.) 

Solution. When t is large and If > t, we have 

a(t') - a(t) = ] f(a(u))du. 

Write f(a(u)) = f(P) + g(u), where lim^^oo g{u) = 0. Then integrating 
and putting absolute values we see that 

|/(P)||*' - <| < |a(0 - a(*)| + 1 1' - *| sup | 5 (u)|. 


Divide by \t r — 1\ and conclude that |/(P)| is arbitrarily small. 

Exercise XIX. 1.3 Let U be open in R n and let g:U — ► R be a function 
of class C 2 . Let xo e U and assume that Xo is a critical point of g (that is 
g'(x o) = 0j. Assume also that D 2 g(x 0 ) is negative definite. By definition , 
take this to mean that there exists a number c > 0 such that for all vectors 
v we have 

D 2 g(x 0 )(v,v) < -c\v\ 2 . 

Prove that if x i is a point in the ball B r (x o) of radius r, centered at xq, 
and if r is sufficiently small , then the intergral curve a o/grad g having X\ 
as initial condition is defined for all t> 0 and 


lim a(t) = xo. 

t—* oo 


[Hint: Let ij)(t) = (a(t) — x 0 ) • (a(t) - xo) be the square of the distance from 
a(t) to x 0 . Show that ip is strictly decreasing , and in fact satisfies 

ip f (t) < —2c\ip(t), 

where c\ > 0 is near c, and is chosen so that 

D 2 g(x)(v,v) < Ci|v| 2 

for all x in a sufficiently small neighborhood of x o- 
Divide by ip(t) and integrate to see that 

log ip(t) — log^(0) < — ct. 


Alternatively, use the mean value theorem on ip{t 2 ) — ip(t\) to show that 
this difference has to approach 0 when t\ < t 2 and t\,t 2 are large.] 
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Solution. If ^(t) = ( a(t ) — Xo) • (a(£) — xo), then 

V>'( t ) = 2a' (t) • (a(t) - xo) = 2 Dg(a(t)) • (a(t) - x 0 ). 

Using the fact that Dg(x o) = 0 and the usual integral expression we find 
that 


Dg(y) = [ D 2 g(x 0 + u(y - x 0 ))(y - x 0 )du. (XIX.1) 

Jo 

Note that we are integrating linear maps. By continuity there exists a 
constant K > 0 and a ball B centered at Xo such that if z G B, then we 
have D 2 g(z)(v,v) < —K\v\ 2 for all vectors v. Suppose y is in B. Then 
applying (XIX.1) to y — Xo and using the above inequality, we find that 

Dg(y)(y -x 0 )< f ~K\y - aj 0 | 2 d« < -K\y - x 0 | 2 - 

Jo 

If xi G B, then by continuity of a we see that for all small t > 0 we have 
a(t) G B and therefore the above inequality can be applied with y = a(t) t 
so that for all small t > 0 we have 

= Dg(a(t)) ■ (a(t) - x 0 ) < - a?o| 2 = -Kip(t). 

Hence for all small t > 0 we get 

< -2 K^(t). 

Thus is decreasing and therefore a(t) gets closer to xo for increasing 
small values of £, hence for all t > 0 the inequality < —2 Kip(t) holds. 

Now let 2 K = ci. If a(£o) = for some positive £o> then a(t) = Xo for 
all large t because ^ is decreasing and positive. If ^(t) is never 0 we can 
divide by it and then integrate, so that 

log 1>(t) - log V>(0) < -Cit, 

and therefore lim t _>oo = 0 as was to be shown. 

Exercise XIX. 1.4 Let U be open in E and let f : U — > E be a C 1 vector 
field on U. Let Xq G U and assume that f(x o) = v ^ 0. Let a be a local 
flow for f at Xq. Let F be a subspace of E which is complementary to the 
one-dimensional space generated by v, that is the map 


R x F — > E 
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given by (t, y) tv + y is an invertible continuous linear map . 

(a) If E = R n show that such a subspace exists . 

(b) Show that the map p: (t, y) i-> a{t,x o -f y) is a local C l -isomorphism 
at (0,0). You may assume that D 201 exists and is continuous , and that 
I>2«(0, x) = id. This will be proved in §^. Compute DP in terms of D\a 
and D 2 OC. 

(c) The map a: (t,y) xo+y+tv is obviously a C l -isomorphism, because 
it is composed of a translation and an invertible linear map. Define locally 
at Xq the map ip by <p = p o cr* 1 , so that by definition, 

<p(x 0 + y + tv) = a(t , x 0 + y). 

Using the chain rule, show that for all x near x 0 we have 

D<p(x)v = f(<p(x)). 

If we view ip as a change of chart near Xq, then this result shows that the 
vector field f when transported by this change of chart becomes a constant 
vector field with value v. Thus near a point where a vector field does not 
vanish, we can always change the chart so that the vector field is straight- 
ened out. This is illustrated in the following picture: 



In this picture we have drawn the flow, which is normalized on the left, 
the vector field being constant. In general, suppose ip: Vq — ► Uo is a C l - 
isomorphism. We say that a vector field g on Vo and f on Uo correspond 
to each other under ip, or that f is transported to Vo by ip if we have the 
relation 

f(<p(x)) = D<p(x)g(x), 

which can be regarded as coming from the following diagram: 
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In the special case of our Exercise , g is the constant map such that g(x) = v 
for all a; € Vo- 

Solution, (a) If E = R n , then we can choose F to be the orthogonal 
complement of the one-dimensional space generated by v which we denote 
by V. Then 

R n = V®F. 

One can simply construct a basis {v, v 2 , . . . , v n } of R n and take F to be 
the subspace spanned by {v 2 , . . . , v n }. 

(b) Consider the maps xi and X 2 such that xi(^2/) = t and X 2 (£,y) = V- 
Then /3 = a(xi,£o + X 2 ) so that 

D/3(t, y ) = D\a(t, x 0 + y)x\ + D 2 a(t, x 0 + y)x 2 - 

Evaluating at (t, y) = (0,0) we get 

D0( 0,0) = vxi + idx2« 


So 


D/?(0,0)(t',y') = vt' + 


and therefore D/3 is invertible at (0, 0). The inverse mapping theorem im- 
plies that (3 is a local ^-isomorphism. 


(c) Differentiating with respect to t we see that 


Dip(x)v = a'(t,x 0 + y) = /(a(t,x 0 + y)) = f^p{x)). 


XIX.3 Linear Differential Equations 

Exercise XIX.3. 1 Let A: J Mat nXn be a continuous map from an 
open interval J containing 0 into the space of nxn matrices . Let S be the 
vector space of solutions of the differential equation 
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X'(t) = A(t)X(t). 

Show that the map X X(0) is a linear map from S into R n , whose 
kernel is {O}. Show that given any n-tuple C = (ci, . . . ,Cn) there exists a 
solution of the differential equation such that X (0) = C. Conclude that the 
map X X(0) gives an isomorphism between the space of solutions and 
R n . 

Solution. Consider the map S — ► R n defined byX^ X(0). Then by 

definition we have 

*(x + y) = (x + y)( o) = x(o) + Y( o) = *(x) + *(y), 

and 

*(cX) = (cX)( 0) = cX( 0) = c*(X), 

so $ is linear. Since the function which is identically 0 satisfies the differen- 
tial equation, the uniqueness of the solutions implies that the kernel of $ is 
{O}. Moreover, given any r^tuple C, Theorem 3.1 guarantees the existence 
of a solution verifying X(0) = C. Thus the map $ is bijective and therefore 
this map gives an isomorphism between the space of solutions and R n . 

Exercise XIX.3.2 (a) Let go,. .. > <?n-i be continuous functions from an 
open interval J containing 0 into R. Show that the study of the differential 
equation 

D n y + 9n—\D n ~~^y H 1- goy = 0 

can be reduced to the study of a linear differential equation in n-space. 
[Hint: Let x x = y, x 2 = y\ . . . , x n = 2 / (n_1) ./ 

(b) Show that the space of solutions of the equation in part (a) has dimen- 
sion n. 

Solution. Let (*) be the equation D n y + g n -iD n ~ 1 y H 1- goy = 0. We 

see that with the notation of the hint we have 


Dx i = X 2 y . . . , Dx n - 1 = x n 


and 


Dx n = -g n -ix n goX\- 


Consider the matrix 


/ 0 
0 


A(t) = 


1 

0 


0 

1 


0 0 0 
V“0o(*) -9i(t) ••• 


0 ••• 0 \ 

0 ••• 0 

0 ••• 1 

~9n-l{t) j 


and let X(t) = (x \ (£), . . . ,x n (t)). If y solves (*), then we see that X solves 
the equation X'(t) = A(t)X(t). Conversely, if X solves X'(t) = A(t)X(t), 



XIX.3 Linear Differential Equations 333 


then Xi solves (*), so we have reduced the study of (*) to the study of a 
linear differential equation in n-space. 

(b) Exercise 1 implies that the space of solutions of (*) has dimension n. 

Exercise X1X.3.3 Give an explicit power series solution for the differen- 
tial equation 

d i = **t). 

where A is a constant nx n matrix, and the solution u(t) is in the space 
of nxn matrices. 

Solution. The power series 


oo 


u(t) = 

n= 0 


n\ 


converges absolutely and uniformly on every compact interval because 


(tA) n \tA\ n 

n\ n\ 


The derived series is given by 


n=0 

which also converges absolutely and uniformly on every compact interval. 
Therefore u'(t) = Au(t ), as was to be shown. 

Exercise X1X.3.4 Let A: J — > L(E , E) and let ip : J — > E be continuous. 
Show that the integral curves of the differential equation 

i3'(t)=A(t)m+m 


are defined on all of J. 

Solution. We proceed as in Theorem 3.1. Let /(£, v) = A(t)v + i/;(t). Since 

f(t,v 2 ) - f(t,v 1 ) = A(t)(V2 - Vi), 

we see that / verifies the Lipschitz condition of Theorem 2.4. Condition 
(i) is also satisfied. Proceeding as in the proof of Theorem 3.1 we see that 
f(t,fl(t)) is bounded on [0,£o). Conclude. 

Exercise XIX.3.5 For each point (to,xo) G J x E let v(t,to,xo) be the 
integral curve of the differential equation 


a'(t) = A(t)a(t) 



334 XIX. Ordinary Differential Equations 


satisfying the condition a(to) = x 0 . Prove the following statements : 

(a) For each t G J, the map x i-> v(t , s, x) is an invertible continuous linear 
map of E onto itself denoted by C(t,s). 

(b) For fixed s, the map t »-> C(£, s) is an integral curve of the differential 
equation 

u'(t) = A(t)ocj(t) 

on L(E, E), with initial condition uj(s) = id. 

(c) For s,t,u e J we have 

C(s , u) = C(s, t)C(t^ u) and C(s , t) = C(t , s)” 1 . 
fd,) T/ie map (s, t) »-> C(s, t) is continuous . 

Solution, (a) Let a and (3 be solutions of the differential equation with 
a (to) = X\ and (3(to) = 22. Then ot + (3 is a solution of the differential 
equation with (a+/3)(to) = 21+22 so the uniqueness theorem implies that 

C(t , s)(2i + 2 2 ) = C(t , s)(2i) + C(t, s)( 2 2 ). 

Similarly, we see that C(t,s)(ax) = aC(t,s)(2). Theorem 2.1 (with e = 0) 
implies at once the continuity of C(t, s). We contend that the map C(t, s) 
is bijective. Let x 0 e E and let ^ be the integral curve such that £(t) = 20. 
Let y = £(s). Then C(t,s)(y) = xo which shows that the map C(t,s) is 
surjective. Clearly, the uniqueness theorem implies that C(t,s)( 2) = O if 
and only if 2 = O, so C(t, s) is injective, thereby proving our contention. 

(b) For every 2 e E, we have 

A(t)cj(t)x = A(t)C(t> s)x = A(t)(v(t, s , 2)) = t/(£, s, 2) 

and 

(a;(t)2)' = v'(t,s,2). 

The rule for differentiating a product implies that (co(t)xY = uj'(t)x so 
we see that a; is an integral curve for the differential equation a /(t) = 
A(t) o cj(t). Moreover we have a j(s) = C(s, s) and 

C(s, s) x = v(s , s, 2) = 2, 

thus a;(s) = id. 

(c) We see that A: s 1 — ► C(s i t)C(t ) u)x solves the differential equation and 
we have A (t) = v(t, u , 2) so the uniqueness theorem implies that 

C(s,t)C(t,u)x = C(s,u) x 

as was to be shown. For the second assertion, put s = u in the formula we 
just proved. 

(d) Observe that 

C(s, t) = C(s, to)C , (to, t) = C(s, £o)C(t, £o) _1 
and use part (a) to conclude. 
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Exercise XIX.3.6 Show that the integral curve of the non-homogeneous 
differential equation 

A® = mm + m 

such that (3(to) = xo is given by 

P(t) = C(t,t o)x 0 + f C(t 1 s) / ip(s)ds. 

Jt 0 

Solution. Aspplying the chain rule we get 

P'(t) = C , (t,t 0 )x 0 + C(t,t)1>(t) + f C , (t ) s)^(s)ds 

Jto 

= C'CMo^o + ^(*) + f c , (t,s)^(s)ds ) 

Jt 0 

and we also have 

A(t)p(t) + ^(t) = A(t)C(t, to)x 0 + f A(t)C(t,s)'i/>(s)ds + 'ip(t) 

Jt 0 

= C'(t,to)xo+ f C t (t f s)flf(s)dx + if(t) 9 
Jto 

thus proving that /?'(£) = A(t)p(t) + t ). At t = to we have fi(to) = 
xo thereby proving that the integral curve of the given non-homogeneous 
differential equation is given by 

P(t) = C(t , to)xo + [ C(t , s) f ip(s)ds. 

Jto 



XX 

Multiple Integrals 


XX. 1 Elementary Multiple Integration 

The first set of exercises shows how to generalize the class of integrable 
functions. 

Exercise XX. 1.1 Let A be a subset of R n and let a € A . Let f be a 
bounded function defined on A . For each r > 0 define the oscillation of f 
on the ball of radius r centered at a to be 

o(f,a,r) = sup|/(x) - f(y)\ 

the sup being taken for all x y y € B r (a). Define the oscillation at a to be 

o(f,a) = limo(/,o,r). 

r— +u 

Show that this limit exists . Show that f is continuous at a if and only if 

o(/,o) = 0. 

Solution. The function / is bounded so o(/,o,r) exists. If r\ < r 2 , then 

o{f,a,n)<o{f } a y r 2 )y 


so lim r _>o o(/, o, r) exists. 

Suppose / is continuous at o. Then given e > 0 there exists ro such that 
if \z - a| < ro, then \f(z) - f(a)\ < e/2. So if x, y G -B ro (a), then 
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I /(*) - f(y) I < I m - /(«) I + I /(a) - /(j/)| < e, 

hence o(/, a) = 0. Conversely, if o(/,a) = 0, then given e > 0 there exists 
an r 0 such that if r < r*o, then o(f , a,r) < e. Hence if x € B r (a ), then 

|/(x) - /(a)| < € 

proving that / is continuous. 

Exercise XX. 1.2 Let A be a closed set , and let f be a bounded function 
on A. Given e, show that the subset of elements x e A such that o(/, x) > e 
is closed. 

Solution. Assume that e > 0 and let 

S = {x e S : o(f,x) > e}. 

Let {a n } be a sequence in S converging to some a € A. We must show that 
a G S. Suppose not, so that o(/, a) < e, and write o(/, a) = e — 6, where 
6 > 0. Select r 0 such that o(/,o,r 0 ) < e — 6/2 and choose no such that 
OfiQ € B ro / 2 (a). Then o(/, a no ,ro/2) < e, which is a contradiction. 

Exercise XX.1.3 A set A is said to have measure 0 if given e, there 
exists a sequence of rectangles . . .} covering A such that 

oo 

j= i 

Show that a denumerable union of sets of measure 0 has measure 0. Show 
that a compact set of measure 0 is negligible. 

Solution. Let 5i, 5a, . . . be sets of measure 0. For each i select a covering 
of Si by rectangles {Ru, i?2<> • • •} such that 

oo 

£>(**) < e2-\ 

3=1 

Then {i?ji}i<i,j<oo covers (J'S'i and 

oo oo oo 

1=1 j = 1 1=1 

so |J Si has measure 0. 

Now suppose that S is compact and has measure 0. From any covering 
of S we can extract a finite subcovering, so from the definition of measure 
0, we see that there exists a finite number of rectangles whose union covers 
S and such that the sum of their volumes is < e. This proves that S is 
negligible whenever S is compact and has measure 0. 
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Exercise XX. 1.4 Let f be a bounded function on a rectangle R. Let D 
be the subset of R consisting of points where f is not continuous. If D has 
measure 0 , show that f is integrable on R. [Hint: Given e, consider the set 
A of points x such that o(/, x) > e. Then A has measure 0 and is compact.] 

Solution. Since A C D, the set A has measure 0, and since A is bounded 
and closed, it is compact, thus A is negligible. Cover A by a finite number 
of open rectangles i?i, . . . , Rk such that ^2 v(Ri) < e. Then the set 

/ k 

R n R n - 

V i=i 

is closed and bounded, therefore compact, and by definition of the oscil- 
lation at each point x G C we can find a rectangle Q x centered at x such 
that for all y,z G Q Xf we have 

1/(2/) - /(*) I < «• 

This condition will play the same role as uniform continuity in the proof 
of Theorem 1.3. From the covering {Q x }xec of C we can extract a finite 
subcovering { Qj}i<j<m • Then by projecting the sides of each rectangle 
R \ , • • • > Rk and Qi , . . . , Q m on each factor we get a partition P of R. Refine 
P so that if S \ , . . . , S p are the rectangles of P which intersect R \ , . . . , Rk, 
then ^2>v(Si) < 2e. To conclude, estimate U(P, f) — L(P , /) as in the proof 
of Theorem 1.3. 

Exercise XX. 1.5 Prove the converse of Exercise 4t namely: If f is inte- 
grable on R, then its set of discontinuities has measure 0. [Hint: Let A\/ n 
be the subset of R consisting of all x such that o(/,x) > 1/n. Then the 
set of discontinuities of f is the union of all Ai/ n for n = 1, 2, ... so it 
suffices to prove that each A\/ n has measure 0 , or equivalently that Ai/ n is 
negligible.] 

Solution. Given e > 0, there exists a partition P = (Si, . . . , S r ) of R such 
that 

C7(P,/)-L(P,/)<l. 

n 

Let Si , . . . , Sk be a finite number of rectangles of P which cover Ai/ n and 
let /Si, ... , S m be the rectangles whose interior intersects Ai/ n . Then we 
have 



however Ai/ n = {x G R : o(f,x) > 1/n} so 

m 

< €. 
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The union of the boundaries of the rectangles 5 m +i , . . . , Sk has measure 0, 
so we conclude that Ai/ n has measure 0. 

Exercise XX.1.6 Let A be a subset of R n . Let t be a real number . Show 
that d(tA) = td(A) (where tA is the set of all points tx with x G A). 

Solution. Assume that t ^ 0. Suppose that x G d(tA) and write x' = tx for 
some x G A. By assumption, for every e > 0 the open ball B e (x f ) intersect 
tA, so there exists an element y r = ty with y G A, and 

| y f - x'\ < e. 

The above inequality implies \x — y\ < e/\t\, so B e /\ t \(x) intersects A. 
Similarly, we find see that B e /j t j(x) intersects the complement of A , thus 
d(tA) C td(A). Reversing the argument proves that td(A) C d(tA). 

Exercise XX. 1.7 Let R be a rectangle , and x,y two points of R. Show 
that the line segment joining x and y is contained in R . 

Solution. Write x = (x \, . . . ,x n ) and y = (yi, . . . ,y n ), and suppose that 
the rectangle R is given by the product I\ x • • • x J n . To show that the 
line segment between x and y is contained in R it suffices to show that 
for each j, the projection of the segment on the j- th factor, is contained in 
the interval Ij . The desired projection is given by Xj + t(yj — Xj). Since 
Xj, yj G Ij, 0 < t < 1, and Ij is convex, the line segment between these two 
points is contained in Ij. 

Exercise XX. 1.8 Let A be a subset of R n and let A 0 be the interior of A. 
Let x G A 0 and let y be in the complement of A. Show that the line segment 
joining x and y intersects the boundary of A. [Hint: The line segment is 
given by x + t(y - x) with 

0 < t < 1. 

Consider those values oft such that [0,£] is contained in A and let s be 
the least upper bound of such values.] 

Solution. Let S be the set of u G [0, 1] such that for all £ G [0, u], x+t(y—x) 
is contained in A 0 . This set is non-empty because 0 G S and it is bounded 
by 1. Let c be the least upper bound of S. We contend that the point P 
defined by 

P = x + c(y — x) 

belongs to the boundary of A. If not, then we must consider two cases. 
Case 1. If P is in the interior of A, then some open ball centered at P is 
contained in A. So for some small 6 > 0, the point c + 6 e S because the 
ball is convex. This contradicts the fact that c is the least upper bound for 
S. 

Case 2. If P is in the interior of the complement of A, arguing as in case 
1, we find that for some small 6 > 0, c — 6 is an upper bound for S which 
again contradicts the definition of c. 
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Exercise XX. 1.9 Let A be an admissible set and let S be a rectangle. 
Prove that precisely one of the following possibilities holds: S is contained 
in the interior of A, S intersects the boundary of A, S is contained in the 
complement of the closure of A. 

Solution. If S is contained in the interior of A , then clearly, S does not 
intersect the boundary of A and S is not contained in the complement of 
the closure of A. Suppose S is not contained in the interior of A , so S 
intersects the complement of the interior of A. We consider two cases. 
Case 1. Suppose S also intersects the interior of A, then by Exercises 7 and 
8 we see that S intersects the boundary of A and clearly S is not contained 
in the complement of the closure of A. 

Case 2. If £ does not intersect the interior of A, then either S intersects 
the closure of A in which case S intersects the boundary of A, or S is 
contained in the complement of the closure of A. 

Exercise XX. 1.10 Let A be an admissible set in R n , contained in some 
rectangle R. Show that 

Vol(vl) = lubp J2 v(S), 

SCA 

the least upper bound being taken over all partitions of R, and the sum 
taken over all subrectangles S of P such that S C A. Also prove: Given e, 
there exists 6 such that if size P < 6, then 

Vol(^) - £ v(S) < e, 

SCA 

the sum being taken over all subrectangles S of P contained in A. Finally , 
prove that 

Vol (A) = glb P £ V (5), 

SnA not empty 

the sum now being taken over all subrectangles S of the partition P having 
a non-empty intersection with A. 

Solution. Let / = 1^. Then by definition, Vol(.A) = /a( 1) = /«(/ ). Given 
a partition P of jR, the lower sum is given by 

scp 

If S is not contained in A, then infs(/) = 0 and is S if contained in A , 
then infs(/) = 1, consequently 

Wf)= E v ( 5 )- 

scp,sca 
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By definition of the integral, we conclude that 

Vol(A) = lubp Y v ( s )- 

SCA 

Since / is admissible, there exists 6 > 0 such that if P is a partition of 
size < 6, then 

U(PJ)-L(PJ)<e. 


But 

thus 


L(P,f)<Vo\(A)<U(P,f), 


Vo1(j4) - Y v ( s ) < c > 

SCA 

as was to be shown. 

If a rectangle S intersects A, then sup s (f) = 1 and if S does not intersect 
A , then sup s (/) = 0, so 

u(p,/)= y v < 5 )- 

SnA not empty 

By definition of Vol(;4) it follows that 

Vol(X) = glbp y v W- 

SnA not empty 

Exercise XX. 1.11 Let R be a rectangle and f an integrable function on 
R . Suppose that for each rectangle S in R we are given a number Igf 
satisfying the following conditions: 

(i) If P is a partition of R y then 

iy=Y I 'sf- 

s 

(ii) If there are numbers m and M such that on a rectangle S we have 

m < f(pc) < M for all x e S, 


then 

mv(S) < Igf < Mv(s). 

Show that I^f = IrJ . 

Solution. Let S' be a subrectangle of a partition P of R. Then for all x £ S 
we have 

inf(/) < f(x) < sup (/), 
s s 

so 
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inf(/M S) < I* s f < sup (f)v(S). 
s s 

Thus 

L(P,f)<Y,I* s f<U(P,f), 

sep 

and therefore /£/ = Ir/. 

Exercise XX.1.12 Let U be an open set in R n and let P eU. Let g be a 
continuous function on U. LetV r be the volume of the ball of radius r. Let 
B(P , r) be the ball of radius r centered at P . Prove that 


9(p) = j3Tj 


/ 9 

J B(P,r) 


Solution. Given e > 0, there exists 6 such that if X e B(P , r) with r < 6, 
then 

g(P) - e < g(X) < g(P) + e , 

so if r < 6 , then 


(g(P)-e)f 1 </ g<(g(P) + e)[ 1 . 

JB(P,r) J B(P,r) J B(P,r) 

If r > 0, then V r > 0 because we can always inscribe a small non-degenerate 
rectangle in the open ball J3(P,r), thus for all r < 6 we have 


So the limit 


9(P) j 

J B(P,r) 


U m^r [ g 
r-+0 V r J B(P,r) 


< e. 


exists and is equal to g(P). 


XX.2 Criteria for Admissibility 

Exercise XX.2.1 Let g be a continuous function defined on an interval 
[a, 6]. Show that the graph of g is negligible . 

Solution. Given e > 0, choose n such that | g(x) — g(y)\ < e whenever 
\x — y\ < (6 — a)/n. For k = 0, . . . ,n let a* = a + £(6 — a) and let 
Ij = [aj,aj+ 1 ] for j = 0, . . . , n — 1. Then for each j = 0, . . . , n — 1 consider 
the rectangle 

Rj = Ij x [g(aj) - c, g(aj) + e]. 
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By definition, the graph of g is the set of all pairs of points (x,y(x)) in 
[a, 6] x R, so we see that 

graph($) C IJ-Rj 

3 

and since v(Rj) = 2e(6 — a)/n we have 

£«(*;) = 2e(b-a), 

3 

which proves that the graph of g is negligible. 

Exercise XX.2.2 Let g\ , <72 be continuous functions on [a, 6] and assume 
that gi < g 2 - Let A be the set of points (x,y) such that a < x < b and 
gi(x) < V < <72 (x). Show that A is admissible . 

Solution. The set A is clearly bounded. The map defined by x *-► (x, g\ (x)) 
is continuous, and so is the map x *-► (x, y 2 (x)) so we see that the boundary 
of A is contained in the union of the graphs of g\ and g 2 and the two 
vertical segments given by [(o,pi(o)), (o,p 2 (o))] and [(b,gi(b)),(b,g 2 (b))\. 
The union of negligible sets is negligible, so A is admissible. 

Exercise XX.2.3 Let U be open in R n and let f : U — ► R n be a map of 
class C 1 . Let R be a closed cube contained in U, and let A be the subset of 
U consisting of all x such that 

Det f'{x) = 0. 

Show that f(ADR) is negligible. [Hint: Partition the cube into N n subcubes 
each of side s/N where 3 is the side of R , and estimate the diameter of 
each f(AC\S) for each subcube S of the partition.] 

Solution. Let e > 0. Since R is compact and / is of class C 1 , the map /' is 
uniformly continuous on R, so there exists N such that if we subdivide R in 
N n subcubes, then for each subcube S we have \f(y) — f\x)\ < c whenever 
x,y€S. Given x € S let g(y) = f(y)-f'(x)y. Then g'(y) = /'(j/)-/'(x) for 
all y G 5, so by the mean value theorem we see that \g(x) — g(y) | < e|x — y\ 
for all x, y € S. Hence 

l/(y) - /(*) - f’(x)(y -x)\<e\x-y\<eC X jj for all y € S, 

where C\ is a positive constant depending only onn.lf AnS is non-empty, 
we can take x € S. In this case, the above inequality shows that if V is the 
image of /'(x), then {/(y) : y € S] lies within eC\s/N of /(x) + V. But 
since x € A fl 5, the dimension of V is < n — 1. On the other hand, there 
exists a number M such that 
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| f(y) - f(x) I < M\x - y\ for all x, y e R, 

hence | f(y) — f(x) \ < C28/N where C2 is a positive constant. This implies 
that {f(y) : y e S} is contained in a cylinder of height eCis/N whose 
base is an (n — l)-dimensional sphere of radius < C 2 S/N. The volume of 
this cylinder is < eCs(s/N) n where C3 is a positive constant. There are at 
most N n subcubes S which intersect A so f(SC\ A) lies in a set of volume 
< eCss n . This concludes the exercise. 


XX.3 Repeated Integrals 


Exercise XX.3.1 Let f be defined on the square S consisting of all points 
(x, y) such that 0 < x < 1 and 0 < y < 1. Let f be the function on S such 
that 



1 if x is irrational , 
y* if x is rational 


(a) Show that 



f(x,y)dy 


dx 


does not exist. 

(b) Show that the integral Is(f) does not exist. 


Solution, (a) If x is irrational, then 


/ f(x,y)dy 
Jo 

If x is rational, then we have 

f /(*, v) = f y 3 dy 
So if F(x) = fo /(x, y)dy we found that 


= 1 . 


r 

4 


ii 


1 

4' 



if x is irrational, 
if x is rational. 


This implies that every upper Riemann sum of F is equal to 1 and every 
lower Riemann sum is equal to 1/4, and therefore the repeated integral 



f(x,y)dy 


dx 


does not exist. 
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(b) We can partition [0, 1] in n equal subdivisions by letting a* = k/n for 
k = 0, . . . , n. We call such a partition an n-partition of [0, 1] and we denote 
it by P n . 

Let P be a partition of S. Then the upper sum with respect to this 
partition is equal to 1. It suffices to show that 

L(P n x P n ,f) < i 

for all n, because there exists a partition P' and an integer m such that 
L(P, /) — L(P', /) is small and P m x P m is a refinement of P*. The volume 
of a rectangle in P n x P n is 1/n 2 , so adding the contribution of each row 
of rectangles we find that 


L(PnXPnJ) 



l[l 3 + ... + (n-l) 3 ) 

74 


1 

n(ra-l)l 

n 4 

1 

to 


and the inequality drops out. Thus / is not integrable. 


XX.4 Change of Variables 


Exercise XX.4.1 Let A be an admissible set , symmetric about the origin 
(that means: if x e A, then —xeA). Let f be an admissible function on 
A such that 


f(-x) = -f(x). 


Show that 



Solution. Let tp be the function defined by tp(x) = —x. Then 

[ f=[ |A„|. 

dtp(A) Ja 

But ip(A) = A, |A„| = 1, and / o ip{x) = -/(x), so 



which proves that f A f = 0. 
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Exercise XX.4.2 Let T : R n — ► R n be an invertible linear map , and let 
B be a ball centered at the origin in R n . Show that 


f e {Ty.Ty)^^ f e ( x >*) d x \ det T 1 |. 

Jb 


(The symbol (, ) denotes the ordinary dot product in R n J Taking the limit 
as the balVs radius goes to infinity, one gets 




e-^tfeldetT- 1 ! 


= 7r"/ 2 |detT -1 |. 


Solution. Let f = T 1 in the change of variable formula so that 

[ e-V^dy = [ e -( TT ~' x < TT ~ lx ) | det T~ l \dx 
Jt- 1 (b) Jb 

= [ e-^dxldetT- 1 ]. 

Jb 

Exercise XX.4.3 Let B n (r) be the closed ball of radius r in R n , centered 
at the origin , with respect to the euclidean norm . Find its volume V n (r). 
[Hint: First, note that 

Vn(r) = r n V n ( 1). 

We may assume n > 2. The ball B n ( 1) consists of all (xi,...,x n ) such 
that 

x\ + --- + xl<l. 

Put {pc i, X2) = (x,y) and let g be the characteristic function on B n { 1). 
Then 


V n (l)= f [ [ 9(x,y,x 3 ,...,x n )dx 3 ---dx n 

J - 1 J - 1 JR n -2 


dxdy , 


where Rn-2 is a rectangle of radius 1 centered at the origin in ( n—2)-space . 
If x 2 + y 2 > 1, then g{x,y,x 3 , . . . ,x n ) = 0. Let D be the disc of radius 1 
in R 2 . If x 2 y 2 < 1, then g{x,y,x 3 , . . . ,x n ), viewed as a function of 
(x 3f . . . , x n ), is the characteristic function of the ball 


Bn- 2 ( \/l - x 2 - y 2 ) . 


Hence the inner integral is equal to 



9 (*, y,x 3 , . . . , x n )dx 3 ■■■dx n = (l-x 2 


y 2)(n-2)/2 Vn _ 2{1) 


so that 
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V'n(l) = Vn— 2(1) / ( l-X 2 - j/ 2 ) (n 2 )/ 2 dxdy. 

Id 

Using polar coordinates , the last integral is easily evaluated , and we find 


Van (i)*$ and Fan - i(1) 


2 n w n ~ 1 

1 • 3 • 5 • • • (2n — 1) ' 


Suppose that T is a function such that r(x 4- 1) = xr(x),r(l) = 1, and 
r(l/2) = v/5F. Show that 


Solution. We compute the integral f D (l — x 2 — y 2 Y n ~~ 2 ^ 2 dxdy. Switching 
to polar coordinates, we see that 

f (1 - x 2 - y 2 )( n ~ 2 ^ 2 dxdy = /* [** r(l - i*)( n - a >/ a dMr 
Jd Jo Jo 

= 2 jt [— ( l - r 2 )”/ 2 
L n 

So we get the desired formulas for V n (l) by induction. Now we prove the 
formula V n (l) = n n ^ 2 /T(l + n/2). In Exercise 13, §3, of Chapter XIII, we 
have proved the formulas 

T(n) = (n - 1)! and T(l/2 + n) = * - ^ - — — ~7 r 1 / 2 . 

A 

If n is even, write n = 2p, so that r(l + n/2) = T(1 +p) = p!, therefore the 
quotient 7r n / 2 /r(l + n/2) is equal to 7r p /p!, whence 

7T n/2 /r(l + n /2) = 7T P /p! = V2 P (1) = K,(l). 



If n is odd, then write n = 2p — 1, so that 

r(i + n/2) = r(i/2 +p)= 1 ' - 3 ' -- ^ -- " --tt 1 / 2 , 

and therefore 

7r " /2 /r(l + «/2) = 7rP ~ 1 17 3 75^(2^ ) = K2p ' l(1) = Vn(1) 

which concludes the proof. 

Exercise XX.4.4 Determine the volume of the region in R n defined by 
the inequality 

|x 1 | + --- + |x n | <r. 
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Solution. We argue as in Exercise 3. Let V n (r) be the volume of the given 
region. Then V n (r) = r n V n (l), so if g is the characteristic function of the 
region described by |#i| H h |x n | < 1, we have 

and therefore g viewed as a function on x 2 , . . . ,x n is the characteristic 
function of the region defined by \x 2 \ H b |x n | < 1 — |*i|, thus 

v„(l) = V„-i(l) J l (l - lul)"- 1 ^!. 

Integrating from —1 to 0 and then from 0 to 1 we find that the last integral 
is equal to 

f (1 - Ixil)”- 1 ^ = 

J- 1 n 

Hence 

on— 1 on 

WD-— W) = y 

Exercise XX.4.5 Determine the volume of the region in R 2n = R 2 x • • • x 
R 2 defined by 

l^il H h |^n| <r, 

where Z{ = ( x^yi ) and \zi\ = \Jx\ 4- yf is the euclidean norm in R 2 . 

Solution. We argue as in Exercises 3 and 4. Let V 2 n (r) be the volume of 
the given region. Then V 2n (r) = r 2n V 2 n (l), and we have 


V2n(l) = / 

/ g(z u ...,z n )dz 2 ---dz n 

J\zi\<l 

jRn-i 


where g is the characteristic function of the region described by \z\\ H h 

\z n \ < 1 and where dzi = dxidyi. Consequently 

V 2n (l) = V 2n - 2 (1) [ (1 ~ \Zl\) 2n - 2 dz V 


j 

JRn - 1 


g(x \) . . • j Xji)dx 2 • • • dx n 


dx i 


This last integral is equal to 

[ (1 - \/x 2 4 y 2 ) 2n ~ 2 dxdy 
Jd 


n 2 7T 

r(l — r) 2n ~ 2 dOdr 
= 27 t f r(l — r) 2n_2 dr. 

Jo 


Integrating by parts we find that 
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f r(l-r) 
Jo 


2n ~ 2 dr = 


1 


2n(2n - 1) * 


and since V£(l) = it we obtain 


Van(l) = 


(2 ttT 

(2n)! * 


Exercise XX.4.6 (Spherical Coordinates) (a) Define / : R 3 — > R 3 


xi = rcos0i, 

X 2 = r sin cos ^ 2 , 
X 3 = r sin 0i sin 0 2 - 


Show that 

A/(r,0i,...,0 n _i) = r 2 sin 0i- 
STiott/ Mot / is invertible on the open set 

0 < r, 0 < 0i < 7T, 0 < 02 < 27r, 

and that the image under f of this rectangle is the open set obtained from 
R 3 by deleting the set of points 0) with y > 0, and x is arbitrary. 





Let S(r\) be the closed rectangle of points (r,0i,02) satisfying 

0 < r < n, 0 < 0i < 7r, 0 < 02 < 27T. 

Show that the image of S(r\) is the closed ball of radius r\ centered at the 
origin in R 3 . 

(b) Let g be a continuous function of one variable , defined for r > 0. Let 


G(x i,x 2 ,x 3 ) = g(^/xf+xf+x §). 
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Let B(r\) denote the closed ball of radius r\. Show that 

f G=W 3 f g(r)r 2 dr t 

JB(ri) JO 

where W 3 = 3V 3 , and V 3 is the volume of the three-dimensional ball of 
radius 1 in R 3 . 

(c) The n-dimensional generalization of the spherical coordinates is given 
by the following formulas: 

xi = r cos 0i, 

X 2 = r sin 6\ sin 0 2 , 


x n - 1 = r sin 9\ sin 0 3 • • • sin 0 n _2 cos 0 n _ 1 , 
x n — r sin 0\ sin O 2 • • • sin 0 n _2 sin 0 n - 1 . 

We take 0 < r, 0 < 0* < tt for i = 1, . . . , n - 2 and 0 < 0 n _ 1 < 27i\ The 
Jacobian determinant is then given by 

A/(r,0i,--*,0n-i) = r n_1 sin n_2 sin n “ 3 • • • sin^ n _ 2 

= r n_1 J(^). 

Then one has the n-dimensional analogue of dxdy = rdrdO, namely 

dx 1 • • • dx n = r n_1 J{0)drd0\ • • • dO n - 1 abbreviated r n ~ l drdfi(9 ) . 

Assuming this formula , define the (n — 1 )- dimensional area of the sphere 
to be 

W n = A( S"- 1 ) = J dm, 

where the multiple integral on the right is over the intervals prescribed above 
for 9 = (0i, ... , 9 n - 1). Prove 

A(S n - 1 )=nV n , 

where V n is the n-dimensional volume of the n-ball of radius 1. This gen- 
eralizes the formula W 3 = 3V 3 carried out in 3-space. 

Solution, (a) The Jacobian of / is given by 

( cos 0i —r sin 0i 0 \ 

sin 0i cos 02 r cos 0i cos 02 — r sin 0i sin 02 I , 
sin 0i sin 02 r cos 0i sin 02 r sin 0i cos 02 / 

so we have A f =r 2 sin0i. 

Let S be the set obtained from R 3 by deleting the set of points (xi , x 2 , 0) 
with X 2 > 0 and x\ arbitrary. Suppose that x 3 = 0, then 02 = 7r, so 
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w e have Xy < 0, thus f(R) C S . Conversely, if (a?i , ^ 3 ) € 5, let r = 

y/x\ + rrl + and let 0i be such that 0 < 0i < 7r and r cos 0i = xi. Then 
polar coordinates in the plane ( £ 2 , £ 3 ) imply that there exists p > 0 and 
0 < 02 < 27T such that #2 = P cos 02 and £3 = p sin 02 * Since x 2 + £ 2 + x§ = 
r 2 we must have p 2 = r 2 sin 2 0 \ . This shows that / is invertible on the 
rectangle and its inverse is C 1 because the Jacobian of / is everywhere 


non-zero. 


Since x 2 + x\ + x 2 = r 2 we see that (x\,X 2 >x$) belongs to B(r\ ). Con- 
versely, if (x i,£ 2 >ft 3 ) € B (ri), then we have x 2 +x 2 + x 2 < r 2 and since 
we set r = y/x 2 + x\ + we conclude that the image of S'(ri) is B(ri). 
(b) We use the change of variable formula along with spherical coordinates, 
so that 2 

f G= [ ff g(r)r 2 sin Oid02d0idr, 

Jb(Ri) Jo Jo Jo 


hence 


[ G = 2tt ( f g(r)r 2 dr) ( [ sinOidOi ) = 4r [ g(r)r 2 dr. 
Jb{r x ) \J 0 / \J 0 / Jo 

But V 3 = 47t/3 so the formula drops out. 

(c) The nrdimensional volume of the n-ball B n is defined to be 


/ 

J B n 


dxi---dx n , 


so switching to spherical coordinates we find that 

V„ = £ r n-1 dr J dfi(6) = A(S n " 1 ) £ r n ~ l dr = 

Exercise XX.4.7 Let T : R n — ► R n be a linear map whose determinant 
is equal to 1 or — 1 . Let A be an admissible set Show that 

Vo\(TA) = Vol (4). 


(Examples of such maps are the so-called unitary maps , z.e. those T for 
which (Tx,Tx) = (x,x) for all x E R n J 

Solution. The linear map is invertible so we can apply the change of 
variable formula 

Vol (TA) = f 1 ta= f U\ detT| = f 1 A = Vol(^). 

«/Tj4 .M Jyi 

Exercise XX.4.8 (a) Let A be the subset of R 2 consisting of all points 


t\e\ 4- $2 e 2 
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with 0 < *i and t\ < 1. (This is just a triangle.) Find the area of A by 
integration. 

(b) Let vi,v 2 be linearly independent vectors in R 2 . Find the area of the 
set of points t\Vi+t 2 V 2 with 0 < U and t\+t 2 < 1, in terms of Det(vi, V 2 ). 

Solution, (a) The vectors e\ and e 2 are the unit vectors, so using repeated 
integration we find 

Vol(A) = [' f 
Jo Jo 

(b) Let T be the linear transformation such that Tei = Vi and Te 2 = t> 2 - 
Using the notation of (a) we see that we want to compute the area of TA. 
Thus 

Vol (TA) = |Det(vi,v 2 )|Vol(A) = l Det fo? t *.)l . j 

Exercise XX.4. 9 Let v\,...,v n be linearly independent vectors in R n . 
Find the volume of the solid consisting of all points 

t\Vi H h t n v n 

with 0 < t{ and t\ H 1- t n < 1. 

Solution. Let S be the solid described in the text and let T be the invertible 
linear transformation such that Te* = Vi for all i. Let A be the subset of 

R n consisting of all points t\e \ H Vt n e n with 0 < t{ and t\ H \-t n < 1. 

Then we have 

Vol(S) = | det(T)|Vol(j4). 

We contend that Vol(i4) = 1/n!. This result is a consequence of Exercise 

4. Indeed, in the expression |#i| H h |x n | each x* can be either positive 

or negative, so the region defined by |xi| H h |x n | < 1 is the union of 

2 n disjoint regions and the volume of each of these subregions is equal to 
Vol(A). The formula obtained in Exercise 4 proves our contention. 

Exercise XX.4. 10 Let B a be the closed ball of radius a > 0, centered at 
the origin. In n-space f let X = (xi, . . . ,x n ) and let r = \X\, where | • | is 
the euclidean norm. Take 

0 < a < 1, 

and let A a be the annulus consisting of all points X with a < \X\ < 1. Both 
in the case n = 2 and n = 3 (i.e. in the plane and in 3-space), compute the 
integral 

la = / rr?\dxi---dx n . 

JA a l A l 

Show that this integral has a limit as a — > 0. Thus, contrary to what happens 
in 1-space, the function f(X) = 1/\X\ can be integrated in a neighborhood of 


—x 


dydx 




xdx = i 
2 
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0 . [Hint: Use polar or spherical coordinates. Actually, using n-dimensional 
spherical coordinates, the result also holds in n-space.] Show further that in 
3-space, the function l/\X\ 2 can be similarly integrated near 0. 


Solution. In the case n = 2, we use polar coordinates together with a 
change of variable to obtain 


[ r ^ dxidx2 = [ , } dxdy = f [ -rdOdr = 2tt(1 - a ), 

Ja„ l-*J JA a y/x 2 + y 2 J a Jo r 


so 


lim [ 

a -°JAa \ X \ 


dx\dx2 = 27 r. 


In the case n = 3 we use spherical coordinates and a change of variables 
to get 


f . a ~L.- =v dx\dx2dx 3 = / f [ rsinOid02dOidr 

JA a y/x\ -\-x$+x\ Ja Jo Jo 

27r(l — a 2 ), 


= Att — — t-— - 


hence 


lim [ Y^-dxidx2dxs = 2ir. 
->°JAa \ X \ 


Spherical coordinates and the change of variable formula imply that 

I = / f f smOid02d$idr = 47r(l — a), 

JAa \ x \ Ja Jo Jo 


so 


lim f T^dx\dx 2 dxz — 4ir. 

a—f0 J A a I x r 


Exercise XX.4.11 Let B be the region in the first quadrant of'B? bounded 
by the curves xy = l,xy = 3,x 2 - y 2 = 1 and x 2 — y 2 = 4. Find the value 
of the integral 

J j {x 2 4- y 2 )dxdy 

by making the substitution u = x 2 —y 2 and v = xy. Explain how you are 
applying the change of variables formula. 

Solution. Let A be the rectangle defined by 

A = {(u,v) € R 2 : 1 < u < 4 and 1 < v < 3}. 


Let ip be the function defined by \p(x, y) = (u, x) where u = x 2 - y 2 and 
v = xy. Then ip : B — ► A is C 1 invertible, so by the change of variables 
formula 
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f 1 A = f 1 v>(B) = [ !b|A^|. 

JA Jiff(B) Jb 


But 


2x -2 y 
x 


)■ 


so we ha,ve |A^| = 2(x 2 + y 2 ). Therefore 

| JJ 1 a = H* + y 2 dxdy, 


and since 


we find that 


JJ a 1a = (3-1)(4-1) = 6 


J j x 2 + y 2 dxdy = 3. 
Exercise XX.4.12 Prove that 


Jf A '-*'+y')dxd« = ae-' l ^3 **• 

inhere .A denotes the half plane x > a > 0. [Hint: Use the transformation 

x 2 + y 2 = a 2 + a 2 and y = vx .] 


Solution. We represent a point in the right half plane x > a by the in- 
tersection of a circle centered at the origin and a line passing through the 
origin. The variable u determines the radius of the circle and v determines 
the slope of the line. For a fixed u we see that v ranges between —u/a and 
u/a . 
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Since x 2 + y 2 = a 2 + u 2 and y = vx we find that 

/u 2 + a 2 \ 1/2 . /u 2 + a 2 \ 1/2 

x = I ~z 7T I and y = v [ ~ I 

\l + v 2 J y \l + i/ 2 / 

So if g(u , v) = (x, y) some elementary computations show that the deter- 
minant of the Jacobian is 

A u 

A ~ 1 + u 2 ' 

If I is the integral we want to compute, the change of variables formula 
implies 


/= 

JO J-u/a 1 H" V 2 


dvdu. 


However, 


/ «/« fa 

7T72 = arctan(u/a) 

■u/a 1 + v 

2 f°° 2 

I = e“° / 2ue~ u arctan(u/a)du. 
Jo 


2 

Integrate by parts using the fact that e~ u arctan(u/o)du — ► 0 as u — ► oo 
and arctan(O) = 0 to find the desired expression for I. 

Exercise XX.4.13 Find the integral 


III 


xyzdxdydz 


taken over the ellipsoid 


*L + vl + z l< i. 

a 2 ft 2 c 2 


Solution. Let X = x/a, F = y/6, and Z = z/c. If I is the integral we want 
to compute, then the change of variables formula implies 

1= [ [ f (< ahcfXYZdXdYdZ , 

J J Jb{ 1) 

where £(1) is the open ball of radius 1 centered at the origin. Then Exercise 
1 implies that 1 = 0. One could also use spherical coordinates and the 
change of variables formula to find that 

cos 02 sin O^dO^j . 


Evaluating the middle integral we find 0. 
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Exercise XX.4. 14 Let f be in the Schwartz space on R n . Define a nor- 
malization of the Fourier transform by 

r(y) = f f(x)e~ 2 * ixy dx. 

JR n 

Prove that the function h(x) = e“** is self dual, that is /i v = h. 


Solution. We first investigate the case n = 1. In the chapter on the Fourier 
integral, it was shown that 


1 




-* 2 /2 e -ix Vdx = gV/2 


Putting y = s /2 ttv and changing variables x = y/2nu in the above formula 
we get 

1 

V2tt 

This takes care of the case n = 1. In the general case, we have 


v ' s 7 


e -*ti 2 e -2 *iuv du = e -irv 2 


I 


e ~nx 2 e -2nix- 


y dx = 


J . . . J -+xl) e -2*(xiy 1 +-+XnVn) ( jl Xl . 

[ . • . f JJ e~ nx ^ e~ 2irXkVk dx \ . . . dx n 

J J k = 1 

f[ f e-* x * e~ 2 ’ KXkVk dxk 

fc= l*' 

f[ e~* v * = e-* v \ 


* • dx n 


k=l 


Exercise XX.4.15 Let B be an n x n non-singular real matrix. Define 
(/ o B)(x) = f(Bx). Prove that the dual of f o B is given by 

(/oS) v ( J/ ) = p|/ v CB- 1 j / ), 

where ||R|| is the absolute value of the determinant of B. 


Solution. We use the change of variables formula 

(/ ° B) y {y) = J f(Bx)e- Mxy dx=^J nx)e- MB - lxy dx 

Exercise XX.4.16 For b e R n define fb(x) = f(x — b). Prove that 

(/<,) V (J/) = e~ 2 ” iby f\y). 
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Solution. The change of variables formula implies 

(fb) w (y) = J f(x - b)e~ 2 * ix y dx = J f(x)e~ 2iri ^ x+b ^' y dx = e~ 2iriby f v (y). 

XX.5 Vector Fields on Spheres 

Exercise XX. 5.1 Prove the statements depending on inverse mapping 
theorems which have been left as exercises in the proof of the section . 

Solution. Consider the annulus 

A = {x e R 3 : 1/2 < |X| < 3/2}. 

We extend E to A by E(rU) = rE(U) for any unit vector U and any 
number r such that l/2<r<3/2. Since E is continuously differentiable, 
there exists a positive constant c > 0 which satisfies the Lipschitz condition 
on A 

| E(X) - E(Y ) | < c\X - Y\ for all X, Y e A. 

Choose t so small that 0 < t < 1/3 and 0 < t < c” 1 . Let Y e S 3 and 
consider the map gy (X) = Y — tE(X) defined on A. Since \tE(X)\ < 1/2 
we have 

l-\<\Y-tE(X)\<l + ± 

so gy is a map of the complete metric space S into itself. Moreover, gy is 
a contraction because 

MX x ) - gy(X 2 ) | = t\E(X x ) * E(X 2 ) | < tc\X\ - X 2 |. 

By the shrinking lemma, gy has a unique fixed point, so there exists a 
unique X in A such th at X + tE(X) = Y. Conclude the exercise by mul- 
tiplying X and Y by y/1 + t 2 . 
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XXI. 1 Definitions 

Exercise XXI. 1.1 Show that ddf = 0 for any function f, and also for a 
1-form. 

Solution. Let / be a function. Then we have 

n 

df = Difdxi H h D n f dx n = A/ dx it 

i = 1 


so that 

n n 

ddf = ^2^2 D i D 'f dx i A 

j=l i= 1 

But since dxj A dx{ = —dxi A dxj and dxi A dx* = 0 we see that 
ddf = ^ ^ (D s Dkf D^Dsf) dx a A dx&, 

l<a<fc<n 


and since we assume / to be (7°°, the partials commute and ddf = 0. 

Now suppose that a; is a 1-form. It suffices to prove that ddw = 0 when 
u is decomposable. We write u = g dxk so that 


dw = dg A dxk = 



A dx*., 
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where fi = Dig . An argument similar to the one given above shows that 

n 

ddu = ^ dfi A dxi A dx k = 0. 

i=l 

Exercise XXI. 1.2 5/ioiu that ddu = 0 for any differential form u. 

Solution. We prove the result by induction on the degree of the form. 
Suppose dd<p = 0 for all m-forms where m < p— 1. Let a; be a decomposable 
p-form and write u = 7] Arp where ip is of degree 1. Then applying the 
formula of Theorem 1.1 we obtain 

du = drj A ip + (-l) r f? A dip, 

where r = deg rj. Applying the same formula again we find 

ddu = ddrj A ip 4- {-l) r+l drj Adip-\- (-1 ) r dri A dip + {-l) a 7) A ddip . 

The induction hypotheses and Exercise 1 imply ddrj = ddip = 0 so ddu = 0. 

Exercise XXI. 1.3 In 3-space, express du in standard form for each one 
of the following u: 

(a) u = xdx-\-ydz. (b) u = xydy -\-xdz. 

(c) u = (sins) dy + dz. (d) u = e y dx -h y dy -h e xy dz. 

Solution, (a) du = dy A dz. 

(b) du = y dx A dy + dx A dz. 

(c) du = (cos x) dx A dy. 

(d) du = e v dy A dx + ye xv dx A dz + xe xy dy A dz. 

Exercise XXI. 1.4 Find the standard expression for du in the following 
cases: 

(a) u = x 2 y dy - xy 2 dx. (b) u = e xy dx A dz. 

(c) u = f(x , y) dx where f is a function. 

Solution, (a) du = 4 xy dx A dy. 

(b) du = xe xy dy A dx A dz. 

(c) du = dy A dx. 

Exercise XXI. 1.5 (a) Express du in standard form if 
u = xdy Adz-\-ydz Adx-\- zdx Ady. 

(b) Let f,g,h be functions, and let 

u = / dy A dz + g dz A dx + hdx A dy. 


Find the standard form for du. 
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Solution, (a) We simply have 

duj = 3 dx A dy Adz. 

(b) In this case we find 

dl0= {m + % + %)*°AdyAdz. 

Exercise XXL 1.6 In n-space, find an (n — l)-/orra uj such that 

du) = dx i A • • • A dx n . 

Solution. Take for example 

uj = Xidx2 A • • • A dx n . 

Exercise XXI. 1.7 Let uj be a form of odd degree on U , and let f be a 
function such that f(x) ^ 0 for all x G U, and such that d(fuj) = 0. Show 
that uj A du = 0. 

Solution. Let r be the degree of the form uj. Then 

2 

uj A uj = (— l) r uj A uj = —uj A uj, 

thus wAw = 0. This implies that 

0 = d(fuj Au) = d(fu) A uj — fu A duj. 

By assumption, we know that d(fu) = 0 so fuj Aduj = 0 and since f(x) ^ 0 
for all x € U we conclude that uj A duj = 0. 

Exercise XXI. 1.8 A form, uj on U is said to be exact is there exists a 
form ip such that uj = dip. Ifuj\,uj2 are exact , show that uj\ Auj 2 is exact. 

Solution. Assume that uj\ = dxpi and U2 = dip 2. Then 

dty 1 A $2) = dipt A d\p 2 + (-l) r V>i A ddfo = dipi A dip 2 = uj± AW2, 

so the form uj\ AUJ2 is exact. 

Exercise XXI. 1.9 Show that the form 

u(x,y,z) = — (xdy Adz-\-ydz Adz-\-zdx Ady) 

is closed but not exact. As usual , r 2 = x 2 -|- y 2 + z 2 and the form is defined 
on the complement of the origin in R 3 . 
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Solution. To prove that the form u is closed we must show that dw = 0 . 
The only term that survives after taking the exterior derivative is dx A dy A 
dz , so we must show that its coefficient is 0 . We see that 

d ( x \ _ - 2 s 2 + y 2 + z 2 

dx \ (s 2 + y 2 + z 2 ) 3 / 2 / (s 2 + y 2 + z 2 ) 5 / 2 ’ 


so by symmetry, we see that du; is equal to 

- 2 s 2 + y 2 + z 2 - 2 y 2 +s 2 + z 2 - 2 z 2 + x 2 + y 2 
(s 2 + y 2 + s 2 ) 5 / 2 


dx A dy A dz = 0 , 


as was to be shown. Integrating this form over the unit 2 -sphere in R 3 we 
find 47T so u is not exact. 


XXI.3 Inverse Image of a Form 

Exercise XXI. 3.1 Let the polar coordinate map be given by 

i x iV) = f(r, 0 ) = (rcos0,rsin0). 

Give the standard form for f*(dx ), f*(dy), and f*(dx A dy). 

Solution. We have 

f*(dx) = cos Odr - rsin0d0, 
f*(dy) = sin Odr + r cos 0 d 0 , 
f*(dx A dy) = f*(dx) A f*(dy) = rdr A dO. 

Note that A/ = r. 

Exercise XXI. 3.2 Let the spherical coordinate map be given by 

(si,S2,X3) = /(r,0i,02) = (r cos 0i, r sin 0i cos02,rsin0i sin0 2 ). 

Give the standard form for f*(dx i), f*(dx 2), f*(dx 3), /*(dsiAds2), f*(dx \A 
^3), f*(dx2 A dx 3), and f*(dx\ A dx 2 A ds 3 ). 

Solution. The computations show that 
f*(dxi) = cos 0i dr - rsin0id0i, 

/* (ds 2 ) = sin 0i cos 02 dr -h r cos 0i cos 02d0i — r sin 0i sin 02d02, 
/*(ds 3) = sin 0i sin 0 2 dr -hr cos 0i sin0 2 d0i -hr sin0i cos02d0 2 . 

Also, /*(dxi A dx2) is equal to 

(r cos 02)dr A d 0 i + (— r cos 0 i sin 0 i sin 0 2 )dr Ad 0 2 + (r 2 sin 2 0 i sin 02)d0i A02 
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and /* ( dx\ A dx$) is equal to 

(r sin 0 2 )dr AdO\ + (r sin 6\ cos 0i cos 6 2 )drAd0 2 + (-r 2 sin 2 0i cos 0 2 )d0i A0 2 
and /* ( dx 2 A ^ 2 : 3 ) is equal to 

(rsin 2 0i )dr A d0\ + (r 2 sin0i cos0i)d0i A 02 
and f*(dx\ A dx 2 A ^£ 3 ) is equal to 

r 2 sin 0i dr A d0i A d0 2 . 


XXI.4 Stokes’ Formula for Simplices 

Exercise XXI.4 . 1 Instead of using rectangles , one can use triangles in 
Stokes ’ theorem. Develop this parallel theory as follows. Let vo,...,v* be 
elements of R n such that Vi — v o (i = 1, . . . , k) are linearly independent. 
We define the triangle spanned by Vo, . . . , Vk to consist of all points 

H 1 - tkVk 

with real U such that 0 < U and to H f tk = 1 . 

We denote this triangle by T, or T(v o, . . . , Vk). 

(a) Let wi = Vi- v 0 for i = 1, . . . , fc. Let S be the set of points 

S\Wi H h SkWk 

with Si >0 and 8\ H \-Sk < 1. Show that T(v o, . . . , Vk) is the translation 

of S by v 0 . 

Define the oriented boundary of the triangle T to be the chain 

k 

a°r = £(- iyr(t*,... 

j = 0 

(b) Assume that k = n, and that T is contained in an open set U o/R n . 
Letuj be an (n—l)-form on U. In analogy to Stokes ’ theorem for rectangles , 
show that 



Solution, (a) Since 

s\W\ H h SkWk +vo = (l-Si s k )v 0 + SiVi H 1- SkVk, 

we see at once that T(v 0 , . . . , v*) is the translation of S by Vo. 

(b) The proof is carried out in Chapter 10 of Rudin’s Principles of Math- 
ematical Analysis. 

The subsequent exercises do not depend on anything fancy, and occur in 
R 2 . Essentially, you don’t need to know anything from this chapter. 
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Exercise XXI. 4.2 Let A be the region of R 2 bounded by the inequalities 

a<x <b 

and 

9 \{x) <y< 92 (x) 

where 91,92 are continuous functions on [o, b]. Let C he the path consisting 
of the boundary of this region , oriented counterclockwise , as on the following 
picture: 



a 


_L 

b 


Show that if P is a continuous function of two variables on A , then 

Ja PdX ~JL-% i,dX - 

Prove a similar statement for regions defined by similar inequalities but with 
respect to y. This yields Green’s theorem in special cases. The general 
case of Green’s theorem is that if A is the interior of a closed piecewise C 1 
path C oriented counterclockwise andu is a 1 -form then 



du). 


Solution. The boundary of the region A can be written as 


C = C\ + L2 — C2 - Li 


where Ci, C2, £1, and L2 are the curves shown on the figure. We have the 
following parametrization 

Ci(<) = (t,gi(t)), a <t <b, 

C 2 (t) = (t, 9 2 (t)), a<t <b, 

Li(t) = (a,t), gi{a) < t < g 2 (a), 

L 2 (t) = (b,t), gi(b) <t< 52(b). 
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We have 


n dp J f b f 32(x) 9 p j . 

JL-^ dydx - LL, ‘V 1 * 

- /’ (-■?(*. tcSO* 

= - P(x,g 2 (x))dx + P(x, gi(x))dx. 
J a J a 


But 


consequently 


f Pdx= t Cf (Pdx) = f P(t, 9 i(t))dt 
JCi J a J a 

jj-fdydx = J Pdx— J Pdx. 


ICi Jc 2 

It is sufficient to show that f Li Pdx = / La Pdx = 0, which follows from the 
fact that the derivative of a constant is 0. This proves Green’s theorem in 
this case. 

In the subsequent exercises, you may assume Green’s theorem. 

Exercise XXI.4.3 Assume that the function f satisfies Laplace’s equation 

d 2 f , d 2 f 


dx 2 + dy 2 


= 0, 


on a region A which is the interior of a curve C, oriented counterclockwise. 
Show that 

L% dx --i dy=0 - 

Solution. Taking the exterior derivative of the form ^-dx — ^dy we get 

* (I* - !“») - %■ *■ "* - w ^ dr =< °- 

Applying Green’s theorem yields 

df 


L % dx -% dy -- J L ^ + ~^ dxdy - 


Exercise XXI.4.4 If F = (Q, P) is a vector field , we recall that its diver- 
gence is defined to be div F = dQ/dx + dP/dy. If C is a curve , we say 
that C is parametrized by arc length if ||C"(s)|| = 1 (we then use s as the 
parameter). Let 


C(s) = ( 9l (s),g 2 (s)) 
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be parametrized by arc length . Define the unit normal vector at s to be the 
vector 

N(s) = (g2(s),-g[(s)). 

Verify that this is a unit vector. Show that if F is a vector field on a region 
A, which is the interior of a closed curve C, oriented counterclockwise , and 
parametrized by arc length, then 


j j (div F)dydx = J F-Nds. 


If C is not parametrized by arc length, we define the unit normal vector 

by 

nm _ m_ 

() \m\’ 

where |iV(£)| is the euclidean norm. For any function f we define the nor- 
mal derivative (the directional derivative in the normal direction) to be 

D n f = (grad /) • n. 

So for any value of the parameter t, we have 

( D n f)(t ) = grad /«?(*)) • n (t). 

Solution. Since ||C"(s)|| = 1 this means that 

G*i) 2 (s) + (rf) 2 M = i 

which in turn implies that ||N(s)|| = 1. Applying Green’s theorem to the 
vector field (-P, Q) we obtain 

J j (div F)dydx = J —Pdx + Qdy = J F • Nds. 

Exercise XXI.4.5 Prove Green* s formulas for a region A bounded by a 
simple closed curve C, always assuming Green*s theorem. 

( a ) J/a [(grad /) • (grad g) + g&f]dxdy = f c gD n fds. 

(b) Jj^lgAf - fAg)dxdy = J c (gD n f - fD n g)ds. 

Solution, (a) We write 


0grad/ = (gDif,gD 2 f), 


div(pgrad /) = ^ DigfDj + gDiDJ. 

i=i 

By definition, A / = D\D\f -\-D2D2f, so applying the divergence theorem 
to <7grad / we obtain 
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/ [ [(grad /) • (grad g) + gAf]dxdy = gD n fds. 


(b) By symmetry we also have 

/ / [(grad g) ■ (grad /) + fAg\dxdy = jf fD n gds. 


Taking the difference of the above two equations we obtain Green’s second 
formula. 


Exercise XXI.4.6 Let C : [a, 6] — * U be a C 1 -curve in an open set U of 
the plane. If f is a function on U (assumed to be differentiable as needed ), 
we define 



fjmmcmdt 

Ow»\[W+W dt - 


Forr > 0, let x = rcosO and y = rsin0. Let (p be the function of r defined 
by 


If l r** 

= 2 ^: J c f = 2^ J Q f(r coad, ram0)rde, 

where C r is the circle of radius r, parametrized as above. Assume that f 
satisfies Laplace’s equation 


*L + *i,o. 

dyi 

Show that ip(r) does not depend on r and in fact 


[Hint: First take tp'(r) and differentiate under the integral , with respect to 
r. Let D r be the disc of radius r which is the interior of C r . Using Exercise 
4 y you will find that 

*' (r) ■ S? IL d,V ^ nx ' v)i,dx ~^rll D .(w + w) dydX ' “• 

Taking the limit as r — ► 0, proves the desired assertion .] 

Solution. Differentiating under the integral sign we get 
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Applying Stokes’ theorem to the form u) = —(df/dy)dx + ( df/dx)dy or 
Exercise 4 to the vector field ( Dif , D 2 /), we see that 



0V 
dy 2 


/•27T Q/ Of 

dxdy = r / cos 0 + -^ sin0<20, 

jo 


and therefore y/(r) = 0, thus y? is constant. Taking the limit as r — ► 0 in 
the expression for y? we obtain /( 0, 0) so that <p(r) = /( 0, 0), which proves 
the desired assertion. 



